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Introduction

“ Le sage regarde, en toutes choses, non
le résultat, mais la décision qu’il a
prise. ”

Lettres à Lucillius
Sénèque

The process of decision making is crucial as the choices we face every day are numer-
ous and some can have major consequences. For this reason, researchers from economy,
philosophy, psychology or management science have gathered in a research field named
decision theory. Decision theory investigates decision problems; a decision problem in-
volves a decision maker who has at her disposal several options (e.g., actions, plans, ob-
jects) and aims to make a choice according to her preferences, her beliefs and all pieces
of relevant information available to her. Methods from decision theory can be used, for
instance, to create autonomous machines that automatically make decisions according
to the preferences of the users (e.g., autonomous cars, music flow system); they can also
be used to advise someone (decision aid). The system will need to explore the set of so-
lutions and present to the user the ones that seem most compatible with her preferences
(e.g., recommendation systems). Lastly, autonomous systems using tools from decision
theory can help understanding and predicting the behavior of a user (e.g., profiling a cus-
tomer on a website).

To formalize how people make decisions and reason about their preferences, deci-
sion theory investigates mathematical models called decision models. A decision model
is a system of representation that encompass the preferences, the beliefs and the criteria
of the decision maker. It also includes a decision criterion, i.e., a mathematical function
whose optimization enables to identify the best options. This modeling problem is hard
for several reasons:

• The number of possible choices or alternatives can be huge and even exponential
in the size of the problem considered; in the latter case, we say that the problem is
of combinatorial nature [Papadimitriou and Steiglitz, 1982].

• The outcome of each option might be imprecisely known as in robust optimization
[Ben-Tal et al., 2009; Kouvelis and Yu, 1997], or subject to exogenous events as in
decision problems under risk [von Neumann and Morgenstern, 1947].

• The decision problem considered may involve several agents (multi-agent optimiza-
tion problem [Brandt et al., 2016; Moulin, 1991]) and there may not exist a solution
which satisfies everyone.
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• The problem may be dynamic involving different time steps in which decisions
should be made [Raiffa, 1993]. The different choices available might lead to more
or less favorable situations according to the time step. Moreover, the impact of a
decision should be evaluated in the long term.

• The information available on the decision maker or on the decision problem may
be poor, imprecise [Regan and Boutilier, 2009], incomplete or only of ordinal [Filar,
1983; Fürnkranz et al., 2012] or qualitative nature [Dubois and Prade, 1995; Sab-
badin, 2001].

Researchers from decision theory and combinatorial optimization have developed nu-
merous decision models and decision criteria to integrate and overcome those difficul-
ties. Some examples, for multicriteria decision making, are the Weighted Average (WA),
the Ordered Weighted Average (OWA) operator [Yager, 1988], the Weighted OWA (WOWA)
operator [Torra, 1997], the Choquet integral [Grabisch and Labreuche, 2010], and for deci-
sion under uncertainty, the Expected Utility (EU) model [von Neumann and Morgenstern,
1947], the Rank Dependent Utility (RDU) model [Quiggin, 1993], the Weighted Expected
Utility (WEU) model [Chew, 1983], the Skew-Symmetric Bilinear (SSB) utility model [Fish-
burn and LaValle, 1987], the Choquet Expected Utility (CEU) model [Schmeidler, 1986].
Their mathematical properties have been thoroughly studied to prove their efficiency to
represent a wide scope of preferences as well as their ability to tackle important concerns
as fairness, robustness or risk aversion.

These models can help at (1) making decisions, (2) advising a decision maker or (3)
understanding and predicting the behavior of someone. However, these three tasks can
be costly to perform even for a computer. Thus, efficient and operational computational
methods must be developed to perform these tasks. This is the topic of algorithmic de-
cision theory which is at the crossroads between decision theory and computer science.
In algorithmic decision theory, we aim to combine powerful tools from computer science
with models from decision theory. Some of these powerful tools are called oracle methods
(e.g., double oracle methods [McMahan et al., 2003], cutting plane methods [Grötschel et
al., 1981]). In short, oracle methods are master-slave methods where the slave algorithm
is called “oracle” and is used to generate new constraints on the optimization problem
that is solved by the master algorithm. Oracle methods enable to solve efficiently prob-
lems that involve a large number of constraints by dynamically generating the ones that
are necessary for the resolution. The idea motivating these methods is that even if the
number of constraints defining a problem is huge, the number of constraints required to
solve it may be much smaller.

However, even with the most powerful computational tools, the difficulty of optimiz-
ing, advising or making predictions is highly dependent on the decision model consid-
ered. Therefore, decision models can be both evaluated on the basis of their mathemati-
cal properties and on the basis of their computational properties. Each model provides a
compromise on these two objectives, which is worth investigating.

Goal of the thesis. In this thesis, we investigate the use of several decision models to
solve sequential decision problems under risk, robust combinatorial optimization prob-
lems and fair multi-agent optimization problems. We will make an extensive use of oracle
methods to efficiently solve those problems. A particular attention is given to the skew-
symmetric bilinear utility model, the weighted expected utility model and their counter-
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Graphical models

Sequential decision
making under uncer-
tainty

Algorithms

Models for decision
making under uncer-
tainty

Robust optimization

Multicriteria opti-
mization

Decision theory

Combinatorial opti-
mization

Models for multi-
agent decision mak-
ing

Figure 1: Keywords graph.

parts in multicriteria decision making. Indeed, we show that these models are interesting
for multiple reasons. They extend the standard models (e.g., the expected utility model)
and allow to represent a broader class of preferences while retaining their good theoret-
ical and algorithmic properties. The thesis will focus both on theoretic (e.g., complexity
results) and operational (e.g., design of practically efficient solution methods) aspects of
these problems. A graph of the different keywords related to this thesis is given in Figure 1.
An arc from keyword x to keyword y means that theme x is useful for the study of theme
y .

Organization of the manuscript. The manuscript starts with three introductory chap-
ters that present the decision models, the optimization problems and the algorithmic
methods that are used and investigated in this thesis.

• Chapter 1 presents the different types of decision problems and the associated deci-
sion models that will be investigated in this thesis. After a general presentation of decision
problems, we introduce the different concepts related to multicriteria decision problems,
multi-agent decision problems, robust decision problems and decision problems under
risk.

• Chapter 2 presents the combinatorial optimization problems that are investigated
in the thesis. A particular emphasis is given to sequential decision problems under risk
which are particular combinatorial decision problems in which the decision maker has to
make decisions under risk repeatedly in different situations and at different time steps.
In this chapter, we will present two representations to model these problems, namely
Markov decision processes and decision trees.

• Lastly, Chapter 3 presents the oracle methods that are used in this thesis. To present
these methods, two particular domains are developed, namely game theory and fractional
programming. Indeed, we will resort to these oracle methods by identifying the optimiza-
tion problems encountered in this thesis as specific problems from game theory and frac-
tional programming. The oracle methods that are used in this thesis are explained and
illustrated with examples.

After these three introductory chapters, we explore how to solve the combinatorial
problems introduced in Chapter 2 according to the decision models presented in Chapter
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1 with the oracle methods presented in Chapter 3. This is done in the next 4 chapters.

• Chapter 4 investigates the resolution of sequential decision problems under risk
with the Skew-Symmetric Bilinear (SSB) utility model and the Weighted Expected Util-
ity (WEU) model in decision trees and in Markov decision processes. For the SSB util-
ity model, we prove that while finding an optimal mixed strategy in decision trees is a
problem of polynomial complexity, finding an optimal deterministic strategy is an NP-
hard problem. Interestingly, for the WEU model, which is a special case of SSB utility,
both problems become polynomial. In Markov decision processes with finite horizon, we
prove that finding an optimal mixed policy for SSB or WEU is a pseudo-polynomial prob-
lem. In each case, we provide oracle methods to compute an optimal strategy.

• Chapter 5 is devoted to decision making under risk with ordinal/preference-based
approaches or imprecisely known cost parameters. With this type of information, we can
either work with decision criteria adapted to this lack of information or we can precise
the values of these parameters by using an elicitation procedure. Chapter 5 presents three
works related to these problems. 1) We discuss an ordinal approach based on a quantile
criterion to solve finite horizon Markov decision processes where only a preference order
over possible episodes is known; 2) assuming the rewards of an infinite horizon Markov
decision process are imprecisely known, we refine an interactive version of the value iter-
ation procedure [Weng and Zanuttini, 2013] to reduce the number of preference queries
required by the procedure; 3) we develop elicitation methods to assist a decision maker
consistent with a weighted expected utility model for which the parameters are impre-
cisely known.

•Chapter 6 presents a game-theoretic view of robust combinatorial optimization prob-
lems with interval data. This game-theoretic view makes it possible to design an efficient
anytime procedure to compute a lower bound on the value of an optimal minmax regret
solution. We show how this lower bound compares to other lower bounds proposed in
the literature and explain how this lower bound can be efficiently integrated in a branch
and bound procedure to find an optimal minmax regret solution. This approach is then
instantiated on the robust shortest path problem with interval data. Numerical tests are
provided that prove the efficiency of the approach.

• Chapter 7 studies multi-agent decision problems with two class of aggregation oper-
ators, namely ordered weighted averages and mixture operators. These operators make it
possible to find fair solutions (w.r.t. the Pigou-Dalton principle). In the first part of Chap-
ter 7, we focus on ordered weighted averaging operators with decreasing weights and ar-
gue that randomized strategies enable us to enhance the fairness of an optimal solution.
Then we develop a game-theoretic view of randomized fair multi-agent optimization and
derive complexity results and solution methods. In the second part of Chapter 7, we come
back to deterministic solutions and consider the optimization of mixture operators in al-
location problems and proportional representation problems. For both problems, we are
able to determine complexity results and solution methods.

These results are based on several publications (given in Table 1). Furthermore, these
chapters have been enriched with some unpublished results.

4



INTRODUCTION

Chapter 4 [Gilbert and Spanjaard, 2017b; Gilbert et al., 2015b, 2016]
Chapter 5 [Gilbert et al., 2015a, 2017a,b]
Chapter 6 [Gilbert and Spanjaard, 2017a]
Chapter 7 [Gilbert, 2017]

Table 1: Connections between the different chapters and the different papers.
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Chapter 1

Decision Problems and Decision Models

“ A theory is no more like a fact than a
photograph is like a person. ”

E. W. Howe
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Summary of the chapter

In this chapter, we present and define the decision problems and the associated de-
cision models that are investigated in this thesis. We start from a very general view of
decision problems and then instantiate the different concepts introduced to multicriteria
decision problems, multi-agent decision problems, robust decision problems and deci-
sion problems under risk. In each case, we precise the contributions of this thesis and
indicate the corresponding chapters. A particular emphasis is given to the decision crite-
ria that are investigated in this thesis: mixture operators, skew-symmetric bilinear utility
models and weighted expected utility models.
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CHAPTER 1. DECISION PROBLEMS AND DECISION MODELS

1.1 Decision Problems

Decision problems are numerous in everyone’s day-to-day life. Choosing what to eat for
breakfast, what clothes to wear for the day, or the transportation means that we shall use
to go to work are decision problems that affect everyone. Some of this decision problems
may be of great importance as choosing the next strategic investment of a company. It
is therefore paramount that decision analysts work with rigorous definitions and models
of decision problems to be able to help a decision maker, whatever the decision problem
she faces.

Decision problems are specified through some specific characteristics [Perny, 2000]:

• A set A of actions or alternatives that are available to the decision maker(s).

• A set N of different aspects on which the elements of A can be compared. These
different aspects can be criteria that may be conflicting, several scenarios that may
be more or less likely or the preferences of different individuals.

• A problem P which can be of four types:

1. Determining a choice of an optimal or a “sufficiently good” element in A .

2. Determining a complete ranking of the elements in A from best to worst.

3. Determining an affectation of the elements in A to predefined categories.

4. Determining a clustering of the elements in A in homogeneous subsets.

Thus, without loss of generality, we will denote a decision problem as a tuple (P ,A ,N ).
In this thesis, we will mostly be interested in the first kind (choice) and third kind (affec-
tation) of problems.

As illustrated in Figure 1.1, the resolution of decision problems follows two impor-
tant steps, namely formalization and resolution. In the formalization step, the problem
(P ,A ,N ) is modeled in a given language (using tools from logic theory, probability the-
ory, utility theory, . . .) and a decision criterion is chosen. A decision criterion is a mathe-
matical function mapping solutions to real values such that solving the problem reduces
to optimizing the decision criterion. The decision model consists of the combination of
the language in which is translated the problem and of the decision criterion used. In the
resolution step, we determine a solution of the problem w.r.t. the given decision model.
The formalization phase is crucial as a slight change in the decision model (either in the
language chosen to describe the model or in the decision criterion) can highly impact
both the quality of the solution found in the resolution step and the efficiency of the res-
olution step. It is therefore paramount that the decision model chosen is endorsed by
strong theoretical evidences that it is the “right” model or at least a “good” model.

Problem (P ,A ,N )

Decision model Solution

Formalization

Resolution

Figure 1.1: Decision process.
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To compare different decision models, one can investigate their prescriptive, descrip-
tive and normative abilities. The prescriptive abilities of a model denote the capacity
with which the model can be used to make recommendations. The descriptive abili-
ties of a model denote its capacity to accurately represent the preferences of the decision
maker(s). Lastly, the normative abilities of a model denote the adequacy between the
preferences that can be represented by the model and the ones that are theoretically de-
sirable. To choose a model based on these three aspects, the decision analyst must care-
fully study and understand the preferences of the decision maker(s). These preferences
are mathematically represented by a binary relation.

1.1.1 Relational Representation

In a decision problem, the preferences of the decision maker can generally be described
by a binary relation on A .

Definition 1. A binary relation on a set A is a subset of the Cartesian product A ×A .

We will use the symbol R to denote a binary relation. We now recall some definitions
on binary relations.

Definition 2. A binary relation R on a set A is said:

• reflexive iff: ∀x ∈A ,xRx1.

• symmetric iff: ∀x,y ∈A ,xRy ⇒ yRx.

• asymmetric iff: ∀x,y ∈A ,xRy ⇒¬(yRx).

• antisymmetric iff: ∀x,y ∈A ,xRy and yRx ⇒ y = x.

• transitive iff: ∀x,y,z ∈A ,xRy and yRz ⇒ xRz.

• complete iff: ∀x,y ∈A , either xRy or yRx.

Definition 3. A preorder is a reflexive and transitive binary relation.

Definition 4. An order is an antisymmetric, reflexive and transitive binary relation, i.e., it
is an antisymmetric preorder.

Definition 5. A preference relation is a binary relation representing the preferences of the
decision maker that we denote by%.

It is often implicitly assumed that% is at least a preorder. However, we will encounter
non transitive preference relations in this thesis.

Definition 6. For a preference relation% on a set A , the symmetric and asymmetric parts
of % are denoted by ∼ and Â. They are defined by:

∀x,y ∈A ,x ∼ y ⇔ x% y and y% x

∀x,y ∈A ,x Â y ⇔ x% y and y 6% x

1Note that bold letters are used to denote vectors. Solutions are here written with bold characters as they
will usually be given by vectors in the sequel.
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The symmetric and the asymmetric parts of a preference relation have the following
meaning. If x% y, then x is at least as preferred as y. If x Â y, then x is strictly preferred to
y. If x ∼ y, the decision maker is indifferent between x and y. Lastly, two elements x and y
are incomparable if neither x% y nor y% x.

Definition 7. Given a preference relation % on A , an element x ∈ A is said %-dominated
if there exists an element y ∈A such that y Â x. Otherwise, x is said to be non%-dominated
or%-optimal.

At the end of the formalization phase, the decision problem (P ,A ,N ) is transformed
into a structure (P ,A ,%) and the goal of the resolution is to find the%-optimal solutions.
If the preference relation is complete, the resolution consists in finding an optimal solu-
tion w.r.t. %. Otherwise, several equivalence classes of optimal solutions exist and we may
return one optimal solution per equivalence class.

The preference relation% reflects how the different solutions are ranked according to
the different elements in N . Thus, the structure of N and the nature of its elements have
an impact on% and plays an important role for both the formalization and the resolution
steps. In the following sections, we further present different kinds of decision problems
that differ from one another by the nature of the elements in N .

1.2 Multicriteria Decision Making

In multicriteria decision problems [Roy, 2013], the set N contains the different criteria
that impact the quality of the solutions in A . For instance, if the decision problem is to
find a new flat, N may contain the cost of the flat, its size or its neighborhood. If, on
the contrary, the decision problem consists in choosing a new car, N may contain the
color or the fuel consumption of the possible vehicles. Without loss of generality, we will
assume that N is composed of n different criteria and we will denote by i (i ∈ {1, . . . ,n})
the i th criterion in N . For each criterion i , each solution x ∈ A receives a score (also
called utility) xi in a totally ordered set Xi . For simplicity, we will generally assume that
Xi ⊆ R, for all i ∈ {1, . . . ,n}. We call criteria space the cardinal product X = X1 × . . .×Xn .
The value of xi represents the extent to which solution x is satisfactory regarding criterion
i (the higher the better2). Therefore, each solution x ∈A can be associated to a vector of
n elements, (x1, . . . , xn) which is the image of solution x ∈ A in the criteria space X . By
abuse of notation, we may use the notation x to directly denote the vector (x1, . . . , xn).

The utilities xi induce n complete preference relations %i w.r.t. each criterion. More
formally,%i for i ∈ {1, . . . ,n} is defined by:

∀x,y ∈A ,x%i y ⇔ xi ≥ yi

These preference relations enable us to identify dominated solutions when they all agree
on a pair of solutions.

Definition 8. A solution x ∈A Pareto-dominates a solution y ∈A if:

∀i ∈ {1, . . . ,n},x%i y

∃i ∈ {1, . . . ,n},x Âi y

A solution x is Pareto-optimal iff there is no y ∈A such that y Pareto-dominates x.

2We take the convention here to study maximization problems.
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Pareto optimality ensures that the solution is efficient in the sense that the utility of a
criterion cannot be increased without decreasing the utility of another criterion.

Example 1. We consider the decision problem of buying a new car. Several cars have been
selected and they are now compared on the basis of two conflicting criteria, their size and
their fuel consumption efficiency (ignoring all other attributes). The different options that
have been selected are graphically represented by dots in Figure 1.2 where the x-axis (resp. y-
axis) gives the utility of the car w.r.t. the criterion “consumption efficiency” (resp. “size”). The
zones that are hatched in red represent the dominance cones associated to each solution.
These zones are defined such that any solution in the dominance cone of a solution x is
Pareto dominated by x. The three Pareto-optimal solutions are represented in red. The car
chosen should be one of these three cars.

consumption
efficiency

size

• • •
•••

Figure 1.2: Consumption efficiency and size of the different cars available.

Unfortunately, because the different criteria in N are often conflicting, the Pareto-
optimal solutions are often numerous. Hence, the identification of all Pareto optimal so-
lutions can be intractable and may not directly lead to a satisfying prescription. One way
to address this problem is to aggregate the preferences over the different criteria via an
aggregation operator [Ehrgott, 2006; Greco et al., 2005].

As illustrated by Figure 1.3, two different approaches are possible to aggregate the
point of views of the different criteria [Perny, 2000]:

• First aggregate and then compare. More formally, this approach maps each solution
x ∈A to a real value F(x) by using an aggregation operator F : X →R. The compari-
son of two solutions x and y is then based on the comparison of the two real values
F(x) and F(y) such that x% y iff F(x) ≥ F(y). As the different utilities w.r.t the differ-
ent criteria of a solution are aggregated, one disadvantage of this approach is that it
assumes the commensurability of the different utility values.

• First compare and then aggregate. More formally, given two solutions x and y in A ,
this approach starts by comparing x and y on the basis of each criterion i by using
a function φi : X 2

i → R. Put another way, function φi returns a signed intensity of
preference between x and y when compared w.r.t. criterion i . Once this first step
is done, the different values φi (xi , yi ) are then aggregated by using an aggregation
operator F :Rn →R and the preference between x and y is determined by the sign of
F(φ1(x1, y1), . . . ,φn(xn , yn)) .
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(φ1(x1, y1), . . . ,φn(xn , yn))

x,y

x% y or y% x

F(x),F(y)

φi : X 2
i → R

∀i ∈ {1, . . . ,n}

F : X →R

Q

F :Rn →R

Figure 1.3: Two different ways of aggregating preferences.

Many different aggregation operators are used and investigated in the literature. To
choose one operator instead of another, one can investigate their mathematical proper-
ties to prove that they can be used to find solutions in A that have desirable properties
regarding the specific preferences of the decision maker. We now give some of these math-
ematical properties and start by defining formally aggregation functions.

Definition 9. We will call a function F : [a,b]n → R an aggregation function if and only if
F is monotone nondecreasing and F(a, . . . , a︸ ︷︷ ︸

n

) = a, F(b, . . . ,b︸ ︷︷ ︸
n

) = b.

Where monotone nondecreasingness is defined as follows.

Definition 10. A function F :Rn →R is monotone nondecreasing if and only if,

∀x,y ∈Rn ,∀i ∈ {1, . . . ,n}, xi ≥ yi ⇒ F(x) ≥ F(y)

Moreover, F is compatible with Pareto dominance if and only if,

∀x,y ∈Rn ,∀i ∈ {1, . . . ,n}, xi ≥ yi and ∃i ∈ {1, . . . ,n}, xi > yi ⇒ F(x) > F(y)

Compatibility with Pareto-dominance is necessarily imposed to insure that maximiz-
ing the aggregation operator F will yield a Pareto-optimal solution. To insure compatibil-
ity with Pareto-dominance, an aggregation operator F should be increasing in each of its
variables. Therefore, this condition is also called increasingness.

The condition applied to operator F on vectors (a, . . . , a) and (b, . . . ,b) in Definition
9 is very natural and guarantees that the overall evaluation of a vector corresponds to
the evaluation w.r.t. each of the criteria when there is unanimity. It is often desirable
to impose this condition for all possible values. This property is called idempotency or
unanimity.

Definition 11. A function F :Rn →R is idempotent if:

∀x ∈R,F(x, . . . , x︸ ︷︷ ︸
n

) = x

Definition 12. A function F :Rn →R is symmetric if:

∀x ∈Rn ,F(x) = F(xσ)

where σ is any permutation of {1, . . . ,n} and xσ is the vector such that xσi = xσ(i ).

A symmetric function considers that the n criteria are equally important. While this
property may not be desirable in multicriteria decision problems, it is generally imposed
in multi-agent decision problems (see Section 1.3) under the name anonymity.
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Definition 13. A function F :Rn →R has an averaging behaviour if:

∀x ∈Rn ,min(x) ≤ F(x) ≤ max(x)

The following definitions formalize two notions of invariance:

Definition 14. A function F : Rn → R is shift-invariant if F(x+ y1n) = F(x)+ y where y ∈ R
and 1n = (1, . . . ,1︸ ︷︷ ︸

n

).

Definition 15. A function F : Rn → R is homogeneous if F(yx) = yF(x) for all y ∈ R and
x ∈Rn . Furthermore, F is positive-homogeneous if F(yx) = yF(x) for all y ∈R+ and x ∈Rn .

If an aggregation operator is homogeneous and shift-invariant, then one can safely
change the scale of the utility values by using a positive affine transformation without
changing the preference relation induced by the operator.

1.2.1 Some Aggregation Criteria

We now present some standard classes of aggregation criteria by starting with the one of
Weighted Averages (WAs).

The Weighted Average Operator. WAs compose the most simple class of operators with
an averaging behavior that we can think of. A WA consists in doing a weighted sum of the
utility values of a solution where for each i ∈ {1, . . . ,n} the weight wi corresponds to the
relative importance of the criterion i (the higher the more important).

Definition 16. Let w = (w1, . . . , wn) be a vector of positive weights summing up to one. The
WAw(·) operator induced by w is defined by:

∀x ∈Rn ,WAw(x) =
n∑

i=1
wi xi

A WA operator is obviously idempotent, averaging, monotone nondecreasing, shift
invariant and homogeneous. It is symmetric if all the weights wi are identical and equal
to 1/n and it is compatible with Pareto dominance if the weights wi are strictly positive.
These good properties as well as the simplicity of this aggregation operator makes the WA
operator an attractive decision criterion. However, WAs reveal quite poor from a descrip-
tive point of view, as illustrated by the following example.

Example 2. The employee of a youth hostel have identified 3 television subscription offers
that seem interesting to them. These three offers are denoted by x, y and z. The two criteria
considered for this choice are the respective quality of these offers w.r.t. sports and arts.
While x is specialized in sports, z is only devoted to arts. The offer y is more balanced and
contains TV programs on both sports and arts. Thus, A is here composed of three Pareto
optimal solutions: x = (10,2), y = (5,5) and z = (2,10). If the employee of the youth hostel
use a WA to choose they will never consider solution y. Indeed, if w1 > w2, x will be the
preferred solution whereas if w1 < w2, z will be the preferred solution. Lastly, if w1 = w2,
both x and z will be optimal solutions but not y. This is because x and z are supported
solutions, i.e., extreme points of the convex hull of the set of solution vectors, whereas y is
not. An optimal solution according to a WA is always a supported solution. And yet y seems
to be the best compromise. This example shows the poverty of the WA operator w.r.t. the
descriptive viewpoint.

Therefore, other operators with better descriptive abilities are required.
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The Ordered Weighted Average Operator. To represent preferences that cannot be ac-
commodated by WAs, one can use weights that are applied to different criterion accord-
ing to the ranking of the corresponding utility values. This is the idea of Ordered Weighted
Averages (OWAs) [Yager, 1988].

Definition 17. Let w = (w1, . . . , wn) be a vector of positive weights summing up to one. The
OWAw(·) operator induced by w is defined by:

∀x ∈Rn ,OWAw(x) =
n∑

i=1
wi xσ(i )

where σ is a permutation of {1, . . . ,n} such that xσ(1)≤xσ(2)≤. . .≤xσ(n).

The definition of the OWA operator can be extended to the domain ∪m∈NRm in the fol-
lowing way. Consider a sequence w∗ = (w(m))m∈N of weight vectors w(m) ∈ [0,1]m , such that:

∀m ∈N,
m∑

i=1
w (m)

i = 1.

Then, the ordered weighted averaging operator OWAw∗ is the operator defined on ∪m∈NRm

such that, for all m ∈N, the restriction of OWAw∗ to Rm is OWAw(m) .

The OWA operator has been characterized in several ways [Fodor et al., 1995; Marichal
and Mathonet, 1999]. We give here a characterization by Marichal and Mathonet [1999].

Theorem 1 (Marichal and Mathonet [1999]). The aggregation operator M defined on∪m∈NRm

is an ordered weigthed averaging operator if and only if it fulfils the following conditions,
where M(m) is the restriction of M to Rm :

• For all m ∈N, M(m) is a symmetric function on Rm .

• For all m ∈N, M(m) is nondecreasing in each of its arguments:

∀i ∈ {1, . . . ,m},∀x1, . . . , xm , x ′
i ∈R,

xi < x ′
i ⇒ M(m)(x1, . . . , xi , . . . , xm) ≤ M(m)(x1, . . . , x ′

i , . . . , xm).

• For all m ∈N, M(m) is stable by positive linear transformations:

M(m)(r x1 + t , . . . ,r xm + t ) = r M(m)(x1, . . . , xm)+ t

for all (x1, . . . xm) ∈Rm , all r > 0, and all t ∈R.

• M(1)(x) = x, ∀x ∈R and for all m, p ∈N:

M(p)(M(m)(x11, . . . , x1m), . . . ,M(m)(xp1, . . . , xpm)) = M(m)(M(p)(x11, . . . , xp1), . . . ,M(p)(x1m , . . . , xpm))

for all ordered matrices:

X =

x11 . . . x1m
...

...
...

xp1 . . . xpm

 ∈Rp×m

where X is ordered if its elements satisfy xi j ≤ xkl whenever i ≤ k and j ≤ l .
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The last condition in Theorem 1 is called bisymmetry and has been justified by Marichal
and Mathonet [1999].

An OWA operator is obviously idempotent, symmetric, averaging, monotone non-
decreasing, shift invariant and positive-homogeneous. Moreover, it is compatible with
Pareto dominance if the weights wi are strictly positive. OWA operators are very general
operators and encompass the average, the minimum and the maximum operators by us-
ing the weight vectors (1/n, . . . ,1/n), (1,0 . . . ,0) and (0. . . ,0,1). Moreover, when wi À wi+1

for all i , the OWA operator behaves as the leximin operator [Dubois et al., 1997] which
entails the preference relation%lexi mi n defined as follows:

Definition 18. Let x,y ∈Rn and let σx and σy be the permutations of {1, . . . ,n} such that:

xσx (1) ≤ xσx (2) ≤ . . . ≤ xσx (n) and yσy (1) ≤ yσy (2) ≤ . . . ≤ yσy (n)

then, x %lexi mi n y if and only if:

∃i ∈ {1, . . . ,n} such that, xσx (i ) > yσy (i ) and ∀ j ∈ {1, . . . , i −1}, xσx ( j ) = yσy ( j )

Note that as the OWA is a symmetric operator it may not be suited for some multi-
criteria decision problems. However, on the positive side, OWAs make it possible to ex-
press preferences that cannot be accommodated by a WA.

Example 3. [Example 2 continued] We recall that with a WA operator, solution y could
never be considered as an optimal solution. And yet, the television offer y seemed to be the
best compromise as solutions x or z were completely devoted either to sports or arts but not
both. Interestingly, by using an OWA operator with w1 > 5/8, we obtain y as only optimal
solution.

OWA operators have been studied on an algorithmic point of view for fair allocation
problems [Goldsmith and Sloan, 2007; Lesca and Perny, 2010; Ogryczak, 2000] or for vot-
ing procedures [Elkind and Ismaili, 2015]. However, they often lead to hard optimization
problems because of the reordering induced by this operator.

We now present mixture operators. Mixture operators resemble OWA operators but
their weights depend on the values that are at stake in the evaluated vector and not on
the ranks of the components. This class of criteria is more detailed than the others as the
mixture operator criterion is much studied in this thesis.

The Mixture Operator. In a nutshell, Mixture Operators (MOs) are like weighted aver-
ages where the numerical weights are replaced by weighting functions.

Definition 19. Let w : R→ (0,∞] be a positive weighting function. The mixture operator
Mw (·) induced by function w is defined as follows:

∀x ∈Rn ,Mw (x) =
n∑

i=1

w(xi )∑n
j=1 w(x j )

xi

MOs are special instances of Losonczi means [Losonczi, 1973], Bajraktarević means
and generalized mixture functions [Ribeiro and Pereira, 2003]. We make this point clearer
in the following definition:
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Definition 20. Let D ⊂ R be an interval of R. Let f : D → R be a continuous and strictly
monotonic function and let w : D →]0,∞[ be a strictly positive-valued function. The n-ary
quasi-arithmetic mean generated by f with weight function w (also called Bajraktarević
mean) is the function M f ,w : Dn → D defined as:

M f ,w (x) = f −1
(∑n

i=1 w(xi ) f (xi )∑n
i=1 w(xi )

)
.

While the Losonczi means are obtained by allowing function w to change according to the
index i , the mixture operators are obtained when f is the identity function, i.e., f (x) = x.
The definition of the Bajraktarević means can be extended to the domain ∪n∈NDn in the
following way. The extended quasi-arithmetic mean generated by f with weight function
w is the function M f ,w : ∪n∈NDn → D whose restriction to Dn is the n-ary quasi-arithmetic
mean generated by f with weight function w.

The extended quasi-arithmetic means with weight function have been axiomatized in
the following way by Páles [1987].

Theorem 2 (Páles [1987]). Assume D is open. The function F : ∪n∈NDn → R is an extended
quasi-arithmetic mean with weight function if and only if the following properties are sat-
isfied:

• F(x) = x, ∀x ∈ D.

• F is symmetric.

• For any x < u < v < y in D, there can be found n, m ∈N such that:

u < F(n · x,m · y) < v.

• For any n, m ∈N\ {0} and any x ∈ Dn and y ∈ Dm ,

lim
k→∞

F(k · x1, . . . ,k · xn ,y) = F(x).

• For any n, m ∈N \ {0} and any k, l ∈N, and any x ∈ Dn , y ∈ Dm , u ∈ Dk and v ∈ Dl , the
inequalities:

F(x,u) ≤ F(x,v) and F(y,u) ≤ F(y,v)

imply:
F(x,u,y,u) ≤ F(x,v,y,v).

On the other hand, MOs extend several averaging operators as the Gini mean or the
Lehmer mean [Beliakov et al., 2015]. Note that if function w is constant then the MO
boils down to the average operator. Furthermore, the special case of the Lehmer mean is
defined by w(x) = xp−1 where p is a parameter. Put another way, the Lehmer mean Lp is
defined by:

∀x ∈Rn , Lp (x) =
∑n

i=1 xp
i∑n

i=1 xp−1
i

If p tends towards−∞ (resp. +∞), then the Lehmer mean tends towards the min (resp.
max) operator.

The following example illustrates the way an MO distorts the weights associated to
each criteria.
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Example 4. We assume that the utilities take values in an interval (0,U) and we consider
the weight function w defined by w(x) = 2U − x. Then given a solution x ∈ A , the weight
wi associated to criterion i is given by:

wi = w(xi )∑n
j=1 w(x j )

= 2U−xi∑n
j=1 2U−x j

= 2U−xi

n(2U−E)

where E = ∑n
j=1 x j /n is the arithmetic mean of vector x. Thus, wi ≥ (resp. ≤) 1/n if xi ≤

(resp. ≥) E. Stated differently, if the utility value of a criterion i is less than the average utility
of the criteria, then criterion i is given a greater weight in operator Mw . More generally, the
more w is decreasing, the more operator Mw will focus on the least satisfied criteria.

An MO is obviously idempotent, symmetric and averaging. Note that as the MO is a
symmetric operator it may not be suited for some multi-criteria decision problems. The
more general class of Losonczi means [Losonczi, 1973] can be investigated to obtain non
symmetric operators. The study of the mathematical properties of MOs (e.g., monotonic-
ity, orness, . . .) is an active research topic [Liu, 2010; Mesiar et al., 2008; Ribeiro and Pereira,
2003]. Many works have been particularly focused on the monotonicity of MOs [Beliakov
and Špirková, 2016; Beliakov and Wilkin, 2014]. Indeed, MOs are not monotone nonde-
creasing and compatible with Pareto dominance in general. For this reason, sufficient
conditions to ensure the monotonicity of this operator have been studied. For instance, if
the utilities take values in an interval (0,U) and if w(x) ≥ d w

d x (x)(U−x) for all x ∈ (0,U) with
w increasing and piecewise differentiable, then Mw is increasing [Mesiar and Špirková,
2006]. A simpler condition to impose monotonicity, when utilities are positive, is to have
function x → w(x) decreasing and function x → w(x)x increasing. A more general result
is given by Chew [1983].

Proposition 1. (Chew [1983]) We assume that the utility values are defined on an open in-
terval (a,b). Assume that functions x → w(x) and x → w(x)x are continuous and bounded,
then operator Mw (·) is monotone nondecreasing (resp. compatible with Pareto dominance)
iff function x → w(x)(x−y) is increasing (resp. strictly increasing) on (a,b) for all y in (a,b).

Proof. We give the sketch of the proof for compatibility with Pareto dominance. Adapting
the proof for monotone nondecreasingness is trivial.
Sufficiency: Note that given vectors x,y ∈ (a,b)n :

Mw (x) ≥ Mw (y) ⇔
n∑

i=1

w(xi )∑n
j=1 w(x j )

xi ≥
n∑

i=1

w(yi )∑n
j=1 w(y j )

yi

⇔
n∑

i=1

n∑
j=1

w(y j )w(xi )xi ≥
n∑

i=1

n∑
j=1

w(yi )w(x j )yi

⇔
n∑

i=1

n∑
j=1

w(y j )w(xi )(xi−y j )≥0

In particular, for any vector x ∈ (a,b)n ,

n∑
i=1

n∑
j=1

w(x j )w(xi )(xi−x j )=0.

Assume now that function x → w(x)(x − y) is strictly increasing on (a,b) for all y in (a,b),
then functionφy : x →∑n

j=1 w(y j )w(x)(x−y j ) is also strictly increasing on (a,b) for all y in
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(a,b)n as w(y j ) > 0 for all j ∈ {1, . . . ,n}. Hence, if xε is obtained from x ∈ (a,b)n by adding ε
to one of the utility values, then:

n∑
i=1

n∑
j=1

w(x j )w(xεi )(xεi −x j )>
n∑

i=1

n∑
j=1

w(x j )w(xi )(xi−x j ) =0

Thus, Mw (xε)>Mw (x) and, by repeating this argument for all improved utility values, the
MO is compatible with Pareto dominance.
Necessity: By contradiction, assume there exists s ∈ (a,b) such that x → w(x)(x − s) is
not strictly increasing. Thus, there exists x̂ and ε > 0 such that [x̂ − ε, x̂ + ε] ⊂ (a,b) and
φs : x → w(s)w(x)(x − s) is decreasing on [x̂ − ε, x̂ + ε]. Assume w.l.o.g. that s > x̂ and
consider t ∈ (a,b) such that t > s. As Q is dense in R and as w is bounded and continuous
on (a,b), t can be chosen such that there exists k, l ∈N∗ withφs(x̂)+(k/l )φs(t ) = 0. Set n =
(l +k) and consider vectors x = (x̂, x̂, . . . , x̂︸ ︷︷ ︸

l

, t , . . . , t︸ ︷︷ ︸
k

) and s = (s, . . . , s︸ ︷︷ ︸
(l+k)

). Then, by construction,

Mw (x) = Mw (s). Consider xε obtained from x by adding ε to one of the utility values equal
to x̂. As φs is decreasing on [x̂ − ε, x̂ + ε], we have Mw (xε) ≤ Mw (s) = Mw (x) which violates
Pareto dominance and concludes the proof.

We now discuss the descriptive abilities of MOs.

Example 5 (Example 3 continued). As OWAs, MOs can represent preferences that WAs can-
not accommodate and have optimal solutions that are not supported. For instance, con-
sider the decision problem presented in Example 2 and the MO defined by the weighting
function w : x → 20− x. We obtain Mw (x) = Mw (z) ≈ 4.86 < Mw (y) = 5 and y is the only
optimal solution.

Now, one can investigate if one class of aggregation operator between MOs and OWAs
has more descriptive abilities than the other.

Comparison of OWAs and MOs on the descriptive point of view. We have no theoretical
argument to support more one operator than the other from a descriptive point of view.
In fact, examples of preferences that can be accounted with one class of operator and not
with the other can be found in both cases.

We start by giving an example where MOs are able to account for preferences that
cannot be represented by OWA or WA operators.

Example 6. We consider a problem with two criteria (i.e., n=2) and we consider four fea-
sible solutions x1, x2, x′

1 and x′
2 such that:

x1 = (4,8) x2 = (2,12)

x′
1 = (8,8) x′

2 = (6,12).

Note that x′
1 and x′

2 are obtained from x1 and x2 by adding 4 to the utility value of the
first criterion. In solution x2, criterion 1 obtains a very low score, so one could prefer the
more balanced solution x1 even if the average utility value of the solution is lower with x1

than with x2. Conversely, in both solutions x′
1 and x′

2, criteria 1 and 2 obtain scores that
are reasonably high. Hence, one could prefer x′

2 to x′
1 as it yields the highest average utility

value. It is easy to see that accounting for both of these preferences is not possible with a WA
operator nor an OWA operator. Indeed, whatever the values of the weights w = (w1, w2):

WAw(x′
1) = WAw(x1)+4w1 WAw(x′

2) = WAw(x2)+4w1

OWAw(x′
1) = OWAw(x1)+4w1 OWAw(x′

2) = OWAw(x2)+4w1
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Hence, if preferences are represented by a WA or an OWA, the preference holding between x1

and x2 should be the same as the one holding between x′
1 and x′

2. However, by considering
w(x) = 24−x, one obtains:

Mw (x1) ≈ 5.78 Mw (x2) ≈ 5.53

Mw (x′
1) = 8 Mw (x′

2) ≈ 8.4

which is consistent with the desired preferences.

We now give an example where OWAs are able to account for preferences that cannot
be represented by MOs.

Example 7. We consider a problem with four criteria (i.e., n = 4) and we consider three
solutions, x1 = (4,4,8,8), x2 = (2,2,10,10) and x3 = (2,4,8,10). If one wants to be the best
as possible on three criteria out of four, one might strictly prefer solution x3 to x1 and x2.
Representing such a preference is not possible with an MO. Indeed, whatever the weighting
function w:

Mw (x3) = 2w(2)+4w(4)+8w(8)+10w(10)

w(2)+w(4)+w(8)+w(10)

Mw (x3) = w(4)+w(8)

w(2)+w(4)+w(8)+w(10)
Mw (x1)+ w(2)+w(10)

w(2)+w(4)+w(8)+w(10)
Mw (x2)

Thus, Mw (x3) is a convex combination of Mw (x1) and Mw (x2). Therefore, if Mw (x1) >
Mw (x2) (resp. Mw (x2) > Mw (x1)), then Mw (x1) > Mw (x3) (resp. Mw (x2) > Mw (x3)). How-
ever, by considering the OWA operator with weight vector w = (1,4,3,2), one obtains the
desired preferences:

OWAw(x1) = 60 OWAw(x2) = 60 OWAw(x3) = 62.

1.3 Multi-Agent Decision Making

Multi-agent decision problems are decision problems where several agents are involved.
They can be seen as multicriteria decision problems where criterion i corresponds to the
utility of the solution w.r.t. the i th agent.

Example 8. Laurent is going to the super-market to buy food for his family composed of 5
persons (i.e., n = 5). He has enough room in his bag to buy five products. Stated differently,
the set of solutions A is composed of all possible combinations of 5 products available at
the super-market. However, the tastes of the 5 family members differ and therefore, the
utility of a product is not the same depending on the person considered. Consequently, the
same can be said about the utilities of the solutions. To avoid unwanted tensions at home,
Laurent will have to choose carefully a solution that satisfies everyone.

Example 9. Agathe receives the visit of her two brothers Adrien and Hugo in Lyon. She
decides to benefit from the way back from the train station to her flat to show them the city.
Unfortunately, Adrien and Hugo do not want to visit the same places. Agathe knows three
paths p1, p2 and p3 to go back to her flat with following utilities for her brothers (Table 1.1).

Agathe will probably be tempted to choose path p3 as it is the most equitable solution.

21



CHAPTER 1. DECISION PROBLEMS AND DECISION MODELS

p1 p2 p3

Utilities for Adrien and Hugo (8,2) (1,9) (4,5)

Table 1.1: Utilities of the different paths for Adrien and Hugo.

This specificity implies some requirements on the aggregation operator used. Above
all, the aggregation operator used should be anonymous (i.e., symmetric) as it should
treat equally all the agents3. Moreover, it is often desirable that the aggregation opera-
tor favors solutions that are fair. Several mathematical concepts have been proposed to
define fairness as envy-freeness [Arnsperger, 1994], proportionality [Brams and Taylor,
1996], minmax fairness [Golovin, 2005] or compatibility with the Pigou-Dalton transfer
principle [Moulin, 1991]. In this thesis, we will consider that an operator is fair if it fa-
vors solutions whose utility vector is well balanced. This idea is formalized by the Pigou-
Dalton transfer principle:

Definition 21 (Moulin [1991]). Pigou-Dalton Transfer Principle: let x ∈ Rn such that xi >
x j for some i , j . Then, for all ε such that 0 < ε < xi − x j , x− εbi + εb j should be strictly
preferred to x where bi and b j are the vector whose i th (resp. j th) component equals 1, all
others being null.

The transfer principle states that a transfer from a “more satisfied” agent to a “less sat-
isfied” agent should improve a solution. Indeed, such a transfer reduces inequality while
keeping constant the arithmetic mean of the utility vector. We will say that an operator
is fair if it satisfies the Pigou-Dalton transfer principle.

We now recall the definition and some properties of Lorenz vectors, which is another
key concept in inequality measurement, related to the Pigou-Dalton transfer principle
(see Theorem 3).

Definition 22 (Marshall et al. [1979]). Given a vector y = (y1, . . . , yn), the Lorenz vector of
y is defined by L (y) = (l1(y), . . . , ln(y)), where li (y) is the sum of the i smallest elements of
y. More formally, let σ be the permutation of {1, . . . ,n} such that yσ(1) ≤ yσ(2) ≤ . . . ≤ yσ(n),
then li (y) =∑i

j=1 yσ( j ).

A vector y is said to Lorenz-dominate a vector y′ if L (y) Pareto-dominates L (y′).
The Lorenz curve associated with a vector y is the piecewise-linear curve joining points
(0,0), (1, l1(y)), . . . , (n, ln(y)) in the bi-dimensional Cartesian coordinate system. Graphi-
cally, a vector y Lorenz-dominates a vector y′ iff the Lorenz curve of y is above the one of
y′. Lorenz dominance is illustrated in Example 10. Lorenz dominance is a key concept in
inequality measurement due to the following result:

Theorem 3. [Chong, 1976] For any pair of distinct positive vectors y,y′, if y Pareto-dominates
y′, or if y′ is obtained from y by a Pigou-Dalton transfer, then y Lorenz-dominates y′. Con-
versely, if y Lorenz-dominates y′, then there exists a sequence of Pigou-Dalton transfers
and/or Pareto-improvements to transform y′ into y.

In other words, given two solutions x and x′, if x Lorenz-dominates x′, then x should
be preferred to x′ from the viewpoint of efficiency and fairness. The previous result also
implies that any operator which is compatible with Pareto dominance and compatible
with the Pigou-Dalton transfer principle is compatible with Lorenz dominance.

3However, note that there exists collective decision making situations in which agents may have exoge-
nous rights [Bouveret and Lemaître, 2007].
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Example 10. Consider a multi-agent decision problem with 3 agents and three solutions
x = (2,4,1), y = (3,1,3) and z = (2,2,2). The Lorenz curves associated to each solution are
given in Figure 1.4.
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•

•

•

•

•

•

•

•

•

•

• • • li (z)
• •li (y)
• •li (x)

Figure 1.4: The three Lorenz curves associated to solutions x, y and z.

On this Figure, it is easy to see that solution y Lorenz dominates solution x as the lorenz
curve associated to y (in blue) is above the one of x (in red).

Fairness and OWA operators. A well known class of fair operators whose optimization
yields a Pareto-optimal solution is the class of OWA operators with strictly decreasing
weights [Yager, 1988] (i.e., OWA operators such that wi >wi+1 for i ∈{1, . . . ,n −1}).

OWA operators have an elegant connection with Lorenz curves. Indeed, an OWA op-
erator can be rewritten as:

∀x ∈A ,OWAw(x) =
n∑

i=1
ωi li (x)

whereω= (w1−w2, w2−w3, . . . , wn−1−wn , wn). Thus, provided wi > wi+1 for i ∈ {1, . . . ,n−
1}, a solution optimizing an OWA operator is always Lorenz optimal.

The weights initially proposed for a famous fair OWA operator, namely the Gini social-
evaluation function, are [Moulin, 1991]:

wi = (2(n − i )+1)/n2 (1.1)

With these weights, OWAw(x) has a nice graphical interpretation: it can indeed be shown
that 1−OWAw(x)/µ, where µ = ∑n

i=1 xi /n, equals two times the area between the Lorenz
curve of x and the diagonal representing the egalitarian distribution of utilities (where
xi =µ for every agent). Obviously, for a given µ, the narrower this area the better, which is
consistent with the maximization of OWA.
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Fairness and MOs. Similarly to OWA operators, a mathematical condition can be im-
posed on mixture operators to ensure their compatibility with the Pigou-Dalton trans-
fer principle. This condition was first given in the context of decision making under risk
(which will be presented in Section 1.5). Indeed, mixture operators are instances of both
the Weighted Expected Utility (WEU) model [Chew, 1983] and the decomposable Skew-
Symmetric Bilinear (SSB) functions axiomatized and investigated by Nakamura [1989].
The properties of WEU functions and SSB functions w.r.t. risk-sensitivity and stochastic
dominance have been thoroughly investigated [Chew, 1983; Fishburn, 1984a; Nakamura,
1989] and those results can directly be used to entail results on the fairness of MOs (the
SSB and WEU models are further presented in subsections 1.5.3 and 1.5.4). Indeed, the
Pigou-Dalton transfer principle in inequality measurement coincides with consistency
with second order stochastic dominance in decision making under risk.

Proposition 2. (Chew [1983]) We assume that utilities take values in an open interval
(a,b). Assume that functions x → w(x) and x → w(x)x as well as their first derivatives are
continuous and bounded on (a,b), then operator Mw (·) is fair iff function x → w(x)(x − y)
is strictly concave on (a,b) for all y in (a,b).

Proof. We give the sketch of the proof.
Sufficiency: Note that given vectors x,y ∈ (a,b)n :

Mw (x) ≥ Mw (y) ⇔
n∑

i=1

w(xi )∑n
j=1 w(x j )

xi ≥
n∑

i=1

w(yi )∑n
j=1 w(y j )

yi

⇔
n∑

i=1

n∑
j=1

w(y j )w(xi )xi ≥
n∑

i=1

n∑
j=1

w(yi )w(x j )yi

⇔
n∑

i=1

n∑
j=1

w(y j )w(xi )(xi−y j )≥0

In particular, for any vector x ∈ (a,b)n ,

n∑
i=1

n∑
j=1

w(x j )w(xi )(xi−x j )=0.

Assume that function x → w(x)(x − y) is strictly concave on (a,b) for all y in (a,b), then
functionφy : x →∑n

j=1 w(y j )w(x)(x−y j ) is also strictly concave on (a,b) for all y in (a,b)n

as w(y) > 0 for all y in (a,b). Hence, by using Lemma 2 from the work of Dasgupta et
al. [1973], if xε is obtained from x ∈ (a,b)n by an ε-transfer (i.e., xε = x+ ε(b j −bi ) with
0 < ε< xi −x j and where bi is the i th canonical vector) then:

n∑
i=1

n∑
j=1

w(x j )w(xεi )(xεi −x j )>
n∑

i=1

n∑
j=1

w(x j )w(xi )(xi−x j ) =0

Thus, Mw (xε)>Mw (x) and the MO satisfies the Pigou-Dalton transfer principle.
Necessity: By contradiction, assume there exists s ∈ (a,b) such that x → w(x)(x − s) is
not strictly concave. Thus, there exists x̂ and ε > 0 such that [x̂ − ε, x̂ + ε] ⊂ (a,b) and
φs : x → w(s)w(x)(x − s) is convex on [x̂ − ε, x̂ + ε]. Assume w.l.o.g. that s > x̂ and con-
sider t ∈ (a,b) such that t > s. As Q is dense in R and as w is bounded and continuous
on (a,b), t can be chosen such that there exists k, l ∈ N∗ with φs(x̂)+ (k/l )φs(t ) = 0. Set
n = 2(l + k) and consider vectors x = (x̂, x̂, . . . , x̂︸ ︷︷ ︸

2l

, t , . . . , t︸ ︷︷ ︸
2k

) and s = (s, . . . , s︸ ︷︷ ︸
2(l+k)

). Then, by con-

struction, Mw (x) = Mw (s). Consider xε obtained by transferring ε from one of the x̂ terms
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to another (increasing inequality). As in the sufficiency part, asφs is convex on [x̂−ε, x̂+ε],
we have Mw (xε) ≥ Mw (s) = Mw (x) which violates the Pigou-Dalton transfer principle and
concludes the proof.

For instance, if (a,b) ⊂ R+, a sufficient condition is to have function x → w(x)x con-
cave and function x → w(x) convex (with at least one property being strict). Under this
sufficient condition, it is easy to see that the MO will be fair, as a Pigou-Dalton transfer
will increase (resp. decrease)

∑n
i=1 w(xi )xi (resp.

∑n
i=1 w(xi )).

If (a,b)= (0,U), examples of MOs that are increasing and fair on (a,b) can be defined
by using w(x)= 1/(1+ x) or w(x)= (α+ 1)Uα−xα with 0<α≤ 1. Indeed, in these cases,
function x → w(x) is convex and decreasing on (a,b) and function x → w(x)x is strictly
concave and increasing on (a,b).

In Chapter 7, we investigate fair multi-agent optimization problems. Our contri-
butions concern both the OWA operators and the MOs. For OWA operators, we
investigate randomized solutions of fair multi-agent optimization problems. We
prove that the determination of a randomized optimal OWA solution is of poly-
nomial complexity if the OWA has decreasing weights and if the sum of utilities of
the agents can be optimized in polynomial time. Moreover, we give two generic
methods to compute a randomized OWA optimal solution. For MOs, we inves-
tigate fair allocation problems and fair multi-winner voting procedures. We give
methods to compute an optimal MO solution and show that determining an op-
timal MO solution is of polynomial complexity in the following two cases: (1) the
multi-agent optimization problem is the assignment problem and (2) the multi-
agent problem is a proportional representation problem with the Chamberlin-
Courant’s multi-winner voting scheme and the preferences of the agents abide
to specific structures that we precise.

1.4 Robust Decision Making with Imprecise Parameters

In various decision problems, it is unreasonable to assume that all the parameters are
precisely known. This imprecision can result from the fact that the parameters cannot
be measured exactly. For instance, it may be possible that their values drift around some
“standard” values. This uncertainty can affect different types of parameters as cost values
[Montemanni, 2006; Regan and Boutilier, 2009] or probability values [Bagnell et al., 2001].
Furthermore, we may allow all the parameters to vary independently or we may assume
that the number of parameters that may vary is bounded by a constant [Bertsimas and
Sim, 2003]. This imprecision over the parameters of the optimization problem induces a
set of possible scenarios called uncertainty set.

Any kind of uncertainty set can be considered. However, we introduce the two most
well known types of uncertainty sets: the discrete scenario model and the interval model.

For instance, instead of having one vector giving the values of each parameter, several
vectors of parameter values may be possible. Each possible vector of parameter values
is then called a scenario. This is known as the discrete scenario model where the possible
scenarios consist in a finite set of parameter vectors.

Alternatively, instead of specifying scalar values, there are situations where only an in-
terval of possible values is known for each parameter. It is then assumed that the different
parameters may take any value of the given interval independently of the other param-
eters. As in the previous case, the assignment of a scalar value in each interval is called

25



CHAPTER 1. DECISION PROBLEMS AND DECISION MODELS

a scenario. This is known as the interval model where each parameter pi takes value in
an interval [p

i
, p i ] and where the set of scenarios is defined implicitly as the Cartesian

product U = ×m
i=1[p

i
, p i ], with m the number of parameters. We illustrate the discrete

scenario model and the interval model in the following example.

Example 11. Adrien needs to go from his house to the hospital. Three different paths p1, p2

and p3 of different length can be used by car. We denote by c1, c2 and c3 the time (in hours)
required by paths p1, p2 and p3 respectively and by c the vector (c1,c2,c3).

Discrete scenario model: Adrien knows that one of the three paths is a highway while
the two others are standard national roads. Unfortunately, he does not remember which
one. This leads to the following three discrete scenarios: c = (1,0.2,0.8), c = (0.4,0.5,0.8)
and c = (1,0.5,0.32).

Interval scenario model: Adrien now remembers that the highway is path p2. However,
while p3 is a quiet path, paths p1 and p2 can be very crowded which can highly impact c1

and c2. Unaware of the current traffic conditions, Adrien only knows the minimal and max-
imal values that can take c1, c2 and c3: c1 ∈ [0.35,0.5], c2 ∈ [0.45,0.7] and c3 ∈ [0.78,0.82]. If
we make the hypothesis that parameters c1, c2 and c3 are independent, c can be any vector
in [0.35,0.5]× [0.45,0.7]× [0.78,0.82].

One can then adopt a multicriteria point of view and consider that each possible sce-
nario defines a criterion. The idea is then to find a solution whose value is good whatever
the scenario that finally occurs. Such a solution is called a robust solution. This may lead
to favor aggregation criteria that make it possible to find solutions whose utility vectors
are well-balanced. This can be related to the concept of ambiguity aversion which is simi-
lar to the concept of fairness in multi-agent decision problems (see previous subsection).
The link between robust optimization and ambiguity aversion is illustrated in Example
12.

Example 12. Consider two urns, urn A and urn B. Urn A contains 50 blue balls and 50 red
balls and urn B contains 100 balls of unknown color that can be either blue or red. The
game consists in choosing an urn from which a ball is withdrawn. If this ball is blue, then
the player wins 10$. At first glance, none of the two urns seems more desirable. Choosing
urn A leads to an expected value of 5$. The expected value of choosing urn B is unknown
and can be any value in {0$,0.1$, . . . ,9.9$,10$}. However, if we assume that all scenarios are
equiprobable, the expected value of choosing urn B would also be 5$.

Ambiguity aversion is a preference for known risks over unknown risks. A decision
maker which is averse to ambiguity would here always prefer to choose urn A. In a sense,
choosing urn A is a more robust solution than choosing urn B as there is no uncertainty over
the expected value of this choice whereas urn B could be filled with red balls leading to an
expected value of 0$.

One possible approach to find a robust solution consists in optimizing the worst case
performance (i.e., performance of the considered solution in the worst possible scenario).
This approach leads to the maxmin criterion (or minmax criterion in a minimization
problem) which consists of evaluating a solution on the basis of its worst value over all
scenarios. However, this approach often leads to an overly conservative solution. A less
conservative approach, which is known as minmax regret optimization, minimizes the
maximum difference in the objective value of a solution over all scenarios, compared to
the best possible objective value attainable in this scenario. Put another way, the minmax
regret criterion consists of evaluating a solution on the basis of its maximal deviation from
the optimal value over all scenarios.
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More formally, we denote by U the set of possible scenarios (which may contain an
infinite number of scenarios in the interval model). The maxmin (or minmax in a min-
imization problem) optimal solution x∗

MM ∈ A and the minmax regret optimal solution
x∗

MMR ∈A are defined by:

x∗
MM = max

x∈A
min
i∈U

xi x∗
MMR = min

x∈A
max

y∈A ,i∈U
yi −xi

in a maximization problem and by4:

x∗
MM = min

x∈A
max
i∈U

xi x∗
MMR = min

x∈A
max

y∈A ,i∈U
xi − yi

in a minimization problem. We illustrate the maxmin and the minmax regret criteria in
the two following examples.

Example 13. A company will soon receive a visit from important investors. To please them,
the company decides to plan an activity during their stay. Unfortunately, the activities are
very popular and it is therefore necessary to book them in advance. Furthermore, the in-
terest of the different activities depends heavily on the weather conditions. The company
has identified three possible activities: going to the cinema, going to a music festival and
doing canoe-kayak. After studying the profiles of the investors, they have determined the
following utility values for doing these activities depending on the weather conditions:

rainy sunny hot
cinema 4 4 4

music festival 1 6 5
canoe-kayak 3 6 7

Table 1.2: Utilities of the different activities according to the weather conditions.

For this problem, the maxmin optimal solution is choosing the cinema event as this
solution has an utility value of 4 whatever the weather conditions whereas the two other
activities have utilities strictly lower than 4 if the weather is rainy. However, the minmax
regret optimal solution differs and consists in booking a canoe-kayak activity as this solu-
tion has a max regret of 1 (obtained if the weather is rainy) against a max regret of 3 for the
two other solutions: for example, if we decide for the cinema (utility of 4) we may regret, if
the weather is hot, not having chosen canoe-kayak (utility of 7).

Example 14. Agathe wakes up the day of an important work meeting. Therefore, she wishes
to arrive as soon as possible at work. She can take three different paths denoted by p1, p2

and p3 to arrive at work. The travel time of each path depends on the traffic condition but
the uncertainty is limited to an interval of possible travel time for each path. We assume
that the traffic conditions on the three different paths are independent.

p1 p2 p3

travel time interval [25,30] [20,60] [10,35]

Table 1.3: Travel time intervals of the different paths in minutes.

4We here distinguish the minimization and maximization cases as the chapter related to robust optimi-
sation adopts the minimization convention unstead of the maximization one which is used everywhere else
in the thesis.
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The optimal minmax solution of this problem is path p1 with a maximum value of 30.
The optimal minmax regret solution of this problem is path p3 with a max regret value of
15 minutes: in the worst case, she may regret not having taken path p2 (20 minutes in the
best case) instead of p3 that may take up to 35 minutes.

In Chapter 6, we investigate robust combinatorial optimization problems. Our
contributions concern robust optimization problems with interval data and the
minmax regret criterion. We investigate a lower bound on the optimal minmax
regret, obtained by computing the value of a Nash equilibrium of a particular
game that we specify. We present an anytime procedure to compute this lower
bound and show how to efficiently use it in a branch and bound procedure. This
approach is tested on the robust shortest path problem, for which a significant
gain in time performances is obtained on some classes of instances.

1.5 Decision Making under Risk

As in robust decision making, we consider problems where the consequences of our choices
are uncertain. However, we now consider a framework with more information as we as-
sume that for each possible solution, we know a probability distribution over the pos-
sible consequences that can result from this solution. This defines the framework of
decision making under risk, which is more specific than decision making under uncer-
tainty. Indeed, in decision making under uncertainty, other tools than probabilities can
be used, as possibilities and necessities [Dubois et al., 1996; Sabbadin, 2001], belief func-
tions [Dempster, 1967; Shafer and others, 1976], and/or subjective probabilities [Savage,
1972; Schmeidler, 1986].

Example 15. Sabine has just bought a new mobile phone worth 700 e. The mobile phone
agency suggests that she should take an insurance for one year. Sabine hesitates, she has
read recently that in her neighborhood:

• the probability of breaking a mobile phone the first year is of 20% and,

• the probability of a mobile phone being stoled the first year is of 10%.

Sabine has three choices (i.e., A = {x1,x2,x3}). She can take no insurance (solution x1), take
an insurance that covers material damages and which costs 240 e (solution x2) or take an
insurance covering both material damages and thieveries which costs 360 e (solution x3).
If the mobile phone is broken or stolen Sabine will have to buy it again (at the orignal price
of 700e) unless she took an insurance. The costs of each solution according to the possible
events are given in Table 1.4.

mobile not being stolen or broken mobile breaks mobile stolen
probability 70% probability 20% probability 10%

x1 0 700 700
x2 240 240 700
x3 360 360 360

Table 1.4: Possible costs in euros of the three solutions.

The possible costs in euros are 0, 240, 360 and 700. The three solutions x1 , x2 and x3

induce probability distributions l1, l2 and l3 over these possible outcomes that are given in
Table 1.5.

28



CHAPTER 1. DECISION PROBLEMS AND DECISION MODELS

Loss incurred
x 0e 240e 360e 700e

Lotteries associated l1(x) 0.7 0 0 0.3
with choices x1, x2 l2(x) 0 0.9 0 0.1
and x3 l3(x) 0 0 1 0

Table 1.5: Probability distributions over possible costs in euros induced by the three possible so-
lutions.

Thus, the decision problem amounts to choose one of these probability distributions.
According to the amount of risk that Sabine is ready to take she will favor different solutions
(choosing l3 being the less risky solution and choosing l1 being the most risky one).

Probability distributions over gains/losses are known as “lotteries” in the literature of
decision theory under risk. As illustrated by the previous example, in decision problems
under risk, the objects that are considered are lotteries and mixture of lotteries and one
important component of a lottery is the level of uncertainty that it induces.

Definition 23. A lottery is a distribution of probability over a finite number of consequences.
We will denote by l = (x1, p1; . . . ; xk , pk ) the lottery under which the probability of outcome
xi is pi , with

∑k
i=1 pi = 1 and pi ≥ 0 for all i in {1, . . . ,k}. We will also use the notation l (x)

to denote the probability with which outcome x is obtained with lottery l .

Definition 24. A mixture of lotteries (also called compound lottery) is a probability distri-
bution over a finite number of lotteries. We will denote by m = (l1, p1; . . . ; ls , ps) the mixture
of lotteries under which the probability of lottery li is pi , with

∑s
i=1 pi = 1 and pi ≥ 0 for

all i in {1, . . . , s}. Note that each mixture of lotteries m = (l1, p1; . . . ; ls , ps) induces a lottery l
defined by l (x) =∑s

i=1 pi li (x).

As illustrated by example 15, the notion of risk is important in decision problems un-
der risk. This notion of risk can be formalized by the notions of weak risk aversion and
risk loving.

Definition 25. Given a lottery l = (x1, p1; . . . ; xk , pk ) we denote by EV(l ) the expected value
of l (i.e., EV(l ) = ∑k

i=1 xi pi ). A decision maker is said to be weakly risk-averse iff for any
lottery l , the lottery that obtains EV(l ) with certainty is preferred to l . On the opposite, she
is said to be weakly risk-seeking iff for any lottery l , l is preferred to the lottery that obtains
EV(l ) with certainty.

We now discuss how decision problems under risk are related to multicriteria deci-
sion problems. For this purpose, the concept of decumulative functions needs to be in-
troduced.

Definition 26. The decumulative function Gl :R→ [0,1] associated to a lottery l = (x1, p1;
. . . ; xq , pq ) is defined by:

Gl (x) = ∑
j∈{1,...,q}:x j≥x

p j .

In other words, the decumulative function Gl maps each value x to the probability
of obtaining a value greater than or equal to x with lottery l . For each possible value of
x, maximizing the probability of having something at least as good as x can be seen as a
potential objective. Therefore, decision problems under risk can be seen as multicriteria
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decision problems when the solutions (i.e., lotteries) are compared on the basis of their
decumulative functions.

We make this connection more concrete by showing how the concepts of Pareto dom-
inance and fairness are expressed in decision problems under risk.

As in multicriteria decision problems with the concept of Pareto dominance, in deci-
sion problems under risk some lotteries can seem better than other on all points of view.
This is formalized by the concept of first-order stochastic dominance.

Definition 27. The lottery l1 first-order stochastically dominates the lottery l2, denoted by
l1 À1 l2, iff:

∀x ∈R,Gl1 (x) ≥ Gl2 (x) and ∃x ∈R,Gl1 (x) > Gl2 (x)

If l1 À1 l2, then for each possible value x, the probability of obtaining an outcome
whose value is greater than x is always greater with l1 than with l2 and this property is
strict for at least one value of x. Thus, it seems rational to prefer l1 to l2.

First-order stochastic dominance induces a simple partial preference relation over so-
lutions. One way of refining this preference relation consists in considering the “quantity”
of uncertainty induced by the lotteries. The underlying idea is that the solutions that
are less risky should be preferred. This idea is formalized by the concept of second-order
stochastic dominance.

Definition 28. The lottery l1 second-order stochastically dominates the lottery l2 denoted
by l1 À2 l2 iff:

∀x ∈R,
∫ x

−∞
Gl1 (y)d y ≥

∫ x

−∞
Gl2 (y)d y and ∃x ∈R,

∫ x

−∞
Gl1 (y)d y >

∫ x

−∞
Gl2 (y)d y

Second-order stochastic dominance is related to the concept of Lorenz dominance
in multi-agent decision problems. Indeed, by interpreting a vector (v1, . . . , vm) of utilities
of m agents as a lottery where each value vi is obtained with probability 1/m, Lorenz
dominance reduces to second-order stochastic dominance. More formally, (v1, . . . , vm)
Lorenz-dominates (v ′

1, . . . , v ′
m) iff (v1,1/m; . . . ; vm ,1/m) À2 (v ′

1,1/m; . . . ; vm ,1/m′).
If l1 À2 l2 and if additionally lotteries l1 and l2 have the same expected value, then we

say that l2 is a mean preserving spread of l1. This notion can be related to Pigou-Dalton
transfers in multi-agent decision problems and is at the basis of the notion of strong aver-
sion to risk.

Definition 29. A decision maker is strongly risk-averse iff she always prefers a lottery l1

to a mean preserving spread of l1. Contrarily, a decision maker is strongly risk-seeking iff
she always prefers a mean preserving spread of a lottery l1 to the lottery l1 itself. Note that
strong risk-aversion (resp. risk-loving) implies weak risk-aversion (resp. risk-loving).

Example 16. Lea enters in a shop to buy scratch games. Three possible games are for sale.
The first game costs 2e and makes it possible to win 4e half of the time leading to a profit
of 2e. The second game costs 1e and yields a gain of 2e half of the time leading to a profit
of 1 e. Lastly, the third game costs 2 e and makes it possible to win 4 e with a probability
of 0.25 and 3 e with a probability of 0.25. The lotteries l1, l2 and l3 over the possible profit
values induced by the three games are given in Table 1.6.

In this example, lottery l1 first order stochastically dominates lottery l3 and therefore Lea
should not buy game 3. Furthermore, lottery l1 is a mean preserving spread of l2. There-
fore, the choice of the game to buy between l1 and l2 should only be based on Lea’s relation
towards risk.
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x -2 -1 1 2
l1(x) 0.5 0 0 0.5
l2(x) 0 0.5 0.5 0
l3(x) 0.5 0 0.25 0.25

x -2 -1 1 2
Gl1 (x) 1 0.5 0.5 0.5
Gl2 (x) 1 1 0.5 0
Gl3 (x) 1 0.5 0.5 0.25

Table 1.6: Lotteries induced by the three possible games over possible profits in euro and the cor-
responding decumulatives.

First-order and second-order stochastic dominance induce natural preference rela-
tions over the solutions of a decision problem under risk. However, these preference rela-
tions are not very discriminating which limits there prescriptive abilities. Thus, to make
decisions, a decision model with more prescriptive abilities should be used.

1.5.1 The Expected Value Model

The easiest criterion that we can think of to compare lotteries (on numerical outcomes)
consists in comparing their respective expected values. Thus, in the expected value model,
a lottery l = (x1, p1; . . . ; xq , pq ) is evaluated on the basis of its expected value EV(l ) =∑q

i=1 xi pi

and a lottery l1 is preferred (resp. strictly preferred) to a lottery l2 iff EV(l1) ≥ (resp >)
EV(l2). At first glance, the expected value model is appealing due to its simplicity. How-
ever, it suffers from serious limitations on descriptive and normative points of view. In
particular, expectation is not a risk sensitive criterion, in the sense that it assumes risk
neutrality (e.g., a sure $500 gain is equivalent to having a probability 1/2 of a $1000 gain
or nothing). And yet, most people take risk into account when they make decisions (de-
scriptive limitation). Furthermore, the expected value model can lead to surprising con-
clusions as illustrated by the Saint-Petersburg paradox (normative limitation).

Example 17. The Saint-Petersburg paradox relies on the following game. The player re-
cursively tosses a coin. Every time heads appears, the earning of the player doubles. If
tails appears on the i th toss, the game ends and the player earns an amount of 2i−1 e. A
casino wonders how much his clients would be willing to pay to play this game. To an-
swer this question, the casino computes the expected gain of this game, which is worth∑

i∈N1/2i ×2i−1 =∑
i∈N1/2 =+∞. Therefore, the casino concludes that if a decision maker

follows the expected value criterion, she would be willing to pay an infinitely high price to
play this game. However, most people would not be willing to bet an important amount of
money to play this game.

For these reasons, the use of the expected value model can be unadapted, to say the
least, and other decision models should be investigated.

1.5.2 The Expected Utility Model

The most popular model in decision theory is the Expected Utility (EU) model [von Neu-
mann and Morgenstern, 1947]. In this model, the decision maker’s preferences are mod-
eled using a utility function u that assigns a numerical value u(x) to each possible con-
sequence x. Then, a lottery l1 is preferred to another lottery l2 iff EU(l1) ≥ EU(l2), where
EU(l ) =∑

x∈R l (x)u(x) for any lottery l and where we recall that l (x) denotes the probabil-
ity of x in lottery l .

The EU model solves the two problems that were raised previously about the expected
value model. Firstly, it is a risk-sensitive criterion.
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Proposition 3. A decision maker consistent with the EU model is both weakly and strongly
risk-averse (resp. risk-seeking) iff the utility function that represent her preferences is con-
cave (resp. convexe).

This property gives a very simple way of modeling risk-averse and risk-seeking be-
haviors with the EU model. However, it shows that it is not possible with the EU model
to represent a decision maker which would be weakly risk-averse but not strongly risk-
averse.

Secondly, the EU model is consistent with the fact that most people would not bet
important amounts of money in the Saint-Petersburg game.

Example 18. (Example 17 continued) We come back to the Saint-Petersburg paradox and
we consider the utility function u : x 7→ ln(x). Now, the expected utility value of playing the
game is equal to: ∑

i∈N∗
1/2i × ln(2i−1) = ln(2)

∑
i∈N∗

1/2i × (i −1) = ln(2).

This corresponds to a certainty equivalent of 2 euros since u(2) = ln(2). Thus, the price of
the game will be given by a finite value.

Furthermore, the EU model benefits from a “good” axiomatic justification. Stated dif-
ferently, there is a set of simple and intuitive rules called axioms that justify the EU model
in the sense that anyone that agrees with the axioms should agree with the use of the
EU model and anyone that agrees with the EU model should agree with the axioms. The
axioms supporting the EU model are the following ones:

Axiom 1. Complete preorder: the preference relation % which is defined on lotteries is
complete, reflexive and transitive.

Axiom 2. Independence: given any triple of lotteries l1, l2, l3 and for all p in [0,1],

l1% l2 ⇔ (l1, p; l3,1−p)% (l2, p; l3,1−p)

The independence axiom states that a preference between two lotteries l1 and l2 is not
modified by mixing them with a third lottery l3 in similar proportion. Indeed, as the lot-
tery l3 is present in both mixtures with the same probability (1−p), the preference should
only be based on the preference of the decision maker between lottery l1 and lottery l2.

Axiom 3. Continuity: given any triple of lotteries l1, l2, l3,

l1 Â l2 Â l3 ⇒∃p ∈ [0,1], (l1, p; l3,1−p) ∼ l2

The continuity axiom states that if lottery l2 lies between lottery l1 and lottery l3 in
terms of preference, then there should be a probability value p such that the decision
maker is indifferent between mixture (l1, p; l3,1 − p) and l2. This axiom resembles the
intermediate value theorem which requires continuity, hence the name of the axiom.

We now give the result stating that the combination of the complete preorder axiom,
the independence axiom and the continuity axiom both imply and is implied by the EU
model. Such a result is called a representation theorem.

Theorem 4 (Machina [1990]). The preference relation % satisfies axioms complete pre-
order, independence and continuity iff there exists a utility function u : R→ R unique up
to a strictly positive affine transformation such that:

l1% l2 ⇔
∑
x∈R

l1(x)u(x) ≥ ∑
x∈R

l2(x)u(x)
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Nevertheless, despite its intuitive appeal and its axiomatic justification, the EU model
does not make it possible to account for some rational decision behaviors frequently ob-
served experimentally. We present three situations in which the EU model is not adapted.

For instance, it is unable to explain the paradox of nontransitive dice as designed by
statistician Efron and reported by Gardner [1970]. The specific variant presented here is
due to Rowett.

Example 19 (Rowett Dice). Consider a two-player game involving the following set of six-
sided dice: die A with sides (1,4,4,4,4,4), die B with sides (3,3,3,3,3,6) and die C with sides
(2,2,2,5,5,5). The players, each equipped with a personal set of Rowett dice, simultane-
ously choose a die to throw; the winner is the player who rolls the highest number. It is easy
to realize that die A rolls higher than B most of the time, so die A should be preferred to
B. Similarly die B rolls higher than C most of the time, and the same can be said about C
against A. In other words, the relation “more likely to win” is not transitive, and in fact it is
even cyclic.

This example can be formalized by characterizing dice A,B,C by lotteries lA, lB, lC over
the set X = {1,2, . . . ,6} of possible outcomes. The expected utility model is obviously un-
able to accommodate the above preferences lA Â lB Â lC Â lA because it is impossible to
have EU(lA) > EU(lB) > EU(lC) > EU(lA). Actually, every binary preference relation solely
based on a unary functional u over distributions would fail to explain the paradox.

A second example of situations that cannot be accommodated by the EU model is the
preference reversal phenomenon that was notably observed experimentally by Lichten-
stein and Slovic [1971, 1973] and Lindman [1971].

Example 20. The preference reversal phenomenon occurs in the monetary context when
lottery l1 is strictly preferred to lottery l2, l1 ∼ x, l2 ∼ y and x < y (see Figure 1.5).

l1 Â l2

x < y

∼ ∼

Figure 1.5: Illustration of the preference reversal phenomenon.

That is, the person would agree to trade l1 for x, l2 for y, yet strictly prefers l1 to l2 and
y to x. The EU model can of course not accommodate this phenomenon as we cannot have
EU(l1) > EU(l2) = u(y) > u(x) = EU(l1).

A last example of a situation that cannot be accommodated by the EU model is the
so-called Allais’ paradox [1953]. We recall in Example 21 a simpler version of this paradox
due to Kahneman and Tversky [1979]:

Example 21. Consider the following lotteries l1, l2, l ′1, l ′2:

x 0$ 3000$ 4000$
l1(x) 0 1 0
l2(x) 0.2 0 0.8
l ′1(x) 0.75 0.25 0
l ′2(x) 0.8 0 0.2
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In this example Kahneman and Tversky observed that most people prefer lottery l1 to lottery
l2 but prefer lottery l ′2 to lottery l ′1. One possible explanation for these preferences is that
l1 is more desirable than l2 because it leads to a sure outcome. However, both l ′1 and l ′2
are risky prospects and one might prefer the one that leads to the highest expected value,
i.e., l ′2. However, lottery l ′1 (resp. l ′2) is just the mixture of lottery l1 (resp. l2) and a sure
amount of 0$ with probabilities 0.25 and 0.75 respectively. Thus, those preferences violate
the independence axiom which holds in EU theory. This makes it impossible to account for
such preferences with the EU model.

Those descriptive limitations of the EU model have prompted researchers in decision
theory to develop more general models that extend EU. Famous examples of such models
are: the generalized expected utility model [Machina, 1983], the Choquet expected utility
model [Schmeidler, 1986] or the rank-dependent utility model [Quiggin, 1993]. In the rest
of the chapter we present the skew-symmetric bilinear utility model and the weighted
expected utility model as they are the models investigated in this thesis.

1.5.3 The Skew-Symmetric Bilinear Utility Model

The Skew-Symmetric Bilinear (SSB) utility theory developed and axiomatized by Fishburn
[1982, 1984b] extends expected utility theory and enables to accommodate the descriptive
limitations that we have mentioned.

In this model, an agent is endowed with a binary functional ϕ over pairs (x, y), with
x Â y ⇔ϕ(x, y) > 0. The valueϕ(x, y) is commonly interpreted as the intensity with which
the agent prefers x to y . Functional ϕ is assumed to be skew-symmetric, i.e., ϕ(x, y) =
−ϕ(y, x) and bilinear w.r.t. the usual mixture operation on lotteries, i.e., the SSB criterion
for comparing lotteries l1 and l2 is written:

ϕ(l1, l2) =∑
x,y

l1(x)l2(y)ϕ(x, y)

We have l1 Â (resp. ≺) l2 if ϕ(l1, l2) > (resp. <)0 (strict preference), and l1 ∼ l2 if ϕ(l1, l2) =
0 (indifference).

SSB utility theory is appealing due to its strong descriptive abilities. Indeed, as will be
seen in Examples 22, 23 and 24, it can account for the preferences observed in the Gardner
dice paradox, in the weak preference reversal paradox and in Allais’ Paradox.

Example 22. (Example 19 cont’d) Lotteries lA, lB, lC are defined in Figure 1.6.

x 1 2 3 4 5 6
lA(x) 1/6 0 0 5/6 0 0
lB(x) 0 0 5/6 0 0 1/6
lC(x) 0 1/2 0 0 1/2 0

Figure 1.6: Distributions lA, lB, lC.

By setting ϕ(x, y) = 1 if x > y, and ϕ(x, y) =−1 if x < y, ϕ(l1, l2) corresponds then to the
probability that l1 beats l2 minus the probability that l2 beats l1. The obtained SSB utilities
in the example are:

ϕ(lA, lB) = 25/36−11/36 = 14/36,
ϕ(lB, lC) = 21/36−15/36 = 6/36,
ϕ(lC, lA) = 21/36−15/36 = 6/36.
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Therefore, we have ϕ(lA, lB) > 0, ϕ(lB, lC) > 0 and ϕ(lC, lA) > 0, which is consistent with the
relation “more likely to win” between dice (i.e., lA Â lB Â lC Â lA).

As the SSB model is compatible with intransitive preferences, the SSB model makes
it possible to accommodate preference reversal phenomenons [Fishburn, 1984b; Loomes
and Sugden, 1983].

Example 23. (Example 20 cont’d) Assume l1 = (30,0.9;0,0.1), l2 = (100,0.3;0,0.7) with
l1 ∼ 25, l2 ∼ 27, and l1 Â l2. As 27 > 25, these judgments violate every model that as-
sumes full transitivity. However, they are consistent with the SSB model withϕ(100,0) = 24,
ϕ(100,27) = 70/3, ϕ(100,30) = 23, ϕ(30,0) = 12, ϕ(30,25) = 1 , ϕ(27,0) = 10 and ϕ(25,0) =
9. Indeed in that case:

ϕ(l1,25) = 0.9ϕ(30,25)+0.1ϕ(0,25) = 0

ϕ(l2,27) = 0.3ϕ(100,27)+0.7ϕ(0,27) = 0

ϕ(l1, l2) = 0.27ϕ(30,100)+0.03ϕ(0,100)+0.63ϕ(30,0)+0.07ϕ(0,0) ≈ 0.63 > 0

To list the axioms that support the SSB model, we introduce two new axioms:

Axiom 4. Dominance: We consider three lotteries l1, l2 and l3. If l1 Â l2 and l1 % l3 then
∀p ∈ [0,1], l1 Â (l2, p; l3,1− p). If l2 Â l1 and l3 % l1 then ∀p ∈ [0,1], (l2, p; l3,1− p) Â l1.
Lastly, if l1 ∼ l2 and l1 ∼ l3 then ∀p ∈ [0,1], l1 ∼ (l2, p; l3,1−p).

Axiom 5. Symmetry: We consider three lotteries l1, l2 and l3. If l1 Â l2 Â l3, l1 Â l3 and
l2 ∼ (l1,0.5; l3,0.5), then (l1, p; l3,1−p) ∼ (l1,0.5; l2,0.5) iff (l1,1−p; l3, p) ∼ (l2,0.5; l3,0.5).

While the dominance axiom is quite natural and easy to understand, the symmetry
axiom is more original and deserves more explanations. This axiom is illustrated in a
Marschak-Machina triangle in Figure 1.7.

A Marschak-Machina triangle is a graphical representation of the iso-preference curves
(i.e., lines connecting lotteries that the decision maker deems as equally “good”) of all
possible lotteries between three elements [Marschak, 1950]. More formally, the three ex-
treme points represent three lotteries l1, l2 and l3 and each point in the triangle represents
a lottery over these three elements with probabilities corresponding to the weights of the
corresponding convex combination of l1, l2 and l3.

The Marschak-Machina triangle given below is constructed for three lotteries such
that l1 Â l2 Â l3, l1 Â l3 and l2 ∼ (l1,0.5; l3,0.5). This last point is illustrated by a vertical iso-
preference curve in the triangle connecting l2 to (l1,0.5; l3,0.5). Note that the dominance
axiom implies that the iso-preference curves are necessary straight lines in the triangle.
The symmetry axiom induces an axial symmetry of the iso-preference curves of axis the
vertical bisector. Hence the name of the axiom.

Note that this property is verified by the EU model where the iso-preference curves
are all parallel straight lines. However, iso-preference curves are not parallel in general in
the SSB model and might intersect.

If for all triples (l1, l2, l3) the iso-preference curves intersect out of the triangle or does
not intersect, then we will obtain a transitive SSB model. However, if there exists a triple
(l1, l2, l3) such that the iso-preference curves intersect in the triangle, then we obtain a
preference cycle as in Example 19. These different cases are illustrated in Figures 1.8, 1.9
and 1.10.

Now that the dominance and symmetry axioms have been introduced, we can state
the representation theorem of the SSB model.
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Figure 1.7: Illustration of the symmetry axiom.
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Figure 1.8: Expected Utility.
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Figure 1.9: SSB: Cyclic.
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Figure 1.10: SSB: Transitive.

Patterns of ∼ curves. l1 > l2, l2 > l3, and l2 ∼ (l1,0.5; l3,0.5) in all cases. Arrows show decreasing
preference directions.

Theorem 5 (Fishburn [1982]). The preference relation% satisfies axioms continuity, dom-
inance and symmetry iff there is a skew-symmetric bilinear function ϕ : R×R→ R such
that:

l1% l2 ⇔
∑
x∈R

∑
y∈R

l1(x)l2(y)ϕ(x, y) ≥ 0

The SSB utility functionϕ is unique up to a similarity transformation (i.e., a multiplication
by a positive constant).

The SSB model encompasses many decision criteria, e.g.:

• ϕ(x, y) = x − y yields the expectation criterion;

• ϕ(x, y) = u(x)−u(y) yields the EU model;

• ϕ(x, y) = 1x≥θ− 1y≥θ, where 1x≥θ = 1(0) if x ≥(<) θ, yields the probability threshold
criterion [Yu et al., 1998], which states that l1 Â l2 if

∑
x≥θ l1(x) >∑

x≥θ l2(x);

• ϕ(x, y) = 1 (resp. 0, −1) if x > y (resp. x = y , x < y) yields the dominance relation
of Example 19, which states that l1 Â l2 if

∑
x>y l1(x)l2(y) > ∑

y>x l1(x)l2(y); this is
called probabilistic dominance (PD) in the sequel [Blavatskyy, 2006].

Moreover, the SSB model can represent different risk attitudes via an adequate choice
of functional ϕ.
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Proposition 4 (Nakamura [1989]). Letϕ1(x, y) = ∂ϕ(x, y)/∂x. Ifϕ1(x, x) 6= 0 exists for all x,
ϕ is weakly risk-averse (resp. risk-seeking) if and only ifϕ1(y, y)/ϕ(x, y) ≥ (resp. ≤)1/(x−y)
for x 6= y.

We now address, two points that could at first be seen as potential disadvantages for
the SSB model but are in fact not problematic.

• Firstly, the possibility of cyclic preferences in SSB utility theory could be seen as a
significant barrier to its use in automated decision as the existence of an optimal lottery
is not obvious. Given a set L = {l1, . . . , ln} of lotteries, the SSB criterion induces a weighted
tournament on L , i.e., for each pair l1, l2 of lotteries such that ϕ(l1, l2) > 0, ϕ(l1, l2) repre-
sents the intensity with which l1 is preferred to l2. Multiple rules exist for determining the
winner(s) of a weighted tournament [Fischer et al., 2016]. We adopt in this thesis the min-
imax rule [Young, 1977], also known as Condorcet’s rule or the Simpson-Kramer method,
where each lottery l is evaluated by the highest intensity with which another lottery is pre-
ferred to l , and one selects a lottery with minimal evaluation. More formally, one seeks a
lottery l in argminl∈L maxl ′∈L ϕ(l ′, l ).

Interestingly, if one enlarges the set of possible lotteries to the convex hull CH(L ) of L

where CH(L ) = {l : l=∑n
i=1λi li with

∑n
i=1λi=1 and λi≥0, ∀i }, Fishburn [1984a,b] showed

that an optimal lottery l∈CH(L ) w.r.t. the minimax rule has the desirable property that
ϕ(l , l ′)≥0 for all l ′. For instance, coming back to our dice example (Example 22), playing
die A (resp. B, C) with probability 3

13 (resp. 3
13 , 7

13 ) is an optimal strategy for the relation
“more likely to win”. However, a decision maker may not accept to use a mixture of lotter-
ies (i.e., a lottery in CH(L )\L ). Thus, we will study both optimization in L and in CH(L ).

• Secondly, the specification of an SSB utility function requires the evaluation ofϕ(x, y)
for all pairs of value (x, y) given in the problem. This may be prohibitive for some appli-
cations. Interestingly, Nakamura [1989] and Chew [1983] axiomatized subclasses of SSB
functions that have more compact representations. We first present the subclass investi-
gated by Nakamura, and then present the one developed by Chew in the next subsection.

Axiom 6. Multiplicative improvements: Consider 5 numerical values x1, x2, x3, x4 and x5

such that x1 < x2 < x3 < x4 < x5. If x3 =(x2+x4)/2 =(x1+x5)/2, and if (x1, p1; x3,1−p1) ∼ x2,
(x3, p2, x5,1−p2) ∼ x4, (x1, p3, x5,1−p3) ∼ x3 then (1−p3)/p3 = (1−p1)/p1 × (1−p2)/p2.

In words, this axiom states that if x3 is the middle of [x2, x4] and [x1, x5], then the ra-
tio between the intensity of preference between x5 and x3 and the intensity of preference
between x3 and x1 is the product of two ratios: (1) the one between the intensity of pref-
erence between x5 and x4 and the intensity of preference between x4 and x3 and (2) the
one between the intensity of preference between x3 and x2 and the intensity of preference
between x2 and x1.

Theorem 6 (Nakamura [1989]). The preference relation% satisfies axioms continuity, dom-
inance, symmetry and multiplicative improvements iff there is a skew-symmetric bilinear
function ϕ :R×R→R such that:

l1% l2 ⇔
∑
x∈R

∑
y∈R

l1(x)l2(y)ϕ(x, y) ≥ 0

ϕ(x, y) = w(x)w(y) f (x − y),

where w > 0 is continuous, and f is continuous and strictly increasing.
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In this model, the intensity of preference between two values x and y depends on two
functions w and f . While w acts as a multiplicative factor which increases or decreases
the intensity of preference according to the values of x and y , the function f measures the
intensity of preference on the basis of the difference between x and y .

We recall that Proposition 4 (on page 37) characterizes the attitude towards risk of a
decision maker consistent with the SSB model. Proposition 4 applied to this particular
class of SSB functions gives the following result.

Proposition 5 (Nakamura [1989]). Consider a decision maker having preferences % such
that there is a skew-symmetric bilinear function ϕ :R×R→R with:

l1% l2 ⇔
∑
x∈R

∑
y∈R

l1(x)l2(y)ϕ(x, y) ≥ 0

ϕ(x, y) = w(x)w(y) f (x − y),

where w > 0 is continuous, and f is continuous and strictly increasing. Then the decision
maker is weakly risk-averse (resp. risk seeking) iff for all x > y,

w(x)

w(y)
≤ (resp. ≥)

f (x − y)

f ′(0)(x − y)
≤ (resp. ≥)

w(y)

w(x)
,

where f ′(0) > 0 and w ′ ≤ ( resp. ≥)0.

We now turn to the WEU criterion which is a special case of SSB utilities developed by
Chew [1983]. This model yields a more compact representation of the preferences of the
decision maker and enforces transitivity while still being able to cope with Allais’ paradox.

1.5.4 The Weighted Expected Utility Model

The Weighted Expected Utility (WEU) theory, developed by Chew [1983], is obtained from
the SSB utility theory by adding the following transitivity axiom [Fishburn, 1983].

Axiom 7. ∼-Transitivity: If l1 ∼ l2 and l2 ∼ l3, then l1 ∼ l3.

Theorem 7. The preference relation% satisfies axioms continuity, dominance, symmetry
and ∼-transitivity iff there are linear functionals u : R→ R and w : R→ R with w non-
negative (and strictly positive if the set of lotteries considered has both maximally preferred
and minimally preferred elements, or if it has neither) such that:

l1% l2 ⇔
∑
x∈R

∑
y∈R

l1(x)l2(y)(u(x)w(y)−u(y)w(x)) ≥ 0 (1.2)

If, in addition, % is nonempty and (u, w) is any pair of linear functionals (w.r.t. mixtures
of probabilities) that satisfies Equation 1.2, then a pair (u′, w ′) of linear functionals (w.r.t.
mixtures of probabilities) satisfies Equation 1.2 in place of (u, w) iff, there are numbers a,
b, c and d such that:

u′ = au +bw

w ′ = cu +d w

ad −bc > 0
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The WEU criterion relies on two functions u and w (with w ≥ 0) defined on R such
that ϕ(x, y) = u(x)w(y)−u(y)w(x). These two functions are lifted to lotteries by linearity
in probabilities: u(l ) = ∑

x∈R l (x)u(x) and w(l ) = ∑
x∈R l (x)w(x). Consequently: l1 Â l2 ⇔

u(l1)w(l2)−u(l2)w(l1)>0 and u(l1)w(l2)−u(l2)w(l1) is interpreted as a signed intensity
of preference between lotteries l1 and l2 as in the SSB model. This last equation can be
rewritten (if w > 0) as:

l1 Â l2 ⇔ v(l1) = u(l1)/w(l1) > v(l2) = u(l2)/w(l2) (1.3)

In the sequel, we will continue to use v to denote the ratio u/w . It is worth noting that
if w is constant then WEU boils down to EU. As WEU assigns a score v(p) to each lottery
p, it is unable to accommodate intransitive preferences which can be seen as a strength
from a normative point of view. Thus, the Marschak-Machina triangles corresponding to
the WEU model are similar to the one represented in Figure 1.105 (on page 36). However,
the WEU model can still accommodate Allais’ paradox:

Example 24. (Example 21 cont’d) We rescale the possible gains from interval [0,4000] to
interval [0,1]. Consider the pair of functionals (u, w) defined by u(x) = x2 and w(x) =
1−p

x, leading to the following values:

l1 l2 l ′1 l ′2
u 0.5625 0.8 0.1406 0.2
w 0.1340 0.2 0.7835 0.8

We can easily check that the WEU model using these two functions is compatible with Allais’
paradox:

• l1 Â l2 since u(l1)w(l2)−u(l2)w(l1) ≈ 0.005 > 0.

• l ′2 Â l ′1 since u(l ′2)w(l ′1)−u(l ′1)w(l ′2) ≈ 0.044 > 0.

Attitude towards risk. The components of the WEU model can be chosen to account
for risk-averse or risk-seeking behaviors. By specifying Proposition 4 (on page 37) to the
case of WEU, we obtain that a decision maker consistent with WEU is risk-averse (resp.
risk-seeking) iff r (x, y) is positive (resp. negative) for all x, y with x 6= y where:

r (x, y) =w(y)[
du

d x
(y)(x − y)+u(y)−u(x)]

+u(y)[w(x)− d w

d x
(y)(x − y)−w(y)]

Those conditions can easily be met. For instance, if functions u and w are positive, it
is sufficient to choose a concave (resp. convex) u function and a convex (resp. concave)
w function to obtain a risk-averse (resp. risk-seeking) behavior. We illustrate this point in
the following example.

Example 25. Consider the following lotteries l1 and l2:

x 0$ 25$ 100$
l1(x) 0 1 0
l2(x) 0.75 0 0.25

5More can be found about Marschak-Machina triangles with the WEU theory in the work by Chew and
Waller [1986].
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Note that l1 is the sure lottery where one obtains the expectancy of lottery l2. Let u1(x) =
(x/100)2, u2(x) = p

x/100 and w1(x) = w2(x) = 1− x/100. Let %1 (resp. %2) denote the
preference relation induced by (u1, w1) (resp. (u2, w2)). Then %1 represents a risk-seeking
behavior, whereas%2 represents a risk-averse behavior as illustrated by the preferences ex-
pressed over lotteries l1 and l2:

l2 Â1 l1 since u1(l1)w1(l2)−u1(l2)w1(l1) ≈−0.14

l1 Â2 l2 since u2(l1)w2(l2)−u2(l2)w2(l1) ≈ 0.19

Interpretation of WEU. To give another insight on WEU, let us rewrite Equation 1.3 in
the following ways (if w > 0):

u(l1)/w(l1) ≥ u(l2)/w(l2)∑
x∈R

w(x)l1(x)∑
y∈Rw(y)l1(y)

v(x) ≥ ∑
x∈R

w(x)l2(x)∑
y∈Rw(y)l2(y)

v(x)

where v(x) is defined as the ratio u(x)/w(x). Hence, lottery l1 is preferred to lottery l2

with the WEU model iff V(l1) ≥ V(l2), where for any lottery l :

V(l ) = u(l )

w(l )
= ∑

x∈R

w(x)l (x)∑
y∈Rw(y)l (y)

v(x)

This last formulation shows that the mixture operator defined in subsection 1.2.1 in the
setting of multicriteria decision making is a WEU type criterion where function v is the
identity function. This formulation makes it also possible to interpret functions w and
v . While function v can be interpreted as a utility function representing the extent to
which an outcome is satisfactory, function w can be interpreted as a probability distortion
function where the distortion depends on the amounts that are at stake in the lottery.
This distortion of probabilities enables the violation of independence exposed by Allais’
paradox. Note that, in this respect, the WEU model is close to the Rank-Dependent Utility
(RDU) model [Quiggin, 1993] (that also makes it possible to account for Allais’ paradox
by introducing a distortion of probabilities). However, an important difference between
RDU and WEU can be made regarding their relative position w.r.t. the betweenness axiom
(discussed below).

Axiom 8. Betweenness: Given any pair of lotteries l1, l2:

∀λ ∈ (0,1), if l1% l2, then l1% (l1,λ; l2, (1−λ))% l2.

The betweenness axiom [Chew, 1989] states that an agent has no strict preference or
aversion for randomization. If betweenness holds, then for any pair of lotteries (l1, l2), any
mixture of l1 and l2 is ranked between l1 and l2 w.r.t%.

Verifying betweenness, which is a relaxation of the independence axiom, ensures sev-
eral desirable properties. In particular, it ensures that the preferred element in a finite set
L is also the preferred element in the convex hull of L . This implies that we don’t need
to investigate mixtures of alternatives to find an optimal decision. Besides, betweenness
has also some nice consequences in game theory , concerning e.g., the existence of Nash
equilibria (see [Chew, 1989]). While the WEU model verifies the betweenness axiom, RDU
does not.
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In Chapter 4, we investigate sequential decision making problems with the SSB
utility model and the WEU model. We show that while the determination of
a randomized optimal SSB strategy is of polynomial complexity in the setting
of decision trees, it becomes NP-hard if randomized strategies are not allowed.
Interestingly, we prove that both problems are of polynomial complexity in the
WEU case. We present several solution methods either based on mathematical
programming tools or on combinatorial methods. We then extend our results
to the setting of Markov decision processes by using the concept of wealth aug-
mented Markov decision processes. Lastly, in Chapter 5, we investigate the elic-
itation of the WEU model. We present an elicitation protocol to elicit the two
functions u and w required by the model and we show how to use it in an incre-
mental elicitation procedure.

1.6 Conclusion

In this chapter, we have formally defined the notions of decision problem and decision
model and we have formalized the notion of preferences of a decision maker by using bi-
nary relations and aggregation operators. We have explored several aggregation operators
and decision models and their properties in the following domains: multicriteria deci-
sion making, multi-agent decision making, robust decision making and decision making
under risk. We have seen that these frameworks consider elements of different natures
and yield different concerns as fairness in multi-agent decision making or risk aversion in
decision making under risk. However, we also pointed out that there exists many connec-
tions between them. These connections are summarized in Table 1.7.

Multicriteria Multi-agent Robust Risk
Objective Criterion Agent Scenario Reward value

Number of objectives Constant Variable
Finite (discrete model) or
infinite (interval model)

Continuum

First order dominance Pareto dominance Pareto dominance
First-order stochastic
dominance

Second order dominance Lorenz dominance Lorenz dominance
Second-order stochastic
dominance

Quantification of objectives
Importance coeffi-
cients

Exogenous rights Probabilities

Table 1.7: Connections between the different domains considered in this chapter.

In this thesis, we will use the decision models that we have investigated in this chapter
to solve many decision problems of combinatorial nature. These problems are presented
in the next chapter.
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Chapter 2

Combinatorial Optimization Problems
and Sequential Decision Problems Under
Risk

“ I am always fascinated by the
structure of things; why do things work
this way and not that way. ”

U. Wehrli
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Summary of the chapter

In the previous chapter, we assumed that the different solutions of the problem could
be listed explicitly. Such hypothesis does not always hold true as the number of possible
solutions may be huge and even exponential in the size of the problem. These problems
are said to be combinatorial as they are defined by several elements and the set of solu-
tions can be composed of a (possibly huge) number of possible combinations of these
elements. In this chapter, we present combinatorial optimization problems in general
and succinctly describe the different combinatorial optimization problems that will be
considered in this thesis. Then, we discuss a particular kind of combinatorial optimiza-
tion problem, sequential decision problems under risk in which the decision maker has
to make decisions under risk repeatedly in different situations and at different time steps.
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2.1 Combinatorial Optimization Problems

This section gives a brief overview of the combinatorial optimization problems studied
in this thesis [Papadimitriou and Steiglitz, 1982]. Its purpose is to introduce the differ-
ent concepts from combinatorial optimization theory that are required for the rest of the
thesis.

2.1.1 A General Presentation

In combinatorial optimization problems, the number of possible solutions is usually huge
and often exponential in the size of the problem. Thus, it is impractical to explore all
possible solutions. Fortunately, in these optimization problems, there exists a structure
underlying the set of possible solutions. This structure can be exploited to perform effi-
ciently the optimization of the problem and find, either an optimal solution or a “suffi-
ciently good” solution.

More formally in a combinatorial optimization problem, a set E = {1, . . . ,k} of elements
is given and a solution is defined as a subset of E. The set S of admissible solutions is
then defined as the set of solutions satisfying a given set of mathematical constraints. The
difficulty of combinatorial optimization problems is that the number of feasible solutions
makes an exhaustive search impractical as k grows. Solving an optimization problem
consists in finding an optimal feasible solution (i.e., a most preferred feasible solution).
The preference relation on elements is defined by a cost function c which gives the cost
c(e) of including an element e ∈ {1, . . . ,k} in a solution. This preference relation is then
extended to feasible solutions by using an aggregation operator which is often the sum of
the costs of the different elements of the solution.

Many well-known combinatorial optimization problems can be expressed in the con-
text of graph theory [Bondy and Murty, 1976]. A graph G = (V ,E ) is an ordered pair con-
sisting of a set V of vertices (also called nodes) together with a set E of edges or arcs
between pairs of elements of V . A graph is undirected if its edges have no orientation
(i.e., edge (x, y) is identical to edge (y, x)) and directed otherwise. A graph is weighted if
a weight is assigned to each edge. Such weights usually represent cost values but they
may also represent lengths or capacities. Numerous concepts can be defined on graphs.
One of the most intuitive one is the concept of path. Two nodes are adjacent when they
are both incident to a common edge. More formally, a node vi is adjacent to a node v j

if (vi , v j ) belongs to E . A path in a graph is a sequence of vertices P = (v1, v2, . . . , vn) ∈ V n

such that vi is adjacent to vi+1 for 1 ≤ i ≤ n − 1. Such a path is called a path of length
n −1 from v1 to vn . In this thesis, we will only consider simple paths in which all nodes

are distinct from one another (i.e., there is no cycles in a simple path). We denote by P
j

i
the set of (simple) paths starting at node i and ending at node j .

Example 26. We illustrate this notions on a simple graph represented in Figure 2.1. This
directed graph has 6 nodes (i.e., |V | = 6) with V = {1, . . . ,6} and 9 edges (i.e., |E | = 9) with
E = {(1,2), (1,3), (2,3), (2,4), (4,2), (3,4), (3,5), (4,6), (5,6)}. The set of paths from node 1 to
node 6 is composed of 5 paths, P 6

1 = {(1,2,4,6), (1,2,3,4,6), (1,2,3,5,6), (1,3,4,6), (1,3,5,6)}.
An exemple of path in P 2

1 from node 1 to node 2 is (1,3,4,2). The edges are here valued. For
instance, the value assigned to edge (2,4) is 3.

To make the general framework more concrete, we now succinctly describe several
combinatorial optimization problems that will be tackled in this thesis.
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Figure 2.1: The graph of Example 26.

2.1.2 Various Combinatorial Optimization Problems

There exists numerous combinatorial optimization problems, too many to be listed here.
We succinctly present here three of them that will be used as applications in this thesis.

The Shortest Path Problem. In the shortest path problem, a directed graph G = (V ,E )
is given where V is a set of vertices numbered from 1 to |V |, and E is a set of edges. A
starting node s ∈ V and a destination node t ∈ V are given and a cost value ci j ∈ R+ is
associated to each edge (i , j ) ∈ E , where ci j is the cost induced by edge (i , j ). In the short-
est path problem, one wishes to determine a path p ∈ P t

s that minimizes
∑

(i , j )∈p ci j . We
illustrate the problem with the two following examples:

Example 27. In a first example, consider the graph represented in Figure 2.2 with 6 nodes
(i.e., |V | = 6) and 8 edges (i.e., |E | = 8). We choose node 1 as the starting node and node
6 as the destination node, i.e., s = 1 and t = 6. The set of paths from node 1 to node 6 is
composed of 5 paths, P t

s = {(1,2,4,6), (1,2,3,4,6), (1,2,3,5,6), (1,3,4,6), (1,3,5,6)}.
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Figure 2.2: Shortest path problem of Example 27.

Here the optimal path is (1,2,3,4,6), drawn with a bold red line on the graph, and has an
optimal total cost of 5.

Example 28. In a second example, consider the graph given in Figure 2.3 composed of 14
nodes and 33 edges and where the edge costs are not represented for readability reasons.
This graph belongs to a particular class of graphs named layered graphs. A layered graph is
composed of layers such that each layer is completely connected to the next layer. The graph
represented in Figure 2.3 is composed of four layers, colored respectively in red, blue, green
and yellow. We choose node 1 as the starting node and node 14 as the destination node, i.e.,
s = 1 and t = 14. This type of graph illustrates the combinatorial nature of the shortest path
problem. Indeed, in this example, there are 81 paths going from node 1 to node 14. Moreover
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each additional layer would multiply this number by 3 (as there are 3 nodes in each layer).
Therefore, the shortest path problem requires combinatorial optimization algorithms to be
solved efficiently.

1 3
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4

layer 1

5
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7

layer 2
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11
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13

layer 4

14

Figure 2.3: Shortest path problem of Example 28.

The most well known algorithms for solving this problem are: Dijkstra’s algorithm [Di-
jkstra, 1971], Bellman-Ford algorithm [Bellman, 1958] or the A∗ search algorithm [Hart et
al., 1968].

These methods require to know the precise cost values of the edges of the graph. Un-
fortunately, for several reasons, these values may be known imprecisely. In this case, other
solution methods must be used to find a robust solution (a presentation of robust opti-
mization is given in Section 1.4 on page 25).

In Chapter 6, we study robust combinatorial optimization problems with interval
data, i.e., each cost parameter c is only known to be in an interval [c,c]. We will
present a game-theoretic view of these problems which makes it possible to de-
sign an efficient procedure to compute a lower bound on the value of an optimal
minmax regret solution. We then describe how this lower-bounding procedure
can be used in a branch and bound to find an optimal minmax regret solution.
This approach is then instantiated and tested on the robust shortest path prob-
lem with interval data. Our numerical tests prove the efficiency of our approach
for the robust shortest path problem with interval data.

Allocation of Indivisible Goods Problems. We now present allocation problems [Bou-
veret et al., 2005; Lang and Rothe, 2016] in which a given number of goods must be allo-
cated to a given number of agents such that all agents are satisfied with the allocation.
More formally, the problem is defined by:

• a number n of agents;

• a number m of objects;

• n ×m values vi j such that vi j is the utility value that agent i attributes to object j ;

• for each agent i , a lower bound li and an upper bound ui over the number of objects
that agent i can receive.
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If for all i ∈ {1, . . . ,n}, li = ui = 1 and n = m, then this problem is known as the assignment
problem where the number of agents is the same as the number of objects and where
each agent should receive exactly one object (no more, no less). Usually, in allocation
problems, the goal is to find the optimal allocation (repartition of the goods to each agent)
in order to maximize the sum of the utility values. These problems are illustrated by the
following example:

Example 29. Three books can be loaned at the local library, a thriller, a science fiction novel
and a book on nutrition. Agathe, Lea and Sabine want to borrow a book and they agree
that each of them will borrow one. They decide that each one of them should give their
preferences with grades from 1 to 10 showing their interest for each book. Therefore, in this
example n = m = 3 and for all i ∈ {1,2,3}, li = ui = 1 which means that this is an assignment
problem. The grades given to each book are the vi j values (vi j being the value at the i th row
and the j th column) given below.

thriller science fiction novel book on nutrition
Agathe 6 10 2

Lea 6 4 8
Sabine 8 3 9

In this example, there are as many possible assignments as there are permutations of three
elements, i.e., there are 6 feasible solutions. A similar assignment problem with n agents
would have n! solutions which shows the combinatorial nature of the problem. In this
example, the assignment that maximizes the sum of utilities consists in giving the science
fiction novel to Agathe, the thriller to Sabine, and lastly the book on nutrition to Lea. This
assignment (represented in bold and in red in the table above) has a total utility value of 26.

This problem can be solved efficiently by using the Hungarian method [Kuhn, 1955]
for the assignment problem or by using the stepping-stone method [Charnes and Cooper,
1954] for more general allocation problems.

These methods find a feasible solution that maximizes the sum of utilities of the agents.
However, this decision criterion does not guarantee anything about the fairness of the
optimal solutions as a high utility for an agent can compensate for low utilities of other
agents (a presentation of fair multi-agent optimization is given in Section 1.3 on page 21).

In Chapter 7, we study multi-agent optimization problems with two classes of ag-
gregation operators, namely ordered weighted averages and mixture operators.
A presentation of these two classes of operators in the setting of multi-agent op-
timization is given in Section 1.3. These operators are, under known conditions
on their parameters, compatible with the Pigou-Dalton transfer principle. Thus,
their optimization makes it possible to find fair solutions.
In the first part of the chapter, we develop a game-theoretic view of the determi-
nation of an optimal randomized strategy with ordered weighted average opera-
tors with decreasing weights and derive complexity results and solution methods
from it. This approach is tested on the assignment problem.
In the second part of the chapter, we investigate the optimization of a mixture
operator criterion in allocation problems and determine complexity results and
solution methods.

The Proportional Representation Problem. We now present multi-winner voting
problems, also known as proportional representation problems [Betzler et al., 2013; Pro-
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caccia et al., 2008]. In proportional representation problems n voters express their prefer-
ences over m candidates with a view to an election. These preferences are expressed by a
preference profile P of size m×n, where the i th column of P is the preference order of voter
i . From profile P, nm utility values vi j are derived that represent the level of satisfaction
of voter i if she is represented by candidate j .

At the end of the election, k candidates are elected and each voter is affected to one
of the winning candidates that will represent her. More formally, a solution of the propor-
tional representation problem is a set of k winning candidates {c1, . . . ,ck } ⊆ C, and k sets
S j ( j ∈ {c1, . . . ,ck }), where S j is the subset of voters represented by candidate j . Therefore,
a solution is denoted by a set {c1,Sc1 ; . . . ;ck ,Sck } containing the k winning candidates ci

and the k sets Sci . Given a feasible solution, the utility vi of voter i is then given by vi j if
i belongs to S j in the solution. The initial formulation of the proportional representation
problem aims to determine a solution that maximizes the sum of the voters’ utilities.

Two main multi-winner voting schemes have been designed for proportional rep-
resentation problems, namely Monroe’s Voting Scheme [Monroe, 1995] (abbreviated by
MVS) and Chamberlin-Courant’s Voting Scheme [Chamberlin and Courant, 1983] (abbre-
viated by CCVS). While CCVS does not constraint the possible assignments from winning
candidates to voters, MVS imposes that the k sets consisting of the voters represented by
the same candidate should be equally sized.

We illustrate proportional representation problems in Example 30.

Example 30. Florian is launching a new pasta restaurant. He knows how to cook 4 dishes:
lasagna, pasta carbonara, pasta bolognese, pasta with pesto. However, for financial rea-
sons, he can only choose 2 dishes for the menu. Therefore, in this problem n = 5, m = 4 and
k = 2. He decides to ask 5 of his friends and probably best future clients their preferences,
given below:

Julien lasagna Â carbonara Â bolognese Â pesto
Edouard lasagna Â bolognese Â carbonara Â pesto

Amandine lasagna Â bolognese Â carbonara Â pesto
Hugo pesto Â carbonara Â lasagna Â bolognese

Fabien lasagna Â carbonara Â bolognese Â pesto

From this preference profile, Florian computes the utility values vi j by using the formula
vi j = 5− rk( j ) where rk( j ) is the rank of dish j in the preference order of voter i . These
values are given below

lasagna carbonara bolognese pesto

Julien
�� ��4 3 2 1

Edouard
�� ��4 2 3 1

Amandine
�� ��4 2 3 1

Hugo 2 3 1
�� ��4

Fabien
�� ��4 3 2 1

A solution maximizing the sum of utilities of the agents under the CCVS is {lasagna,{Julien,
Edouard, Amandine, Fabien}; pesto,{Hugo}} with a total utility value of 20. However, for
logistic reasons, Florian may not accept to have a dish on the menu for only one customer.
Therefore, it is probably more interesting for him to use the MVS for which a solution max-
imizing the sum of utilities of the agents is {lasagna,{Julien, Edouard, Amandine}; car-
bonara ,{Hugo,Fabien}} with a total utility value of 18. These optimal solutions are shown
in blue and framed in an oval box for CCVS and in yellow and in a larger font for MVS (if
an element is selected in both voting schemes then it is colored in green).
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General proportional representation problems can be solved by integer programming
[Potthoff and Brams, 1998]. Moreover, under the CCVS and if the preferences of the agents
abide to specific structures, then dynamic programming methods can be used to optimize
the sum of utilities of the agents [Betzler et al., 2013; Skowron et al., 2013].

In Example 30, we searched for a feasible solution maximizing the sum of utilities of
the agents. This is known as the utilitarian version of proportional representation prob-
lems. However, as already pointed out, this decision criterion does not guarantee any-
thing about the fairness of the optimal solutions.

In the second part of Chapter 7, we study proportional representation problems
with a mixture operator criterion. A presentation of this operator in the setting of
multi-agent optimization is given in Section 1.3. The optimization of this opera-
tor makes it possible (under known conditions on its parameters) to find fair so-
lutions w.r.t. the Pigou-Dalton principle. Complexity results and solution meth-
ods are presented for the proportional representation problem with a mixture
operator criterion.

The three combinatorial optimization problems that have just been presented are not
equally difficult. More precisely, the proportional representation problem is known to be
more difficult than the allocation problem and the shortest path problem, and no efficient
algorithm (in a sense that will be made precise in the next subsection) is known to solve
this problem under general preferences [Procaccia et al., 2008]. The topic of studying
the computational complexity of combinatorial optimization problems is called compu-
tational complexity theory.

2.1.3 Computational Complexity Theory

At this point of the chapter, it is important to make clear the distinction between a combi-
natorial optimization problem and an instance of a combinatorial optimization problem.
In examples 27, 29 and 30, we have described instances of combinatorial optimization
problems by specifying all the parameters of the associated problems. A combinatorial
optimization problem is formally defined by precising the nature of its components and
the objective that is sought; an infinity of instances are possible for a given combinatorial
optimization problem. Put another way, coming back to example 27, what is presented in
the example is an instance of the shortest path problem whereas the shortest path prob-
lem is the general problem of finding a path of minimal cost between two nodes of a
valued graph.

To solve a combinatorial optimization problem, one must design an efficient algo-
rithm which takes advantage of the structure of the problem to find an optimal solution
given any possible instance of the problem. By efficient, we mean an algorithm which
runs in a polynomial number of steps w.r.t. the size of the input string describing the in-
stance of the problem. If such an algorithm exists, we say that it is polynomial time and we
say that the combinatorial optimization problem is of polynomial complexity. The class
of problems which are of polynomial complexity is denoted by P. Note that other con-
cepts related to efficiency could be used such as the amount of communication (used in
communication complexity), the number of gates in a circuit (used in circuit complexity)
or the number of processors (used in parallel computing).

If one does not succeed in designing such an algorithm, one may try to explain this
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failure by showing that the problem tackled is “difficult”. Computational complexity the-
ory [Garey and Johnson, 2002] is a branch of computer science that classifies computa-
tional problems according to their inherent difficulty and relates those classes to each
other. A problem is regarded as inherently difficult if its resolution requires significant
resources (i.e., the number of steps cannot be polynomially bounded by the size of the
instance) whatever the algorithm used.

To better formalize the notion of hard problems, we first need to explain the difference
between an optimization problem and a decision problem1. Whereas an optimization
problem searches for a solution that maximizes or minimizes an objective function, in
computational complexity theory, a decision problem is a question that only accepts two
possible answers, yes or no. Note that any maximization (resp. minimization) problem
can always be associated to the decision problem that asks whether there exists a solution
whose cost is superior (resp. inferior) to a given threshold θ. Thereby, an optimization
problem can be solved by solving several instance of the associated decision problem with
changing values of θ (with a binary search for instance).

To make the concept of decision problem more concrete, let us consider the subset
sum problem. In the subset sum problem, a set S of integers is given and we wish to know
if there exists a subset of this set whose elements sum to 0. This is a decision problem as
there are only two possible answers to this problem, either yes or no. For instance, assume
that we are given the set S = {−4,−1,2,5,8}. In this example, the answer is “yes”, since the
subset {−4,−1,5} ⊂ S yields the sum (−4)+ (−1)+5 = 0. Given an instance I of a decision
problem, one can try to guess a solution which satisfies the decision problem to show
that the answer is yes for instance I . Such a guess is called a certificate. If the certificate
indeed shows that the answer to I is “yes”, then it is called a witness. An algorithm that
verifies whether a given certificate for an instance I is a witness (in which case it returns
true) or not (in which case it returns false) is called a verifier. For instance, in the subset
sum problem, a certificate is a subset of S and a verifier consists in summing the elements
of the certificate and comparing the result with 0.

To prove that a problem is “difficult”, one can try to prove that it is as hard as a col-
lection of problems that are known to be difficult because no one has found an efficient
algorithm to solve them yet2. This is the case for the class of NP-complete problems where
NP stands for “Non-deterministic Polynomial time”.

Definition 30. A decision problem belongs to NPif there exists a polynomial time verifier for
this problem.

For instance, the subset sum problem belongs to NP as the verifier which consists in
summing the elements of the certificate and comparing the result with 0 is polynomial
time.

Definition 31. A problem is NP-hard if it is at least as hard as any problem in NPin the sense
that any problem in NPcan be reduced to this problem via a polynomial time transforma-
tion. Stated differently, if there was a polynomial time algorithm to solve this problem,
there would be a polynomial time algorithm to solve any problem in NP.

Therefore, to prove that a problem P is NP-hard it is enough to find a problem P′ which
is already known to be NP-hard and such that any instance I of P′ can be reduced in
polynomial time to an instance of P.

1Note that in computational complexity theory, the notion of decision problem as a specific meaning
which is different from the one acknowledged so far in this thesis.

2and computer scientists have been searching for a long time...
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Definition 32. A decision problem is NP-complete if it is NP-hard and if it belongs to NP.

It is an open question to know if NP-complete problems can be solved in polynomial
time (P= NPhypothesis). If someone proves that her problem is NP-hard and then finds a
polynomial time method to solve it, then she would answer positively this question. How-
ever, as researchers in computational complexity theory have been trying to answer this
question for decades unsuccessfully, it is believed that there is few chances that someone
will be able to do so: therefore, many believes that P⊂NP even if it has not been proved.

Thus, if a problem is NP-hard, other leads than the one of designing a polynomial time
exact solving method may be investigated. We now specify some of these leads that are
investigated in this thesis.

• 1. First, one can try to design efficient solution procedures even if they are not poly-
nomial time. An example of such solution procedures are branch and bound methods
[Lawler and Wood, 1966] which ingeniously explore the set of feasible solutions to quickly
identify an optimal solution in most instances of the problem.

• 2. Second, to obtain a polynomial solution method, one can try to impose additional
constraints on the problem studied as imposing a specific structure on the problem or
bounding some parameters. For instance, the proportional representation problem is NP-
hard but becomes polynomial if the preferences of the voters respect some specific con-
straints [Betzler et al., 2013; Procaccia et al., 2008; Skowron et al., 2013]. As to bounding
the numerical values of the problem, this idea leads to the notion of pseudo-polynomial
time methods.

Definition 33. An algorithm runs in pseudo-polynomial time if its running time is polyno-
mial in the size of the input string describing the instance of the problem and in the largest
numerical value of the input.

The simplest example to illustrate this notion is the following. We wonder whether a
number n is prime. To answer this question, we consider the algorithm which checks if
any number in the set {2,3, . . . ,

p
n} divides n. This approach can in the worst case take

up to
p

n −1 divisions, which is polynomial in the value of n. Therefore, this is a pseudo-
polynomial time algorithm. However, this algorithm is not polynomial time as

p
n −1 is

exponential in the length of n, which is represented by log(n) bits.

• 3. Last, one can design a polynomial algorithm which may not be an exact solu-
tion method but which yields a feasible solution whose value is known to be close to the
optimal one. Such an algorithm is called an approximation algorithm [Vazirani, 2013].

These different options will be investigated several times in this thesis.
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In Chapter 4, we investigate the complexity of solving sequential decision prob-
lems under risk with the SSB and WEU models. These decision models are pre-
sented in Section 1.5 on page 34. We allow two different settings, according to the
nature of the feasible solutions (deterministic or randomized). According to the
setting considered and the representation used to model the problem (these rep-
resentations are presented in the next section), we find problems that are either
of polynomial complexity, or NP-hard. In some cases, we also present pseudo-
polynomial solution methods.
In Chapter 6, we investigate robust combinatorial optimization problems with
interval data and the minmax regret criterion. These problems are often NP-
hard. Thus, we investigate a lower bounding procedure based on game-theoretic
arguments. We show how to use this method efficiently in a branch and bound
procedure. The lower bound returned by this solution can also be used to obtain
an instance dependent approximation ratio for specific feasible solutions.
Lastly, in Chapter 7, we investigate the complexity of several problems: the op-
timization (in a randomized setting) of multi-agent decision problems with an
ordered weighted average criterion and the optimization of allocation problems
and proportional representation problems with a mixture operator criterion. Ac-
cording to the optimization problem considered and the fact that the preferences
of the agents abide to specific constraints or not, we find complexities that are ei-
ther polynomial or NP-hard.

We now turn in the next section to the presentation of the type of combinatorial op-
timization problems that has received most of our attention, namely sequential decision
problems under risk.

2.2 Sequential Decision Making Under Risk

A sequential decision problem under risk is a decision problem in which a decision maker
repeatedly makes choices in different situations and at different time steps, the conse-
quences of which are subject to probabilities. The resolution of the problem consists in
finding an optimal plan3, i.e., a sequence of choices conditioned by events, optimal in the
sense of the decision criterion used (see Section 1.5 for a description of various possible
decision criteria).

Thus, the difficulty of finding an optimal plan is at least threefold:

• Firstly, the nature of the problem is of course combinatorial and the number of
combinations of possible choices can be huge. This point will be illustrated in Ex-
ample 31.

• Secondly, as the choices’ consequences are uncertain, a plan results in a probability
distribution over possible outcomes (i.e., a lottery) and comparing plans amounts
to comparing their respective lotteries which is more difficult than comparing out-
comes. These lotteries can be compared using models from decision theory, which
leads to the domain of decision-theoretic planning [Blythe, 1999; Boutilier et al.,
1999].

3According to the context, we may also use the words policy or strategy to denote a plan.
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• Lastly, the problem involves several time steps. To face this problem, the decision
maker will have to project herself to anticipate future possible events and choices.
This point will be particularly developed in subsection 2.2.3.

We now illustrate the concept of sequential decision problems under risk with an exam-
ple.

Example 31. Julien lives at the university residence. He has an urgent business to solve with
his friend Edouard who is unfortunately not in his room. Julien concludes that Edouard
can be in three different rooms. He can be in Amandine’s room with probability 0.6, in
Florian’s room with probability 0.3 or in Christelle’s room with probability 0.1. Amandine’s
(resp. Florian’s) room is 10 meters on the right (resp. left) of Edouard’s room and Christelle’s
room is 20 meters on the right of Edouard’s room. Furthermore, if Julien unsuccessfully
searches Edouard in Amandine’s room there is a risk of 50% that she will ask him to go
fetch an object in his room and bring it back to her which represents a trip of 30 meters. The
arrangement of the rooms in the university residence is summarized in Figure 2.4. The goal
of Julien is to minimize the distance that he will have to travel before finding Edouard.

Florian’s room
p = 0.3

Edouard’s room Amandine’s room
p = 0.6

Christelle’s room
p = 0.1

Julien’s room

10 meters 10 meters 10 meters

15 meters

Figure 2.4: The arrangement of the rooms in the university residence.

The problem is sequential as Julien will have to make choices at different time steps
(before visiting the first room, after visiting the first room, the second...) and in different
physical positions. Note that his decisions may depend on the result of uncertain events as
the fact that Amandine does or does not make a request. For instance a possible plan could
be:

• 1. Look for Edouard in Amandine’s room. If Edouard is found the problem ends.
Otherwise, if Amandine makes a request, bring back the object and then:

– 2. Look for Edouard in Christelle’s room.

– 3. If Edouard is not found in Christelle’s room, look for Edouard in Florian’s
room.

If Amandine does not make a request:

– 2. Look for Edouard in Florian’s room.

– 3. If Edouard is not found in Florian’s room, look for Edouard in Christelle’s
room.

and the lottery over possible distances in meters associated to this plan is (10m, 0.6; 30m,
0.15; 50m, 0.05; 60m, 0.05; 80m, 0.15). This example illustrates the explosion of the num-
ber of solutions with the size of the problem. Here, there are three rooms in which we can
look for Edouard. Even if we restrict the plans to the possible orders with which we can in-
vestigate the rooms, there would be as many plans as there are permutations of 3 elements
(i.e., 6 plans). With 4 rooms, there would be 24 possible plans. With 5 rooms, there would
be 120 possible plans...
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To represent and solve sequential decision problems under risk, different representa-
tions can be used. Those representations are based on tools from graph theory to repre-
sent the different time steps of the decision problems, the different choices available in
each situation, and the probabilistic components of each choice. According to the repre-
sentation used, it may be more or less easy to design a solution method and the problem
may be more or less compactly represented (i.e., the memory space required to represent
the problem can be more or less substantial). The tendency is that, the more a represen-
tation is simple, the easier it is to design a solving procedure and the less compact is the
representation. In the rest of this section, we present two well known representations of
sequential decision problems, namely, decision trees and Markov decision processes. Note
that other compact representations to represent sequential decision problems under risk,
such as influence diagrams [Howard and Matheson, 1981] or factored Markov decision
processes [Boutilier et al., 2000], are possible.

2.2.1 Decision Trees

A decision tree is a graphical model which enables to represent sequential decision prob-
lems with a particular type of graphs which are named trees.

Definition 34. A tree of root Nr is an oriented graph where the following conditions hold:

• for all nodes N, (N,Nr ) is not an arc of the graph.

• there exists a path from Nr to any other node.

• two different paths cannot have identical nodes at their extremities.

In a tree, the parent of a node Nc is the only node Np such that (Np ,Nc ) is an arc of the tree.
The successors of a node Np (also called children) are all the nodes Nc such that Np is the
parent of Nc . In a tree, a leaf is a node Nt which has no children. Given a node N of the tree,
the subtree rooted at N is the tree composed of N and all the subtrees rooted at children of
N. The depth of a node N is defined as the length of the path between the root Nr and N.
Lastly, the height of a tree is the length of the longest path between the root and a leaf of the
tree.

A decision tree [Raiffa, 1993] is a particular type of tree which enables to represent a
sequential decision problem with three types of nodes:

• The decision nodes that we will graphically represent by squares. They correspond
to situations in which the decision maker must make decisions. The branches start-
ing from a decision node correspond to the different possible decisions that can be
made.

• The chance nodes that we will graphically represent by circles. They correspond to
situations that are uncertain. The branches starting from a chance node correspond
to different possible events. Each branch is weighted by the probability (which is
known) of the corresponding possible event.

• The terminal nodes (the leaves of the tree). The values indicated at the leaves corre-
spond to the resulting outcomes.
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In this thesis, we will make the assumption that successors of decision nodes (resp. chance
nodes) are always either chance nodes (resp. decision nodes) or terminal nodes.

Generally, a decision tree is represented horizontally with the root at the leftmost part
of the tree such that the chronological order of the possible events can be read from left
to right.

Such a decision tree is given in Figure 2.5. This decision tree involves 2 decision nodes
D1 and D2, 2 chance nodes C1 and C2 and 4 terminal nodes T1, T2, T3 and T4. Note
that this decision tree is related to Allais’ paradox which was presented in Example 21
on page 33. Indeed in node D2, the agent needs to choose between lotteries l1 = (3000$,1)
and l2 = (0$,0.2;4000$,0.8) while in node D1, the two possible plans yield lotteries l ′1 =
(0$,0.75;3000$,0.25) and l ′2 = (0$,0.8;4000$,0.2). These lotteries are exactly the same as
the lotteries l1, l2, l ′1 and l ′2 defined in Example 21.

D1 C1

T1: 0$

D2 C2

T2: 3000$

T4: 4000$

T3: 0$

0.75

0.25 0.8

0.2

Figure 2.5: Allais’ paradox as a decision tree problem.

We now make more formal the definition of a decision tree. A decision tree T is
composed of a set of nodes N and a set of edges E . The root node is denoted by Nr

and the set of decision nodes, chance nodes and terminal nodes are respectively de-
noted by ND, NC and NT. For instance, in the decision tree represented in Figure 2.5,
Nr = D1, ND = {D1,D2}, NC = {C1,C2} and NT = {T1,T2,T3,T4}. Additionally, we define
ED := {(D,N) ∈ E : D ∈ ND}, the set of edges starting from a decision node. Every edge
E = (C,N) ∈ E such that C ∈NC is associated with the probability pE of the corresponding
event; every terminal node T ∈NT is labeled by the resulting outcome o(T). For instance,
in the decision tree represented in Figure 2.5, edge (C2,T4) is associated with the prob-
ability p(C2,T4) = 0.8 and node T2 is labelled by the outcome o(T2) = 3000$. Lastly, S (N)
denotes the set of successors of N. For instance, in the decision tree represented in Figure
2.5, S (C1) = {D2,T1}.

We now formalize the notion of plan in the context of decision trees. A plan in a de-
cision tree is called a strategy. We can distinguish three types of strategies: deterministic
strategies, randomized strategies and mixed strategies.

Deterministic strategies. A deterministic strategy δ corresponds to a set Eδ ⊆ ED. The
set of all feasible deterministic strategies is denoted by ∆. Let χδ := (χE)E∈ED denote the
incidence vector of a deterministic strategy δ (i.e., χE = 1 if E ∈ Eδ and χE = 0 otherwise).
The set of feasible deterministic strategies can be characterized as the incidence vectors
satisfying the following constraints: ∑

N∈S (Nr )
χ(Nr ,N) = 1

∀D ∈ND :

if χ(D,C) = 0 then
∑

N∈S (D′)
χ(D′,N) = 0 ∀D′ ∈S (C)∩ND

otherwise
∑

N∈S (D′)
χ(D′,N) = 1 ∀D′ ∈S (C)∩ND.
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For instance, in the decision tree of Figure 2.5, ED includes the three edges E1=(D1,C1),
E2=(D2,C2) and E3=(D2,T2), and there are two possible deterministic strategies charac-
terized by incidence vectors (χE1=1,χE2=1,χE3=0) and (χE1=1,χE2=0,χE3=1).

By abuse of notation, we will denote a strategy indifferently by δ or χδ. Following the
same convention, we will denote by∆ both the set of feasible deterministic strategies and
the set of corresponding incidence vectors.

Randomized strategies. Randomized strategies are obtained by relaxing the domain of
variables χE from {0,1} to [0,1] while keeping the same constraints. The value of χ(N1N2) is
then the probability of taking edge (N1N2) given the fact that we are in node N1. For in-
stance, in the decision tree represented in Figure 2.5, an example of a randomized strategy
is given by vector (χE1 = 1,χE2 = 0.5,χE3 = 0.5). This corresponds to the situation where the
decision maker in decision node D2 will choose with equal probabilities to go either in T2

or in C2. We denote by ∆r the set of feasible randomized strategies (or the corresponding
incidence vectors).

Mixed strategies. Instead of using a randomized strategy, a decision maker can rely on
a mixed strategy. A mixed strategy is simply a lottery over deterministic strategies. Put
another way, using the mixed strategy δm = (δ1, p1; . . . ;δk , pk ) consists in sampling a de-
terministic strategy δi according to δm and following δi thereafter. We denote by ∆̃ the set
of feasible mixed strategies.

As usual in sequential decision under risk, a strategy δ (whatever its type) induces a
lottery lδ over outcomes. Let pδ

N denote the probability to reach node N from node Nr

when following strategy δ. Values pδ
N can be recursively computed as follows for deter-

ministic and randomized strategies:

pδ
Nr

= 1

∀D ∈ND,∀N ∈S (D), pδ
N = pδ

D ∗χδ(D,N)

∀C ∈NC,∀N ∈S (C), pδ
N = pδ

C ∗p(C,N).

For a mixed strategy δm = (δ1, p1; . . . ;δk , pk ), values pδm

N can be computed with the follow-
ing formula:

∀N ∈N , pδm

N =
k∑

i=1
pi pδi

N .

The lottery over outcomes lδ induced by a strategyδ is then defined by lδ(x) =∑
T∈NT :o(T)=x pδ

T
for all x ∈R.

Let L = {lδ : δ ∈ ∆} (resp. Lr = {lδ : δ ∈ ∆r }) denote the image of deterministic (resp.
randomized) strategies in the space of lotteries, and L̃ = {lδ : δ ∈ ∆̃} denote the image of
mixed strategies in the space of lotteries. It is worth noting that L̃ = Lr . This is due to
the fact that given a strategy in ∆̃ it is possible to determine a corresponding strategy in∆r

which induces the same lottery and vice-versa. We will return to this point in the follow-
ing chapters. As a consequence of this observation, optimizing over Lr (with randomized
strategies) is equivalent to optimizing over L̃ (with mixed strategies).

Note that the number of deterministic strategies can possibly grow exponentially with
the size of the decision tree, i.e., the number of decision nodes nd (this number has indeed
the same order of magnitude as the number of nodes in T ).
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For instance consider a complete binary decision tree T of height 2h. There is one
decision node of depth 0, 4 decision nodes of depth 2, 16 decision nodes of depth 4 and

so on. Therefore the number nd of decision nodes equals
∑h−1

i=0 4i = 4h−1
3 . For instance,

in the complete binary decision tree in Figure 2.6, the length of the tree is equal to 4 (i.e.,
h = 2) and there are (42 −1)/3 = 5 decision nodes.

D1

C1

C2

D2

D3

D4

D5

C3

C4

C5

C6

C7

C8

C9

C10

T1: o(T1)

T2: o(T2)

T3: o(T3)

T4: o(T4)

T5: o(T5)

T6: o(T6)

T7: o(T7)

T8: o(T8)

T9: o(T9)

T10: o(T10)

T11: o(T11)

T12: o(T12)

T13: o(T13)

T14: o(T14)

T15: o(T15)

T16: o(T16)

p(C1,D2)

p(C1,D3)

p(C2,D4)

p(C2,D5)

p(C3,T1)

p(C3 ,T2)

p(C4,T3)

p(C4 ,T4)

p(C5,T5)

p(C5 ,T6)

p(C6,T7)

p(C6 ,T8)

p(C7,T9)

p(C7 ,T10)

p(C8,T11)

p(C8 ,T12)

p(C9,T13)

p(C9 ,T14)

p(C10,T15)

p(C10 ,T16)

Figure 2.6: Complete binary decision tree of height 4.

Let me count the number of deterministic strategies as a function of the height of
T . We proceed by induction. There are 2 possible deterministic strategies in a complete
binary decision tree with only 1 decision node (i.e., a tree of height 2). We use the following
recursive rules. The number of deterministic strategies from a chance node is the product
of the numbers of possible strategies from its two children. The number of deterministic
strategies from a decision node is the sum of the numbers of possible strategies from its
two children. Therefore, the number of possible deterministic strategies from a decision
node can be computed via the recursive second order sequence u0 = 2, uk = 2u2

k−1, where
k denotes the number of decision nodes on a path from the considered node (which is

not counted) to a leaf of the tree. The general term of this sequence is 22k+1−1. It is easy to
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see that k = h −1 at the root. Thus the total number of deterministic strategies from the

root is 22h−1 ∈ Θ(2
p

n) as n = 4h−1
3 . For this reason, even in the deterministic setting, it is

necessary to develop an optimization algorithm to determine an optimal strategy.

For EU, such an optimal strategy can be determined by a dynamic programming method
as the rolling back method. The rolling back method consists in starting from the leaves
and rolling back the tree until reaching the root. At each new node the optimal substrat-
egy is computed and the corresponding actions are irrevocably included in the optimal
strategy being built, where a substrategy is the restriction of a strategy in T to a subtree.

This method can be used to compute in linear time an optimal strategy for EU because
the optimality principle holds: any substrategy of an optimal strategy is itself optimal.
Starting from the leaves, one computes recursively for each node the EU of an optimal
substrategy: the optimal EU for a chance node equals the expectation of the optimal util-
ities of its successors; the optimal EU for a decision node equals the maximum EU of it’s
successors.

For instance, consider the decision tree represented in Figure 2.5 and assume we would
like to compute the optimal strategy according to the EU model with utility function
u : x 7→p

x. The rolling back procedure would compute the utilities in the following order:

1. The expected utility of node C2 is: EU(C2) = 0.8u(4000)+0.2u(0) ≈ 50.6.

2. The expected utility of node D2 is: EU(D2) = max(EU(C2),u(3000)) = u(3000) ≈
54.8 ⇒ (D2,T2) is added to the optimal strategy.

3. The expected utility of node C1 is: EU(C1) = 0.75u(0)+0.25EU(D2) ≈ 13.7.

4. The expected utility of node D1 is: EU(D1) = max(EU(C1)) = EU(C1) ≈ 13.7 ⇒ (D1,C1)
is added to the optimal strategy.

and the optimal strategy is {(D1,C1), (D2,T2)}.

However as argued in Chapter 1 (in Section 1.5) the EU model is not able to account for
behaviors that have been observed in various experiments. This limitation is highlighted
in several paradoxes as the intransitive dice paradox (described in Example 19 on page 33),
the preference reversal paradox (described in Example 20 on page 33) and Allais’ paradox
(described in Example 21 on page 33). Therefore decision models with more descriptive
abilities should be investigated to solve decision trees.

Unfortunately, note that criteria able to account for intransitive and/or non-independent
preferences, violate the Bellman optimality principle. This is illustrated by the decision
tree related to Allais’ paradox (represented in Figure 2.5) in which a criterion compati-
ble with Allais’ paradox would have {(D2,T2)} as optimal substrategy from node D2 and
{(D1,C1), (D2,C2)} as optimal strategy from node D1. Put another way, the optimal strat-
egy from node D1 would include a suboptimal strategy from node D2. Thus, the rolling
back method cannot be used to solve decision trees with a decision model able to account
for intransitive and/or non-independent preferences. This models are therefore difficult
to optimize in decision trees.
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In Chapter 4, we investigate the optimization of the SSB and WEU criteria in deci-
sion trees. These decision models extend EU and have stronger descriptive abil-
ities (see subsection 1.5.3 on page 34). We allow two different settings, according
to the nature of the feasible solutions, one in which only deterministic strategies
are considered and one in which randomized strategies are also allowed. For
the SSB model, we design solution methods for the randomized setting. These
methods are either based on game-theoretic arguments or on linear program-
ming. For the WEU model, we design solution methods for both settings. These
methods are based on fractional programming (which is a domain presented in
the next chapter).

The framework of decision trees is one of the most intuitive and easy representation
for sequential decision making. While this representation is not compact, designing a
solving procedure is relatively easy in this model. We now discuss another representation
which is more compact, the one of Markov decision processes.

2.2.2 Markov Decision Processes

We now present, in few words, the setting of Markov Decision Processes4 (MDP) which
offers a general and powerful formalism to model compactly and solve sequential deci-
sion problems under risk [Derman, 1970; Puterman, 2014]. Note that, the thesis especially
focusses on finite MDPs, that is, MDPs whose state and action spaces are finite.

Definition 35. An MDP M is formally described by a tuple (T,S ,A ,P ,c,γ) where:

• T, a positive integer, is the time horizon, i.e., the number of time steps, also called
decision epochs, for which the decision maker is making a plan. If T is finite (resp.
infinite) we say that the problem is a finite (resp. infinite) horizon problem. In the
infinite horizon case, the agent acts forever unless a goal state is reached (i.e., a state
where there is no possible actions and that leads to no other states);

• S is a finite collection of states, one of which is designated as the initial state and de-
noted by s0

5. These states correspond to the different situations in which the decision
maker can be. The state in which the decision maker is at time step t is denoted by st .

• A = {As |s ∈ S } is a collection of finite sets of possible actions, one set for each state.
The set As contains the possible choices that the decision maker can make in state s.
By abuse of notation, we may also denote by A the union ∪s∈S As ;

• P = {P t |t = 0, . . . ,T − 1} is a collection of functions where for each t ∈ {0, . . . ,T − 1},
P t : S ×Ast ×S → R is a transition function where P t (s′|s, a) is the probability of
reaching state s′ at time step t +1 when action a is performed in state s at time step t ;

• c = {ct |t = 0, . . .T −1} is a collection of functions where for each t ∈ {0, . . . ,T −1}, ct :
S ×Ast ×S → R is a reward function where ct (s, a, s′) is the reward obtained if the

4This presentation is obviously partial and an interested reader is redirected towards the book by Puter-
man [2014] for a more complete presentation.

5Note that this assumption is not restrictive. If instead there should be a probability distribution P0

over initial states, one can create a dummy initial state with only one action leading to all other states with
probability P0.
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state at time step t +1 is s′ given that the state at time step t was s and that we have
performed action a;

• and γ ∈ [0,1) is a discount factor that may be used in the decision criterion and which
induces a time preference. More formally, when γ< 1, the same amount of reward has
more value if received sooner than later.

Note that in the setting of MDPs, we assume that all this information is known. This
differs from the setting of reinforcement learning [Sutton and Barto, 1998] in which the
transition and reward functions are unknown and must be learned. Furthermore, note
that the MDP literature usually considers rewards that do not depend on the next state.
This is because, with the standard decision criteria of the MDP literature, it is harmless to
replace values ct (s, a, s′) by ct (s, a) = ∑

s′∈S P t (s′|s, a)ct (s, a, s′), i.e., the expectation over
all possible next states of reward values obtained when performing action a in state s at
time step t. However, with the sophisticated decision criteria that we will use in this thesis,
this property does not hold.

In a nutshell, at each time step t , the agent knows her current state st . According to
this state, she decides to perform an action at . This action results in a new state st+1 ∈S

according to probability distribution P t (.|st , at ), and a reward ct (st , at , st+1) which penal-
izes or reinforces the choice of this action. This process is illustrated on Figure 2.7. The
qualifier “Markov” is used because the transition probabilities and rewards depend on the
past only through the current state st and action at . At time step t = 0, the agent is in the
initial state s0. We will call t-history ht a succession of t state-action pairs starting from
state s0, e.g., ht = (s0, a0, s1, . . . , st−1, at−1, st ). We call episode a T-history and denote E the
set of episodes.

Present state st Next state st+1

Action at Action at+1

Reward ct Reward ct+1

Figure 2.7: Symbolic representation of sequential decision problems in MDPs.

We illustrate the notations on two simple sequential decision problems.

Example 32. A robotic agent tries to solve a maze. The maze is composed of a 3× 3 grid
leading to 9 possible physical positions. More formally, S = {sx y : x, y ∈ {1,2,3}}. The ini-
tial state is s11 and the end of the maze is located in state s33. In each state the robot can
try to go left, up, right or down leading to 4 possible actions (i.e., As = {l ,u,r,d},∀s ∈ S ).
If the action is not possible because of a wall, the action fails and the robot stays in the
same cell (i.e., P t (s|s, a) = 1). If the action is possible, then the action succeeds with prob-
ability 0.8 (for instance P t (s(x+1)y |sx y ,r ) = 0.8). However, with probability 0.2, an error of
transmission occurs and the robot goes in a random direction. The planning horizon T is
here infinite and the state s33 is terminal (i.e., the robot stops acting once state s33 has been
reached). Lastly, the cost function is defined as follows: ct (st , at , st+1) = 0 if st+1 = s33 and
ct (st , at , st+1) =−1 otherwise.
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Example 33. A decision maker is faced with the following game, for three consecutive time
steps she can decide to throw a coin. If heads appears, the decision maker wins 4$. Other-
wise, if tails appears, she losses all the money she earned so far. The MDP is here composed
of two states: si n meaning that the agent is still playing the game and sout in which either
the agent has lost the game or has decided to stop playing. In state si n , two actions are
possible, either play (denoted by p) or quit (denoted by q). If she decides to play in state
si n , she has equal chances of ending up in state sout or in state si n . If she quits, the agent
moves to state sout with probability one. The planning horizon T is here equal to 3. The re-
ward function is defined in the following way: ct (st , at , st+1) = 0 if at = q; ct (st , p, si n) = 4;
ct (st , p, sout ) = 0 (resp. −4, −8) if t = 0 (resp. 1,2). The corresponding MDP is represented in
Figure 2.8. Note that this example illustrates the fact that the MDP representation is more
compact than the one of decision trees which requires 3 decision nodes, 3 chance nodes and
7 terminal nodes.

si n

start
cp

sout

p

q,0|1

4|1
2

0,−4,−8|1
2

0|1

D1

start
D2

D3

C1

C2

C3

T1: 0$ T2: 0$

T3: 4$ T4: 0$

T5: 8$ T6: 0$

T7: 12$

p

q

0.5

0.5

p

q

0.5

0.5

p

q
0.5

0.5

Figure 2.8: An MDP representing the decision problem in Example 33 (left) and a decision tree
representing the same problem (right).

The goal of the agent is to determine a policy, i.e., a procedure to select an action in
each possible situation, that is optimal for a given criterion. More formally, a policy π
at an horizon T is a sequence of T decision rules (δ0, . . . ,δT−1). Decision rules are func-
tions which prescribe the actions that the agent should perform. A decision rule can be
history-dependent meaning that it takes as argument the entire history generated so far
or Markovian if it only takes as argument the current state. Moreover, a decision rule is ei-
ther deterministic if, given an argument, it always selects the same action, or randomized
if it prescribes a probability distribution over possible actions. A policy can be history-
dependent, Markovian, deterministic or randomized according to the type of its decision
rules. Lastly, a Markovian policy is stationary if it uses the same decision rule at every
time step, i.e., π = (δ,δ, . . .), and non-stationary if the decision rules can be different, de-
pending on the time step. By abuse of notation, if the policy is stationary, we may omit
the notation of decision rules δ and use the one of policies π instead.

We use the notations of Table 2.1 for the sets of the different types of policies and we
illustrate the relations between these different classes in the lattice of Figure 2.9, where an
arrow goes from a more general class of policies to a more specific class of policies. Impor-
tantly, given a set Π = {π1,π2, . . .} of policies, we define an enlarged set Π̃ of policies, that
denotes the set consisting of mixtures of policies, i.e., Π̃={π̃=(π1,α1;π2,α2; . . .) :

∑
i αi =1,

αi ≥ 0}, where π̃ is the mixed policy6 that randomly selects policy πi with probability αi

and follows it thereafter.

6Not to be confused with the notion of randomized policies.
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Markovian history-dependent
deterministic non-stationary Πt

s Πh

stationary Πs -
randomized non-stationary Πt

s,r Πh,r

stationary Πs,r -

Table 2.1: Policy notations

Πh,r

ΠhΠt
s,r

Πt
sΠs,r

Πs

Figure 2.9: The relationships among different classes of policies.

Given a decision criterion, an important question in MDPs consists in determining the
most specific class of policies which surely contains an optimal policy. Indeed, focusing
on the most simple types of policies is desirable not only from a normative point of view
but also from a computational point of view.

To make the relation clear with the terminology of decision making under risk, for
MDPs, the set of outcomes is the set of all possible values of cumulated rewards along an
episode, and every policy induced a lottery over cumulated rewards.

We now detail basic results on MDPs. Note that the finite horizon case is distinguished
from the infinite horizon case which is more difficult.

Finite horizon MDPs. In a finite horizon MDP, the decision maker makes T decisions at
the first T decision epochs of the problem and then stops making decisions. The episode
is considered to be over. The planning horizon T can be suggested by the problem itself
or set by the decision maker.

In finite horizon MDPs, different criteria can be defined in order to compare policies.
One standard criterion is the expected total cumulated reward, for which it is known that
an optimal deterministic Markovian policy exists at any horizon T [Puterman, 2014]. This
criterion is defined as follows. First, the value ρ(ht ) of a history ht = (s0, a0, s1, . . . , st−1, at−1, st )
is defined as the sum of rewards/costs obtained along it, i.e., ρ(ht ) = ∑t−1

i=0 ci (si , ai , si+1).
Then, the value of a policy π = (δ0, . . . ,δT−1) in a state s is set to be the expected value of
the episodes that can be generated by π from s if s is the initial state. This value, given by
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the value function vπ0 : S →R can be computed iteratively as follows:

∀s ∈S , vπT(s) = 0

∀s ∈S ,∀t ∈ {0, . . . ,T−1}, vπt (s) = ∑
s′∈S

P t (s′|s,δt (s))(ct (s,δt (s), s′)+ vπt+1(s′)) (2.1)

The value vπt (s) is the expectation of cumulated rewards obtained by the agent from
time step t if she performs action δt (s) in state s at time step t and continues to follow
policy π thereafter. Note that, alternatively, the decision maker can investigate the use of
another action than δt (s) by considering the value Qπ

t (s, a) which gives the expectation of
cumulated rewards obtained by the agent if she performs action a in state s at time step
t and continues to follow policy π thereafter. This function, named Q-function (which
indicates the value of doing an action a in a state s), can be computed as follows:

∀s ∈S ,∀a ∈As ,∀t ∈ {0, . . . ,T−1}, Qπ
t (s, a) = ∑

s′∈S

P t (s′|s, a)(ct (s, a, s′)+ vπt+1(s′)) (2.2)

The higher the values of vπt (s) and Qπ
t (s, a) are, the better. Interestingly, the value func-

tion induces a preference relation%π over policies in the following way:

π%π π
′ ⇔∀s ∈S ,∀t = 1, . . . ,T, vπt (s) ≥ vπ

′
t (s)

A solution to an MDP is a policy, called optimal policy, that ranks the highest with
respect to%π. Such a policy can be found by solving the Bellman optimality equations.

∀s ∈S , v∗
T(s) = 0 (2.3)

∀s ∈S ,∀t ∈ {0, . . . ,T−1}, v∗
t (s) = max

a∈As

∑
s′∈S

P t (s′|s, a)(ct (s, a, s′)+ v∗
t+1(s′)) (2.4)

Indeed, an optimal deterministic Markovian policy consists in choosing in each state
one of the actions realizing the maximum value in right-hand side of Equation 2.4. This
shows the importance of the value function which makes it possible to determine an op-
timal policy.

Note that the total reward criterion does not induce preferences over time. Stated dif-
ferently, with this criterion, the agent is indifferent between receiving a reward at time step
t and receiving the same reward at time step t ′ > t . However, a decision maker could pre-
fer to receive a reward as soon as it is possible. To account for such preferences, one can
use a discount factor γwhich penalizes rewards exponentially w.r.t. the time step at which
they are received. This criterion is called the expected total discounted reward criterion.
With this criterion, the value ρ(ht ) of a history ht = (s0, a0, s1, . . . , st−1, at−1, st ) is defined as
the sum of discounted rewards obtained along it, i.e., ρ(ht ) =∑t−1

i=0γ
i ci (si , ai , si+1). Then,

the value of a policy π = (δ0, . . . ,δT−1) in a state s is set to be the expected value of the
histories that can be generated by π from s and can be computed iteratively as follows:

∀s ∈S , vπT(s) = 0

∀s ∈S ,∀t ∈ {0, . . . ,T−1}, vπt (s) = ∑
s′∈S

P t (s′|s,δt (s))(ct (s,δt (s), s′)+γvπt+1(s′)) (2.5)

The Q-function and the preferences over policies are then easily adapted from the to-
tal reward criterion case.
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In both settings, the Bellman optimality equations can be solved by using the back-
ward induction procedure (presented in Algorithm 1 for the expected total cumulated
reward criterion), which simply follows from the optimality equations. This procedure is
a dynamic programming method similar to the rolling back method presented for deci-
sion trees. The backward induction procedure returns a Markovian deterministic optimal
policy.

Algorithm 1: Backward Induction
Data: An MDP M = (T,S ,A ,P ,c,γ).
Result: The optimal values v∗

t and an optimal deterministic Markovian policy π∗.
1 t ← T
2 for s ∈S do
3 v∗

t (s) = 0

4 for t ← T−1 downto 0 do
5 for s ∈S do
6 v∗

t (s) ← maxa∈As

∑
s′∈S P t (s′|s, a)(ct (s, a, s′)+ v∗

t+1(s′))
7 choose d∗

t (s) ∈ ar g maxa∈As

∑
s′∈S P t (s′|s, a)(ct (s, a, s′)+ v∗

t+1(s′))

8 π∗ = (d∗
0 , . . . ,d∗

T−1)

The backward induction method enables to find an optimal policy in finite horizon
MDP with the total (discounted or not) reward criterion. However, as argued in Section
1.5 (on page 31), this criterion suffers from serious limitations as illustrated in the Saint-
Petersburg paradox. Furthermore, this criterion is not risk sensitive. To address these
issues, one can change the decision criterion by using the expected utility model.

The most popular type of utility functions for MDPs is the exponential one. Indeed,
it is well known that the standard methods to solve MDPs can easily be adapted to this
setting [Koenig and Simmons, 1994]. If another type of utility function is used, the prob-
lem becomes more difficult and an augmentation of the state space is required [Iwamoto,
2004; Spanjaard and Weng, 2013]. This was first noticed by White [1987] who considered
EU of the total cumulated rewards as decision criterion for MDPs. Recently, this problem
was thoroughly investigated in the thesis of Liu [Liu and Koenig, 2006, 2008; Liu, 2005].

However, as argued in Chapter 1 (in Section 1.5), the EU model is not able to account
for observed behaviors as stressed by the intransitive dice paradox (see Example 19 on
page 33), the preference reversal paradox (see Example 20 on page 33) and Allais’ paradox
(see Example 21 on page 33). Therefore decision models with more descriptive abilities
should be investigated for MDPs even if they are more difficult to optimize.

In the second part of Chapter 4, we investigate the optimization of the SSB and
WEU criterion in MDPs. These decision models extend EU and have stronger de-
scriptive abilities (see subsection 1.5.3 on page 34). We design solution methods
to find the optimal randomized SSB policy in an augmented version of a finite
horizon MDP. These methods are either based on game-theoretic arguments or
on linear programming. For the WEU model, we design solution methods to find
an optimal policy in an augmented version of a finite horizon MDP. These meth-
ods are based on fractional programming (which is a domain presented in the
next chapter).
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Moreover, the backward induction method requires to know the exact values of the
reward function. This hypothesis may be unrealistic in some problems as it may be hard
to determine the values of some parameters. Furthermore, the number of parameters in-
volved in an MDP can be huge (several thousand parameters) and determining the value
of each parameter may simply be impossible. Unfortunately, the optimal policy can be
very sensitive to these numerical values.

In Chapter 5, we address this problem by developing an ordinal approach based
on a quantile criterion to solve finite horizon MDPs where only an order over
possible episodes is known. We present a solving procedure which uses a se-
quence of backward induction methods to find an optimal policy in this ordinal
setting.

Infinite horizon MDP. Infinite horizon problems occur either because the horizon is
very large and can be considered infinite or because the problem is everlasting. In in-
finite horizon problems, we will consider that the rewards and transition functions do not
depend on the time step and we will therefore omit the corresponding index. The ex-
pected outcome over an infinite horizon is defined as the limit of a series of finite-horizon
expected costs as the horizon tends towards infinity. More formally, the value of state s
for policy π is defined as vπ(s) = limT→∞ vπT(s). The expected value exists if and only if the
limit converges towards either a finite value, or positive infinity, or negative infinity. How-
ever, to make the comparison of policies “easy”, not only is it desirable for these values
to exist, but they should also be finite. Indeed, it is not possible to compare policies with
infinite expected values.

For this reason, it is popular to use the expected total discounted reward criterion in
the infinite horizon case. The expected total discounted reward that can be obtained from
a state s given a policy π is defined as:

∀s ∈S , vπ(s) = E[
∞∑

i=0
γi ci (st , at , st+1)|s0 = s,π]

and the optimal expected total discounted cost of state s is v∗(s) = supπ vπ(s). Discount-
ing is a common technique that insures, if the state and action spaces are finite, that for all
possible episodes, the total discounted rewards are finite, and therefore the states values
always exist and are finite. Furthermore, it is well known that for infinite horizon MDPs
with the expected total cumulated discounted reward criterion, there exists an optimal
policy which is stationary and deterministic [Puterman, 2014].

A stationary deterministic Markovian policy π : S → A associates an action to each
state. As in the finite horizon case, such a policy is evaluated by a value function vπ : S →
R and a Q-function Qπ : S ×A →R, defined as follows:

∀s ∈S , vπ(s) = ∑
s′∈S

P (s′|s,π(s))(c(s,π(s), s′)+γvπ(s′)) (2.6)

∀s ∈S ,∀a ∈As , Qπ(s, a) = ∑
s′∈S

P (s′|s, a)(c(s, a, s′)+γvπ(s′)) (2.7)

Then a preference relation is defined over policies by: π% π′ ⇔∀s ∈ S , vπ(s) ≥ vπ
′
(s). A

solution to an MDP is a policy, called optimal policy, that ranks the highest with respect to
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%. Once again, such a policy can be found by solving the Bellman optimality equations.

∀s ∈S , v∗(s) = max
a∈As

∑
s′∈S

P (s′|s, a)(c(s, a, s′)+γv∗(s′)).

An optimal stationary deterministic policy π∗ is then determined in the following way:

∀s ∈S , π∗(s) ∈ argmax
a∈As

∑
s′∈S

P (s′|s, a)(c(s, a, s′)+γv∗(s′)).

To solve an infinite horizon MDP, one must determine an optimal policy or an ε-
optimal policy πε for which |vπε − v∗| ≤ ε. The most well known solution procedures for
infinite MDPs are dynamic programming methods such as the value iteration and policy
iteration procedures. In this section, we only present these two methods, but note that
other solution methods exist such as those based on linear programming [Altman, 1995;
Puterman, 2014].

Algorithm 2: Value Iteration

Data: An MDP M = (T,S ,A ,P ,c,γ), where T =∞ and 0 < γ< 1 and an accuracy
parameter, ε> 0.

Result: An ε-optimal value function v∗,ε and an ε-optimal stationary deterministic
Markovian policy π∗,ε

1 t ← 0
2 do
3 for s ∈S do
4 v t+1(s) ← maxa∈As

∑
s′∈S P (s′|s, a)(c(s, a, s′)+γv t (s′))

5 t ← t +1

6 while ||v t − v t−1|| > 1−γ
2γ ε

7 v∗,ε← v t

8 for s ∈S do
9 choose π∗,ε(s) ∈ argmaxa∈As

∑
s′∈S P (s′|s, a)(c(s, a, s′)+γv∗,ε)

The value iteration procedure given in Algorithm 2 is a generalization of the backward
induction procedure to infinite horizon problems. Value iteration uses a value function to
approximate the optimal values. Starting from any value function, the method iteratively
improves the approximation of the optimal value function by using the update equation
in Line 4, until the approximation error is sufficiently small. When the approximation is
close enough, an ε-optimal policy is determined in Line 9.

The policy iteration procedure given in Algorithm 3, iteratively improves a policy until
an optimal policy is found. Starting from an arbitrary policy, the method alternates be-
tween a policy evaluation step (Line 4) and an improvement step (Line 6) until the policy
is optimal.

The value iteration procedure and policy iteration procedure enable to find (near-
)optimal policies in infinite horizon MDPs. However, this methods require to know the
exact values of the reward function. This hypothesis may be unrealistic in some problems
as it may be hard to determine the values of some parameters. Unfortunately, the optimal
policy is extremely sensitive to these numerical values.
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Algorithm 3: Policy Iteration

Data: An MDP M = (T,S ,A ,P ,c,γ), where T =∞ and 0 < γ< 1.
Result: An optimal value function v∗ and an optimal stationary deterministic

Markovian policy π∗.
1 t ← 0
2 do
3 solve the system of equations
4 v t (s) =∑

s′∈S P (s′|s,πt (s))(c(s,πt (s), s′)+γv t (s′)),∀s ∈S

5 for s ∈S do
6 choose πt+1(s) ∈ argmaxa∈As

∑
s′∈S P (s′|s, a)(c(s, a, s′)+γv t (s′)), setting

πt+1(s) =πt (s) if possible.

7 t ← t +1
8 while πt+1 6=πt

9 v∗ ← v t

10 π∗ ←πt

In Chapter 5, we address this problem by improving a procedure that interleaves
the elicitation of the reward function and the resolution of the MDP [Weng and
Zanuttini, 2013]. We assume that the rewards of an infinite horizon MDP are im-
precisely known and we refine an interactive version of the value iteration pro-
cedure which searches for an optimal policy while refining its knowledge about
the possible reward functions, by querying an expert when needed. Our goal is
to reduce the number of preference queries issued by this procedure.

We have now presented the two representations of sequential decision making under
risk that we will use in this thesis, namely decision trees and MDPs. For each represen-
tation, we illustrated how an optimal plan could be found for a given decision criterion
(EU for decision trees and the expected total cumulated discounted reward for MDPs).
We presented some limits of the usual approaches used for these models and mentioned
how these limits will be addressed in the thesis. We now conclude this chapter by giving a
broader picture of the different types of possible behaviors in sequential decision making
under risk.

2.2.3 Different Types of Behaviors in Sequential Decision Making

One difficulty in sequential decision problems under risk is that the decision maker must
make decisions at different time steps. For this reason, the decision maker must be able
to anticipate the possible future events and her possible future choices. However, the
choices that seem optimal to her now may seem more questionable in a near future. If the
decision maker is aware of these possible changes of perceptions, she may adapt herself
in different manners leading to different types of behaviors that we detail now.

A consequentialist decision maker [Hammond, 1988] selects a plan looking only at
the possible futures (regardless of the past or counterfactual history); among consequen-
tialist decision makers, the sophisticated ones select a plan starting from the anticipated
future decisions and rolling back to the present (in a recursive manner); on the contrary, a
resolute decision maker [McClennen, 1990] considers all possible plans from the present
time, chooses one and commits to it without deviating thereafter. The behavior of a res-
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olute decision maker is therefore non-consequentialist because her choices in the future
will depend on past and counterfactual events.

Note that an EU optimizer is both sophisticated and resolute. This is related to the
fact that the Bellman optimality principle holds for the EU criterion (i.e., a subplan of
an optimal plan is always optimal). However, it is not the case for criteria able to ac-
count for intransitive and/or non-independent preferences because, as already pointed
out, they violate the Bellman optimality principle. Hence, a decision maker whose behav-
ior is consistent with a model able to account for intransitive and/or non-independent
preferences is thus either sophisticated or resolute. If the decision maker has intransi-
tive or non-independent preferences, the drawback of acting as a sophisticated decision
maker is the possibility to end up with a stochastically dominated plan [Hammond, 1988].
We illustrate this point in Example 34.

Example 34. As in the Gardner’s dice example (page 33), assume a decision maker has
three different options A, B and C and prefers A to B, B to C, and C to A. It is reasonable to
assume that she refuses a small amount ε of money to replace A (resp. B, C) by B (resp. C,
A). Consider now a sequential decision problem where the decision maker initially receives
die A for free, then is proposed to switch for B. If she accepts to change for B, then she is
proposed to switch for C. Again, if she accepts the change, then she is proposed to switch for
A. Each exchange is rewarded by ε. This corresponds to the decision tree of Figure 2.10.

D1

D2

D3

T4: A+3ε

T3: C+2ε
T2: B+ε

T1: A

Figure 2.10: Decision tree in Example 34.

A sophisticated decision maker anticipates that she will prefer C+2ε to A+3ε in decision
node D3 and B+ε to C+2ε in decision node D2. Hence, in node D1 she decides to keep A as
she prefers A to B+ε. However, a better strategy is obviously to accept all changes.

Interestingly, a resolute decision maker whose preferences are consistent with stochas-
tic dominance is subject to none of these drawbacks. For a resolute decision maker, there
are several manners to define an optimal strategy:

• Dictatorship of the root: the “root” refers to the situation at the start of the deci-
sion process; with this criterion, the decision maker chooses a plan that maximizes
her decision criterion at the root. The use of this criterion has been advocated by
McClennen [1990].

• Resolute choice with selves: it consists in considering the present decision situation
as well as each possible future decision situations as a self who represents the deci-
sion maker at the time and state when the decision is made [Jaffray, 1998; Nielsen
and Jaffray, 2006]; one then aims to determine a plan achieving a compromise be-
tween the different selves of a resolute decision maker, i.e., a strategy that remains
suitable for all selves.

We illustrate these different types of behaviors in Example 35.
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D1 C1

T1: 2250$ T2: 0$

D2 C2

T3: 3000$

T5: 4000$

T4: 0$

0.75

0.25 0.8

0.2

Figure 2.11: Decision tree in Example 35.

Example 35. We consider the decision tree in Figure 2.11 and we restrict our attention to
deterministic strategies. In this decision tree, there are three deterministic strategies from
the root node (i.e., node D1). These strategies are denoted by δ1, δ2 and δ3 and are charac-
terized by incidence vectors:

ξδ1 =
(
ξ
δ1
(D1,T1) = 0,ξδ1

(D1,C1) = 1,ξδ1
(D2,C2) = 1,ξδ1

(D2,T3) = 0
)

;

ξδ2 =
(
ξ
δ2
(D1,T1) = 0,ξδ2

(D1,C1) = 1,ξδ2
(D2,C2) = 0,ξδ2

(D2,T3) = 1
)

;

ξδ3 =
(
ξ
δ3
(D1,T1) = 1,ξδ3

(D1,C1) = 0,ξδ3
(D2,C2) = 0,ξδ3

(D2,T3) = 0
)

.

Moreover, in the subtree rooted at node D2, there are two deterministic substrategies that
can be used. These strategies are denoted by δ′1 and δ′2 and are characterized by incidence
vectors:

ξδ
′
1 =

(
ξ
δ′1
(D2,C2) = 1,ξ

δ′1
(D2,T3) = 0

)
and ξδ

′
2 =

(
ξ
δ′2
(D2,C2) = 0,ξ

δ′2
(D2,T3) = 1

)
.

Note that strategy δ′1 (resp. δ′2) is the substrategy of δ1 (resp. δ2) rooted at node D2. Strategies
δ1, δ2, δ3, δ′1 and δ′2 induce the following lotteries on the set of outcomes of the decision tree:

• From node D1: lδ1 = (0$,0.8;4000$,0.2); lδ2 = (0$,0.75;3000$,0.25); lδ3 = (2250$,1);

• From node D2: lδ′1 = (0$,0.2;4000$,0.8); lδ2′ = (3000$,1).

Assume that we have a preference relation % over the set of lotteries (and a fortiori over
policies) which yields the following preferences:

lδ1 Â lδ3 Â lδ2 and lδ′2 Â lδ′1 .

Thus, in node D2, the decision maker prefers δ′2 to strategy δ′1. However, in node D1, the
decision maker prefers δ1 (which includes δ′1 as a substrategy) to strategy δ3 and δ2 (which
includes δ′2 as a substrategy). Note that these preferences are reasonable as they are almost
identical to the ones observed in Allais paradox (Example 21 on page 33).

How would a sophisticated/resolute decision maker act in this decision tree?

• A sophisticated decision maker solves a decision tree by rolling it back from the leaves.
Notably, she anticipates that in node D2, she will prefer strategy δ′2 to strategy δ′1.
Therefore, she discards strategy δ1 by imposing that the only acceptable substragy in
node D2 is δ′2. Hence, in node D1 she finally decides to use strategy δ3 as lδ3 Â lδ2 .

• A resolute decision maker with “dictatorship of the root” seeks an optimal strategy
from the root node (i.e., node D1). Thus, it will select strategy δ1 which is the preferred
strategy in node D1 (as lδ1 Â lδ3 Â lδ2 ) and will not deviate from it.
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• A resolute decision maker with “selves” considers two selves: one for node D1 and one
for node D2. These selves represent a projection of the decision maker in the different
decision nodes of the decision tree. The idea is to find a compromise between this two
selves. This idea can be implemented in several ways. We succinctly describe what
such an implementation could look like (in the spirit of [Jeantet et al., 2012]).

Each self is then associated to a loss function. The loss function associated to the self
of node D1 (resp. D2) is denoted by Loss1 (resp. Loss2). Function Loss1 (resp. Loss2)
maps each strategy δ ∈ ∆ that reaches node D1 (resp. D2) with non-zero probability
to the loss value obtained for playing δ instead of the optimal strategy w.r.t. the self
of node D1 (resp. D2). For instance, in this example, possible loss functions (i.e.,
compatible with the preferences of each self) could be:

Loss1(δ1) = 0, Loss1(δ2) = 2, Loss1(δ3) = 1

Loss2(δ1) = 2, Loss2(δ2) = 0

Then, an optimal strategy is determined by minimizing a function of these loss val-
ues. For instance, if we minimize the maximum loss over reachable selves, then an
optimal strategy is δ3 with an optimal loss value of 1.

We would like to emphasize the dichotomy between the resolute approach with root
dictatorship and the sophisticated approach. While the first one is defined by a dictator-
ship of the root, the second one can be seen as a dictatorship of the leaves. The resolute
choice with selves approach seems to be one way to make a compromise between these
two extreme approaches.

In this thesis, when the decision model is not EU or the expected total (dis-
counted) reward, we study the resolute approach with dictatorship of the root.
This will be the case for the SSB and WEU models in Chapter 4 as well as for a
quantile criterion in Chapter 5.

2.3 Conclusion

In this section, we have presented the setting of combinatorial optimization problems. In
the first section, we made a general presentation of this setting, including the description
of several combinatorial optimization problems and the presentation of the main notions
of computational complexity theory. Then, in a second section, we have particularly de-
veloped sequential decision problems under risk which are the combinatorial optimiza-
tion problems that have received the most attention in this thesis. In each section, we
have mentioned where the notions and problems introduced were used and investigated
in the thesis.
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Solving sequential decision making problems under risk in decision trees and
MDPs will be explored in Chapter 4 and 5. While Chapter 4 focuses on the SSB
and the WEU model, Chapter 5 focuses on imprecise and ordinal pieces of in-
formation and requires elicitation procedures or adapted criteria. The other
combinatorial optimization problems presented at the beginning of this section
(shortest path problem, affectation problem, proportional representation prob-
lem) are investigated in Chapter 6 and 7. While Chapter 6 addresses robust com-
binatorial optimization problems with the minmax regret criterion, Chapter 7
focuses on fair multi-agent problems with the OWA and MO criteria. This infor-
mation is summarized in Table 2.2.

To solve this problems efficiently, we will often rely on powerful algorithmic tools
named oracle methods. The goal of the next chapter is to present these methods.

XXXXXXXXXXXXProblem
Criterion

Minmax regret OWA MO SSB WEU
Quantile cri-
terion

Expected total dis-
counted reward

Shortest path prob-
lem

Chapter 6

Allocation problem
Chapter 7 in
Section 7.2

Chapter 7 in
Section 7.3

Proportional repre-
sentation problem

Chapter 7 in
Section 7.3

Decision Tree
Chapter 4 in
Section 4.2

Chapter 4 in
Section 4.2

Finite horizon MDP
Chapter 4 in
Section 4.3

Chapter 4 in
Section 4.3

Chapter 5 in
Section 5.2

Infinite horizon
MDP

Chapter 5 in Sec-
tion 5.3

Table 2.2: Summary table answering the questions: “Which problems are studied? With which
criteria? Where?”
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Chapter 3

Oracle Methods

“ Le portrait d’un être qu’on aime doit
pouvoir être non seulement une image
à laquelle on sourit mais encore un
oracle qu’on interroge. ”

A. Breton
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Summary of the chapter

In this chapter, we present the oracle methods that are used in this thesis in two particu-
lar domains, game theory and fractional programming. In short, we call oracle method,
a master-slave method where the slave algorithm is called “oracle” and is used to gener-
ate new constraints on the optimization problem that is solved by the master algorithm.
Oracle methods are powerful computational methods which makes it possible to solve
problems that are defined through a large number of constraints by dynamically gener-
ating the ones that are actually required to solve the problem (which we hope are much
fewer).
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In this chapter, we present the oracle methods that are used in this thesis. In short,
we call oracle method, a master-slave method where the slave algorithm is called “oracle”
and is used to generate new constraints on the optimization problem that is solved by the
master algorithm. Oracle methods are powerful computational tools. The idea underly-
ing oracle methods is that, even if a computational problem is defined through a large
number of constraints, the number of constraints required to solve the problem is often
much lower. Thus, even if it might be impossible to directly solve the problem, the res-
olution might be possible by dynamically generating the constraints that are required to
solve the problem.

To present oracle methods, we investigate two particular domains, the theory of zero-
sum two-player games in normal form and fractional programming. Indeed, many prob-
lems motivated in the previous chapter can be reformulated either as the search for a
mixed Nash equilibrium in a zero-sum two-player game or as a fractional programming
problem. As we will see in Chapters 4, 6 and 7, optimizing SSB utility functions, the min-
max regret criterion and the OWA criterion can be seen as solving specific zero-sum two-
player games. Moreover, as we will see in Chapters 4 and 7, optimizing the WEU model
and the MO criterion can be done by using fractional programming methods.

Game theory is important both for decision theory and combinatorial optimization
problems. Firstly, game theory extends decision theory by studying how a decision maker
behaves when acting with other persons whose actions also affect the decision maker.
Secondly, while the optimization problems studied in game theory can be of combinato-
rial nature, combinatorial optimization problems can often be reformulated in the setting
of game theory. For this reason, theoretical results and algorithmic tools from game the-
ory reveal precious allies to study and solve many combinatorial optimization problems.

Fractional programming is a subfield of optimization theory studying the optimiza-
tion of ratios of two linear functions. Fractional programming has often been investi-
gated in bi-objective optimization problems where the first (resp. second) objective must
be maximized (resp. minimized). Optimizing the ratio of the first objective over the sec-
ond one can then be a possible objective function to obtain a Pareto optimal solution. In
this thesis, fractional programming will provide efficient algorithmic tools to solve com-
binatorial optimization problems with the WEU model or the MO criterion.

3.1 Zero-Sum Two-Player Games

In this section, we explain the bases of zero-sum two-player games. These games involve
two players with opposed goals, meaning that one player’s gains are balanced by the other
player’s losses and vice-versa. The actions performed by a player during the game form
her strategy and solving the game consists in finding an optimal strategy for each player.
In this thesis, our interest for these games results from the fact that many combinatorial
optimization problems can be reformulated as the search for a mixed Nash equilibrium
in a zero-sum two-player game. Indeed, as we will see in Chapters 4, 6 and 7, optimizing
SSB utility functions, the minmax regret criterion and the OWA criterion can be seen as
solving specific zero-sum two-player games.

Let me give some examples of these games.

Example 36. In this section, we will use the well-known game “rock, paper, scissors” as
running example. This game is a zero-sum two-player game as it involves two completely
adversarial players. The sets of possible strategies of the two players are here the same:
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{“play rock”, “play paper”, “play scissors”}. We will also use the notations r , p and s to denote
these three strategies.

The game “rock, paper, scissors” is a particular type of game as the two players have
the same set of possible strategies. In this case, the game is said to be symmetric. Not all
games are symmetric, as shown by this second example.

Example 37. France and England, are at war. France’s military force is composed of 4
armies whereas England can only rely on 3 armies. There are two fronts, one at Orléans
and one at London, and it is not conceivable to let one undefended. France can make three
choices: send 3 armies at Orléans and 1 at London, send 1 army at Orléan and 3 at London,
or send 2 armies on each front. England only has two possible strategies: send 2 armies at
Orléans and 1 at London or vice-versa.

In case of numerical equality on a front, neither one of the two countries wins anything.
Otherwise, the victory is earned by the country that has the most armies. Both fronts do not
have the same importance: a victory (resp. defeat) at London gives a reward (resp. penalty)
of 10 points whereas a victory (resp. defeat) at Orléans gives a reward (resp. penalty) of 6
points. Once again, this game is a zero-sum two-player game as it involves two completely
adversarial players. However this game is clearly not symmetric.

More formally, a zero-sum two-player game is represented by a matrix M with n rows
and m columns1. In this case, the first player (or player 1) has n strategies while the sec-
ond player (or player 2) has m strategies. The value M[i , j ], a real number, at the intersec-
tion of the i th row and the j th column is then called the “payoff” (which can be negative)
that receives player 1 if she plays her i th strategy while player 2 plays her j th strategy.
At the same time, player 2 receives a loss of M[i , j ] or equivalently a payoff of −M[i , j ].
The sum of payoffs of the two players is therefore always equal to zero, which justifies the
name of this type of two-player games.

In the game “rock, paper, scissors” (Example 36), the strategy “play rock” beats the
strategy “play scissors”, the strategy “play scissors” beats the strategy “play paper” and
lastly, the strategy “play paper” beats the strategy “play rock”. If one attributes a payoff of
1 to winning the game, then the matrix of the game is given by:

Mr ps = r
p
s

r p s 0 −1 1
1 0 −1
−1 1 0


Note that matrix Mr ps is of a particular type. Indeed, for all pair (i , j ), Mr ps[i , j ] is

equal to −Mr ps[ j , i ]. The matrix Mr ps is said to be antisymmetric. In fact, this property
applies to all matrices representing zero-sum symmetric games.

Proposition 6. If a two-player zero-sum game is symmetric, then the matrix associated to
this game is antisymmetric.

Each player has at her disposal two types of strategies, pure strategies and mixed strate-
gies. A mixed strategy consists in choosing a probability distribution over the available
strategies. Then the strategy to play is sampled according to this probability distribution.
Instead, a pure strategy consists in choosing a specific strategy to play. Therefore, pure
strategies correspond to the mixed strategies that are associated with degenerate proba-
bility distributions. We will denote by ∆1 (resp. ∆2) the set of mixed strategies of player

1By abuse of language, we will indifferently talk of a game or of the matrix representing it.
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1 (resp. player 2) and S1 ⊆ ∆1 (resp. S2 ⊆ ∆2) the set of pure strategies of player 1 (resp.
player 2).

For the game “rock, paper, scissors”, an example of pure strategy is to play “paper” and
an example of mixed strategy is to play “paper” with probability 0.5 and to play “rock”
with probability 0.5. A pure strategy is said to be in the support of a mixed strategy if it is
played with a strictly positive probability according to the mixed strategy.

More formally, for player 1 (resp. player 2) a pure strategy corresponds to a row (resp.
a column) of the matrix M whereas a mixed strategy corresponds to a probability distri-
bution over rows (resp. columns) of matrix M. A strategy belonging to S1 (resp. S2) can
then be denoted by the index i ∈ {1, . . . ,n} (resp. j ∈ {1, . . . ,m}) of the corresponding row
(resp. column). Differently, a strategy belonging to ∆1 (resp. ∆2) can be denoted either:

• by a lottery s̃ = (s1, p1; . . . ; sk , pk ) where for all i , si belongs to S1 (resp. S2) and pi is
the propability of playing pure strategy si ;

• or by a positive vector p of size n (resp. m) with elements summing up to 1. The
i th element of p is the probability of playing the i th pure strategy with the mixed
strategy defined by vector p.

As already noticed, a pure strategy can also be written as a mixed strategy by using the
canonical vectors (i.e., vectors with one element equal to 1 all others being null).

For all pair p,q ∈∆1×∆2 the expected payoff of player 1 is given by the matrix product
tpMq and the expected payoff of player 2 is given by − tpMq. Both players seek to maxi-
mize their payoff. Thus, while player 1 tries to maximize tpMq, player 2 tries to minimize
this value. To do so, each player will try to protect herself against the strategies of the other
player. To clarify this idea, we now define the concept of best response.

Definition 36. Given a strategy p ∈∆1 (resp. q ∈∆2), a best response of player 2 (resp. player
1) in game M is defined as a strategy q ∈ ∆2 (resp. p ∈ ∆1) minimizing (resp. maximizing)
the matrix product tpMq. This leads us to define the two sets BRM(p) ⊆∆2 and BRM(q) ⊆∆1

as follows:

BRM(p) = argmin
q∈∆2

tpMq (3.1)

BRM(q) = argmax
p∈∆1

tpMq (3.2)

An important property of best responses is that a best response can always be found
among pure strategies. This is proven by contradiction: if a best response is a mixed strat-
egy, then each element of its support should be a best response. Otherwise, removing this
pure strategy would improve the mixed strategy.

Proposition 7. Given a strategy p ∈ ∆1 (resp. q ∈ ∆2), a best response for player 2 (resp.
player 1) can always be found among pure strategies. Stated differently, BRM(p)∩S2 6= ;
and BRM(q)∩S1 6= ;.

If one player is pessimistic, she will consider that the adversary facing her is going to
play with a best response whatever the strategy that she chooses. Therefore, if player 1
and player 2 are both pessimistic, they will try to find strategies p∗ and q∗ such that:

p∗ ∈ argmax
p∈∆1

min
q∈∆2

tpMq = argmax
p∈∆1

min
q∈S2

tpMq (3.3)

q∗ ∈ argmin
q∈∆2

max
p∈∆1

tpMq = argmin
q∈∆2

max
p∈S1

tpMq (3.4)
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Such a strategy p∗ (resp. q∗) is called a maxmin (resp. minmax) strategy. One of the
important results of these section is a consequence from the minimax theorem by Von
Neumann which states that the values guaranteed by strategies p∗ and q∗ are equal to
one another:

Theorem 8. In a finite zero-sum two-player game:

v = max
p∈∆1

min
q∈∆2

tpMq = min
q∈∆2

max
p∈∆1

tpMq (3.5)

The value v is called the value of the game and a pair of strategies (p∗,q∗) such that
p∗ and q∗ satisfy equations 3.3 and 3.4 simultaneously is called a Nash equilibrium. Note
that the minimax theorem insures the existence of a Nash equilibrium in finite zero-sum
two-player games. If players 1 and 2 play according to a Nash equilibrium, then neither
one of them can improve her payoff by changing her strategy. Note that if the two-player
zero-sum game is symmetric, then by symmetry, the value of the game v has to be 0.

For instance, in the game “rock, paper, scissors”, a Nash equilibrium is given by the
pair (p∗,p∗), where p∗ plays with probability 1/3 each pure strategy and the value of the
game is v = 0.

The concept of Nash equilibrium is central in game theory and, in most of the liter-
ature, solving the game amounts to determining a Nash equilibrium. However note that
this concept is not the only one worth investigating and that in some situations it can
seem quite unoptimal, as illustrated by the prisoner dilemma for instance. However, in
this thesis, we will only be interested in the concept of Nash equilibrium. We now present
several methods to determine a Nash equilibrium in a zero-sum two-player game.

3.1.1 Linear Programming

A first method to solve zero-sum two-player games is to use one of the two following linear
programs [Chvatal, 1983; Raghavan, 1994]:

max
v,p1,...,pn

v (3.6)

v ≤
n∑

i=1
pi Mi j ∀ j ∈ {1, . . . ,m} (3.7)

n∑
i=1

pi = 1

pi ≥ 0 ∀i ∈ {1, . . . ,n}

min
v,q1,...,qm

v (3.8)

v ≥
m∑

j=1
q j Mi j ∀i ∈ {1, . . . ,n} (3.9)

m∑
j=1

q j = 1

q j ≥ 0 ∀ j ∈ {1, . . . ,m}

Variables pi (resp. q j ) describe all possible mixed strategies of player 1 (resp. player 2).
Constraints 3.7 (resp. 3.9) ensure that whatever the mixed strategy described by variables
pi (resp. q j ), v will take the value of the best response of player 2 (resp. player 1). Con-
sequently, at optimality, v takes the value of the game and the optimal strategy for player
1 (resp. player 2) is given by the values of the variables pi (resp. q j ). Note that it is only
necessary to solve one program to have both optimal strategies as programs 3.6 and 3.8
are duals. Thus, variables q j (resp. pi ) are the dual variables associated to constraints 3.7
(resp. 3.9).

Several algorithms are known to solve linear programs. The simplex algorithm is quite
efficient in practice but can require an exponential time (in the size of the instance) in
the worst case. The ellipsoid algorithm and the interior point methods are often less ef-
ficient in practice but are known to be polynomial time methods [Grötschel et al., 1981;
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Khachiyan, 1980].

Unfortunately, if n and/or m are too large (e.g., if there is a combinatorial set of strate-
gies), solving the game by directly using these linear programs may be impractical as the
number of variables and constraints of the linear program will be too important. To ad-
dress this problem, several oracle methods can be used which we detail now.

3.1.2 Fictitious Play

The first oracle method that we present, the most well-known one, is called Fictitious
Play [Brown, 1951]. To solve a game, this method relies on two oracles O1 : ∆2 → S1 and
O2 :∆1 → S2 (one for each player) which given any strategy of the opposite player returns
a pure best response to it.

The algorithm maintains for each player her mixed policy so far denoted by s̃1 (resp.
s̃2) for player 1 (resp. player 2). These mixed policies are defined as s̃1 = (s1

1, p1; . . . ; sk
1 , pk )

and s̃2 = (s1
2, q1; . . . ; sl

2, ql ), where for all i , si
1 (resp. si

2) belongs to S1 (resp. S2) and pi

(resp. qi ) is the fraction of episodes so far in which the pure strategy si
1 (resp. si

2) has been
played by player 1 (resp. player 2). At each time step, player 1 (resp. player 2) considers
that s̃2 (resp. s̃1) perfectly represents the mixed strategy that is used by the adversary
and they simultaneously play a best response to it. The algorithm converges to a Nash
equilibrium of the game for a zero-sum two-player game [Fudenberg and Levine, 1998;
Robinson, 1951]. The pseudocode of fictitious play is shown in Algorithm 4. Note that if
the game is symmetric, this procedure can be simplified and we can only consider a single
mixed strategy s̃ of a player playing against herself.

Algorithm 4: Fictitious Play

Data: Game G , arbitrary pure strategies s0
1 and s0

2
1 s̃1 and s̃2 are initially set to s0

1 and s0
2

2 Current iteration of the method t = 0
3 while True do
4 Player 1 plays s t

1 =O1(s̃2) and Player 2 plays s t
2 =O2(s̃1)

5 # update current mixed strategy for player 1
6 s̃1 = (s1

1, p1; . . . ; sn
1 , pn) with

7

{
pi = t ·pi /(t +1)+1/(t +1) for si

1 = s t
1

pi = t ·pi /(t +1) for si
1 6= s t

1
8 # update current mixed strategy for player 2
9 s̃2 = (s1

2, q1; . . . ; sm
2 , qm) with

10

{
qi = t ·qi /(t +1)+1/(t +1) for si

2 = s t
2

qi = t ·qi /(t +1) for si
2 6= s t

2
11 t ← t +1

Example 38. We come back to the game “rock, paper, scissors” to show the beginning of one
run of this method. Let us assume that the game starts with s0

1 = r and s0
2 = p.

Iteration 0: Player 1 plays r and player 2 plays p. The mixed strategies of the players are
updated, s̃1 = (r,1) and s̃2 = (p,1).

Iteration 1: The two players use their oracles, O1(s̃2) = s and O2(s̃1) = p. Player 1 plays s
and player 2 plays p. The mixed strategies of the players are updated, s̃1 = (r,0.5; s,0.5) and
s̃2 = (p,1).
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Iteration 2: The two players use their oracles, O1(s̃2) = s and O2(s̃1) = r . Player 1 plays
s and player 2 plays r . The mixed strategies of the players are updated, s̃1 = (r,1/3; s,2/3)
and s̃2 = (p,2/3;r,1/3).

Iteration 3: The two players use their oracles, O1(s̃2) = p and O2(s̃1) = r . Player 1 plays p
and player 2 plays r . The mixed strategies of the players are updated, s̃1 = (r,0.25; s,0.5; p,0.25)
and s̃2 = (p,0.5;r,0.5).

And so on.

Fictitious play has many advantages. In particular, it can be used on huge games with-
out requiring an explicit definition of the entire game. Moreover, it may only store and
focus on a small portion of the game as only the strategies in the support of s̃1 and s̃2 need
to be stored. However, fictitious play is known to converge very slowly. This empirical
evidence is clarified with the following result for two-player constant-sum games (which
obviously include two-player zero-sum games):

Theorem 9 (Brandt et al. [2010]). In symmetric two-player constant-sum games, fictitious
play may require exponentially many rounds (in the size of the representation of the game)
before an equilibrium action is eventually played. This holds even for games solvable via
iterated strict dominance.

This negative results show the necessity for other oracle methods to solve large games.

3.1.3 The Double Oracle Algorithm

The double oracle algorithm applies to any zero-sum two-player game [McMahan et al.,
2003]. It has been used in many domains recently: by Chen et al. [2016] to solve inverse
reinforcement learning problems; by Jain et al. [2011] to solve security games; lastly, it
was adapted by Bosansky et al. [2013] to solve extensive form games. The double oracle
algorithm will be used repeatedly in this thesis. The idea underlying this method is that
for many games, while the number of pure strategies can be large, the number of relevant
ones to solve the game is much lower. Thus if one can efficiently identify these strategies,
one can solve the game using a restricted game with much fewer strategies.

Definition 37. Consider a zero-sum two-player game defined by a payoff matrix M where
players 1 and 2 have the set of pure strategies S1 and S2. Let S′

1 ⊆ S1 and S′
2 ⊆ S2, the game

M restricted to S′
1 and S′

2 is the game associated to the submatrix of M containing the rows
and columns corresponding to the pure strategies in S′

1 and S′
2 and where the available

strategies of player 1 and player 2 are limited to S′
1 and S′

2. Thus, a mixed strategy of player
1 (resp. 2) can only assign positive probabilities to the strategies in S′

1 (resp. S′
2). We will

denote by M(S′
1,S′

2) the game M restricted to S′
1 and S′

2.

We illustrate the concept of restricted game on the “rock, paper, scissors” game.

Example 39. Denote by r , p and s the three possible pure strategies corresponding to “play
rock”, “play paper” and “play scissors”. Let S′

1 = {r, p} ⊂ S1 and S′
2 = {s} ⊂ S2, the matrix

associated to the game M(S′
1,S′

2) restricted to S′
1 and S′

2 is given by:

r
p

s(
1
−1

)
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The idea of the double oracle algorithm is to find a “small” restricted game such that
solving this restricted game amounts to solving the entire game. The following proposi-
tion enables to identify such a restricted game.

Proposition 8. Consider a zero-sum two-player game M and let M(S′
1,S′

2) denote the game
M restricted to strategy sets S′

1 and S′
2. Lastly, let (s̃∗1 , s̃∗2 ) be a Nash equilibrium of M(S′

1,S′
2).

If S′
1 ∩BRM(s̃∗2 ) 6= ; and S′

2 ∩BRM(s̃∗1 ) 6= ;, then (s̃∗1 , s̃∗2 ) is a Nash equilibrium of M.

Looking for the smallest possible game verifying Proposition 8 could enable to solve
the game M much more efficiently than solving M directly. The double oracle algorithm
intents to incrementally build such a restricted game by using two oracles O1 : ∆2 → S1

and O2 : ∆1 → S2 (one for each player) which given any strategy of the opposite player
returns a pure best response to it.

The algorithm starts with small sets S′
1 and S′

2 of pure strategies (singletons in Algo-
rithm 5), and then grows these set in every iteration by applying the best-response oracles
O1 and O2 to the optimal strategies (given by an NE) the players can play in the restricted
game M(S′

1,S′
2). An NE in a zero-sum two-player game can be computed by linear pro-

gramming as detailed in subsection 3.1.1. Execution continues until convergence is de-
tected. Convergence is achieved when the oracles both generate pure strategies that are
already contained in S′

1 and S′
2 (see Proposition 8). The double oracle approach is imple-

mented by the procedure described in Algorithm 5.

Algorithm 5: Double Oracle Algorithm

Data: Finite zero-sum two-player game M, singletons S′
1 = {s1} and S′

2 = {s2}
including arbitrary pure strategies s1 ∈ S1 and s2 ∈ S2

Result: a nash equilibrium (s̃∗1 , s̃∗2 ) of the game M
1 converge = False
2 while converge is False do
3 Find a Nash equilibrium (s̃∗1 , s̃∗2 ) of the game M(S′

1,S′
2)

4 Determine s1 =O1(s̃2) and s2 =O2(s̃1)
5 if s1 6∈ S′

1 or s2 6∈ S′
2 then

6 add s1 to S′
1 and/or s2 to S′

2

7 else
8 converge =True

9 return (s̃∗1 , s̃∗2 )

The correctness of double oracle algorithms for two-player zero-sum games has been
established by McMahan et al. [2003]; this correctness directly follows from Proposition 8.
The intuition behind this correctness is the following. Once best responses for both play-
ers are already in the restricted game, the current solution of the restricted game must be
an equilibrium of the game, because each player’s current strategy is a best response to
the other player’s current strategy. This stems from the fact that the oracles, which search
over all possible strategies, cannot find anything better.

Furthermore, the algorithm must converge, because at worst, it will generate all pure
strategies. In practice, we hope that the restricted game will stay relatively small and that
many pure strategies will never enter the restricted strategy sets S′

1 and S′
2.

Example 40. We come back to the game “rock, paper, scissors” to show one run of this
method. We start with S′

1 = {r, p} ⊂ S1 and S′
2 = {s} ⊂ S2.
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Iteration 0: A Nash equilibrium of M(S′
1,S′

2) is (r, s). The two players use their oracles,
O1(s) = r and O2(r ) = p. The strategy r is already in S′

1. However, p is not in S′
2 and is added

to this set.
Iteration 1: A Nash equilibrium of M(S′

1,S′
2) is now (s̃1, s̃2) with s̃1 = (r,1/3; p,2/3) and

s̃2 = (s,1/3; p,2/3). The two players use their oracles, O1(s̃2) = s and O2(s̃1) = s. The strategy
s is added to S1.

Iteration 2: A Nash equilibrium of M(S′
1,S′

2) is now (s̃1, s̃2) with s̃1 = (r,1/3; p,0/3; s,2/3)
and s̃2 = (s,2/3; p,1/3). The two players use their oracles and O2(s̃1) = r is added to S′

2.
Iteration 3: A Nash equilibrium of the game is now (s̃∗, s̃∗) with s̃∗ = (r,1/3; p,1/3; s,1/3).

Both oracles now generate strategies that are already in S′
1 and S′

2 and the algorithm termi-
nates.

This example illustrates that unfortunately, in the worst case, the algorithm might gen-
erate all strategies of the game M (note however that the game is here very small). It would
be interesting to have positive results under some conditions on the number of iterations
that are required by the double oracle algorithm to converge. Zinkevich et al. [2007] de-
signed an algorithm inspired from the double oracle algorithm whose number of itera-
tions until convergence is bounded by a theoretical measure that they named range of
skill. Unfortunately, Hansen et al. [2008] provided negative results on the range of skill
measure. For instance, they showed that the range of skill of a perfectly balanced game
tree is almost exponential in its size and that the range of skill of Tic-Tac-Toe is more than
100000.

3.1.4 Cutting Plane Methods

The last oracle method that we present in this section is related to cutting plane methods.
These methods make it possible to solve linear programs that involve a large number of
constraints.

More formally, consider the following OPTIMIZATION problem: max{tcx|x ∈ X ⊂ Rn}
where X is the set of feasible solutions. The associated SEPARATION problem reads as
follows: given x̂ ∈Rn , is x̂ ∈ CH(X)? (where CH(X) denotes the convex hull of X)and if not,
give a certificate, i.e., an inequality tax ≤ b satisfied by all points in X but violated by x̂ (i.e.,
tax̂ > b).

In cutting plane methods (e.g., Benders decomposition [Benders, 2005]), the oracle O

used should solve the SEPARATION problem and is therefore called a separation oracle.
The idea of these methods is that even if the set S of constraints describing X is huge, these
constraints can be handled efficiently by dynamically generating them. More precisely,
the cutting plane methods start by solving the OPTIMIZATION problem by only trying
to enforce a small subset S′ ⊆ S of constraints. Given the solution found x̂, the oracle O

indicates a constraint in S \ S′ that is not satisfied by x̂ and adds this constraint to S′, or
states that there is no violated constraints in which case the current solution is optimal.
In practice, the oracle method tries to find the most violated constraint although finding
one that is violated is enough. The algorithm continues this process until O states that
there is no violated constraints.

For zero-sum two-player games, cutting plane methods can be used to solve linear
program 3.6 (resp. 3.8) in the case where the number of strategies for player 2 (resp. player
1) is too large to solve the entire game directly. In this case, the strategies of player 2
(resp. player 1) would be dynamically generated. Given a Nash equilibrium (s̃1, s̃2) in the
restricted game, the oracle O would try to find a best response to s̃1 (resp. s̃2) and see if
the corresponding constraint in 3.7 (resp. 3.9) is satisfied.
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We illustrate how cutting plane methods work in Example 41.

Example 41. We come back to the game “rock, paper, scissors”. The linear program solving
this game as described in subsection 3.1.1 is:

max
v,p1,p2,p3

v (3.10)

v ≤p2 −p3 /∗ constrained associated to “player 2 plays rock”∗/ (3.11)

v ≤−p1 +p3 /∗ constrained associated to “player 2 plays paper”∗/ (3.12)

v ≤p1 −p2 /∗ constrained associated to “player 2 plays scissors”∗/ (3.13)

1 =p1 +p2 +p3 (3.14)

pi ≥ 0 ∀i ∈ {1, . . . ,3}

We denote by S the set of constraints of Program 3.10. This program can be solved by
using a cutting plane approach. In this approach, at each iteration, we solve Program 3.10,
while only considering a subset S′ of constraints. Then, given the solution (v, p1, p2, p3)
that is determined, an oracle O checks if one constraint of S is violated. Checking if
p1 + p2 + p3 = 1 is easy. If p1 + p2 + p3 6= 1, constraint 3.14 is added to S′. Otherwise, O

checks if one of constraints 3.11, 3.12 or 3.13 is violated. This can be done by computing the
best response to the current strategy of player 1 given by variable p1, p2 and p3. Indeed, this
will compute the most violated constraint if any. If one of constraints 3.11, 3.12 or 3.13 is
violated, then it is added to S′. Otherwise, the method terminates and states that the strat-
egy defined by variables p1, p2 and p3 is an optimal strategy for player 1. Let us see one run
of this method.

Iteration 0: We start with S′ = {v ≤ p2−p3,1 = p1+p2+p3}. We solve the linear program
3.15. The optimal value of this program is v = 1 and is obtained for p1 = 0, p2 = 1 and p3 = 0
which is the strategy “play paper”. We assume that we have an oracle O that can compute a
best response to this strategy. It obviously returns strategy “play scissors”. The corresponding
constraint is violated as v = 1 > p1 −p2 =−1. Thus constraint v ≤ p1 −p2 is added to S′.

max
v,p1,p2,p3

v (3.15)

v ≤p2 −p3

1 =p1 +p2 +p3

pi ≥ 0 ∀i ∈ {1, . . . ,3}

Iteration 1: We solve the linear program 3.16. The optimal value of this program is
v = 1/3 and is obtained for p1 = 2/3, p2 = 1/3 and p3 = 0 which is the strategy “play rock”
2/3 of the time and “play paper” 1/3 of the time. The oracle O returns strategy “play paper”
as a best response. The corresponding constraint is violated as v = 1/3 > −p1 +p3 = −2/3.
Thus constraint v ≤−p1 +p3 is added to S′.

max
v,p1,p2,p3

v (3.16)

v ≤p2 −p3

v ≤p1 −p2

1 =p1 +p2 +p3

pi ≥ 0 ∀i ∈ {1, . . . ,3}
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Iteration 2: We solve the linear program 3.17. The optimal value of this program is v = 0
and is obtained for p1 = 1/3, p2 = 1/3 and p3 = 1/3 which is the strategy “play rock” 1/3 of
the time, “play paper” 1/3 of the time and “play scissors” 1/3 of the time. The oracle O re-
turns strategy “play paper” as a best response. The corresponding constraint is not violated
as v = 0 =−p1 +p3 = 0. Thus, the program terminates and states that an optimal strategy
for player 1 is given by p1 = p2 = p3 = 1/3.

max
v,p1,p2,p3

v (3.17)

v ≤p2 −p3

v ≤−p1 +p3

v ≤p1 −p2

1 =p1 +p2 +p3

pi ≥ 0 ∀i ∈ {1, . . . ,3}

In this example, all constraints are needed to find the optimal solution, but this (luckily) is
not always true.

Formulating a problem in a way that makes it solvable via a cutting plane method can
lead to theoretical results on the complexity of the problem studied due to the following
important result.

Theorem 10 (Grötschel et al. [1981]). There is a polynomial time equivalence between the
SEPARATION and the OPTIMIZATION problems. Stated differently, if one can optimize
over X in polynomial time, then one can separate over CH(X) in polynomial time, and if one
can separate over CH(X) in polynomial time, then one can optimize over X in polynomial
time.

This theorem gives us a motivation to try to formulate our optimization problems as
problems solvable by cutting plane methods. Indeed, in this case, studying the complexity
of the separation oracle method may enable us to find the complexity of the optimization
problem.

In this section, we have briefly presented the theory of zero-sum two-player games
and have presented several oracle methods from this literature. These oracle methods
will reveal useful in this thesis as several of the problems that we will encounter can be
analyzed in a game-theoretic setting.

In Chapter 4, we will show that optimizing SSB utility functions in sequential de-
cision problems under risk can be seen as solving a specific zero-sum two-player
symmetric game. This analysis will make it possible to develop a linear program-
ming approach, a double oracle approach as well as a cutting plane approach.
In Chapter 6, we will see that finding a lower bound on the optimal minmax re-
gret value in robust combinatorial optimization problems with interval data re-
duces to solving a specific zero-sum two-player game. This analysis will make it
possible to develop a double oracle approach that we will integrate in a branch
and bound to solve efficiently robust combinatorial optimization problems with
interval data.
In Chapter 7, we will see that finding an optimal mixed solution in multi-agent
problems with an OWA criterion can be seen as solving a specific zero-sum two-
player. This analysis will make it possible to develop a double oracle approach
as well as a cutting plane approach.
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In the next section, we will briefly present the theory of fractional programming and
detail two oracle methods used to solve fractional programming problems.

3.2 Fractional Programming

Fractional programming is a subfield of optimization theory studying the optimization of
ratios of two linear functions. More precisely, in fractional programming the optimization
problem studied is stated as follows:

max
x1,...,xn

a0 +a1x1 + . . .+an xn

b0 +b1x1 + . . .+bn xn
(3.18)

s.t. x = (x1, . . . , xn) ∈ D (3.19)

where D is a finite set of possible solutions that is defined by some mathematical con-
straints and where we assume that the denominator b0+b1x1+ . . .+bn xn is always strictly
positive. Note that, if one uses an artificial term x0 equal to 1, then the numerator (resp.
denominator) can be written as tax (resp. tbx) where a = (a0, . . . , an) (resp. b = (b0, . . . ,bn)).
One example of a practical application of fractional programming is that of maximizing
cost-to-time ratio. For instance, Dantzig et al. [1966] and Lawler [1966] investigated the
problem of finding a minimum cost-to-time ratio cycle in a graph. This applies to find-
ing optimal ship routing. Another example of applications is the assignment problem if
one tries to maximize the value received per unit of time expended on the assignments
[Kabadi and Punnen, 2008; Shigeno et al., 1995].

A large literature has been developed on fractional programming [Nagih and Plateau,
1999; Schaible and Ibaraki, 1983; Stancu-Minasian, 2012], leading to the development of
several solution methods and optimization techniques. In this section, we will present
two oracle methods, namely Megiddo’s and Dinkelbach’s methods, that were developed
in the setting of fractional programming. Note that several other solution methods exist,
e.g., Charnes-Cooper’s method to solve fractional programs by linear programs [Horst and
Pardalos, 2013].

In both of these methods, we assume that there exists an algorithm denoted by O that
solves the standard problem:

max
x1,...,xn

c0 + c1x1 + . . .+ cn xn (3.20)

s.t. x = (x1, . . . , xn) ∈ D (3.21)

The algorithm O will play the role of the oracle in these methods.

3.2.1 Megiddo’s Method

The first oracle method that we present was developed by Megiddo [1979]. This method
is appealing due to the following result:

Theorem 11 (Megiddo [1979]). If the oracle O solves the standard problem with O(p(n))
comparisons and O(q(n)) additions then the associated fractional problem is solvable in
time O(p(n)(q(n)+p(n)) via Megiddo’s method.

This method is based on the following observation:
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Observation 1. Let λ ∈ R and consider the vector cλ defined by cλi = ai −λbi for all i ∈
{0, . . . ,n}. Let xλ and vλ = t

cλxλ be an optimal solution and the optimal value for the stan-
dard problem with objective function

t
cλx. Then, the sign of vλ is determined by the way λ

and λ∗ compare to one another, where λ∗ is defined as the optimal value of the fractional
problem (i.e., λ∗ = max(x1,...,xn )∈D

a0+a1x1+...+an xn
b0+b1x1+...+bn xn

).

• 1. If λ= λ∗, then vλ = 0 and xλ is an optimal solution of the fractional problem.

• 2. If λ> λ∗, then vλ will be strictly negative. Indeed, there exists no feasible solution
x ∈ D such that a0+a1x1+...+an xn

b0+b1x1+...+bn xn
≥ λ.

• 3. On the contrary, if λ< λ∗, then vλ will be strictly positive.

Thus, the problem of solving the fractional problem reduces to solving the standard
problem with objective function

t
cλ

∗
x (case 1 of Observation 1), where we recall that

cλ
∗

i = ai −λ∗bi . However, while values ai and bi are known, the value of λ∗ is not. Thus,

the values cλ
∗

i are incompletely specified. In short, Megiddo’s method mimics algorithm

O to solve the standard problem (Equation 3.20) with objective function
t
cλ

∗
x. However,

the method redefines the addition and the comparison operations to handle the fact that
λ∗ is unknown.

Management of the imprecisely known value of λ∗.
Instead of having precise values for cλ

∗
i , the algorithm works with pairs of values (ai ,bi )

and maintains a lower bound λl and an upper bound λu over λ∗ (originally −∞ and
+∞). Thus cλ

∗
i is only known to be in the interval [l (cλ

∗
i ),u(cλ

∗
i )] where l (cλ

∗
i ) = min{ai −

λl bi , ai −λubi } and u(cλ
∗

i ) = max{ai −λl bi , ai −λubi }.

Redefinition of the addition operation.
The additions and subtractions required by algorithm O are simply replaced by compo-
nentwise additions and subtractions of pairs. Stated differently, the sum of (ai ,bi ) and
(ak ,bk ) is (ai +ak ,bi +bk ). Indeed, whatever the value of λ∗:

ai −λ∗bi +ak −λ∗bk = ai +ak −λ∗(bi +bk ).

Redefinition of the comparison operation.
To compare two pairs (ai ,bi ) and (ak ,bk ), Megiddo’s method uses the following routine.

A fist step consists in checking if ai −λbi is less (resp. greater) than ak−λbk , regardless
of the value of λ ∈ [λl ,λu]. Indeed, in that case (illustrated on the left side of Figure 3.1
below), the algorithm can conclude that ai −λ∗bi ≤ (resp. ≥) ak −λ∗bk . Note that ai −λbi

and ak −λbk are linear functions of λ. Therefore, the method needs only to check the
inequality for values λl and λu :

ai −λbi ≤ ak −λbk ,∀λ ∈ {λl ,λu} ⇒ ai −λbi ≤ ak −λbk ,∀λ ∈ [λl ,λu]

⇒ ai −λ∗bi ≤ ak −λ∗bk

If this first step does not conclude which pair is the minimum (case illustrated on the
right side of Figure 3.1), then the algorithm considers the value λ̂ such that ai − λ̂bi =
ak − λ̂bk . Then, if we assume w.l.o.g.2 that ai −λl bi < ak −λl bk , we have:

∀λ ∈ [λl , λ̂], ai −λbi ≤ ak −λbk (3.22)

∀λ ∈ [λ̂,λu], ai −λbi ≥ ak −λbk . (3.23)

2if ai −λl bi > ak −λl bk , just reverse inequalities 3.22 and 3.23.
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Now, for the algorithm to conclude, it needs only to check if λ∗ ∈ [λl , λ̂] (in which case, λu

is set to λ̂) orλ∗ ∈ [λ̂,λu] (in which case, λl is set to λ̂). This is done by testing the sign of the

optimal value of the standard problem with objective function
t
cλ̂x (see Observation 1),

which is computed by the oracle O . Note that this operation updates eitherλl orλu , which
precises the value of λ∗ and enables us to perform more comparisons without rerunning
the oracle O .

λ

f (λ)

λl λu

f (λ) = ak −λbk

f (λ) = ai −λbi

λ

f (λ)

λl λu
λ̂

f (λ) = ai −λbi

f (λ) = ak −λbk

Figure 3.1: Illustration of the two possible cases that can occur in the comparison routine.

Polynomial time complexity of the method.
We assume that algorithm O relies on a polynomial number of additions and compar-
isons. As Megiddo’s method mimics algorithm O , it relies on a polynomial number of
redefined additions and comparisons. As algorithm O (which is used in the comparison
operator) is of polynomial complexity, these two operations can be performed in polyno-
mial time. This proves the polynomial complexity of the method.

Additions and comparisons are the two types of operations that Megiddo [1979] adapted
to his method. However, note that other operations may be adapted similarly. We will use
two other operations in this thesis.

Multiplication by a scalar.
The scalar multiplication operations that may be required by algorithm O are simply re-
placed by multiplying both components of the pair by the scalar value. Stated differently,
the pair (a,b) multiplied by a value α is the pair (α×a,α×b). Indeed, whatever the value
of λ∗:

α× (a −λ∗b) = α×a −λ∗(α×b).

We will require the multiplication by a scalar operation for solving decision trees accord-
ing to the weighted expected utility model with Megiddo’s method (in Chapter 4).

Identification of a zero.
To identify if a pair (a,b) represents a zero (i.e., if a−λ∗b = 0) we proceed as follows. First,
if b is equal to 0, then the pair represents a 0 iff a equals 0. If b is different than 0, then
(a,b) represents a zero iff λ∗ = a/b. Stated differently,

a −λ∗b = 0 ⇔ a = 0 if b = 0

a −λ∗b = 0 ⇔ λ∗ = a

b
otherwise.
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If a/b ∈ [λl ,λu] (otherwise we already know that λ∗ 6= a/b), then testing if λ∗ = a/b is
done by testing if the optimal value of the standard problem with objective function

t
cλx

is equal to 0 with λ= a/b (see case 1 of Observation 1).

We will require the identification of a zero operation for solving assignment problems ac-
cording to a mixture operator with Megiddo’s method (in Chapter 7).

We illustrate Megiddo’s method in the following example.

Example 42. We consider the following directed acyclic graph G = (V ,E ):

1

2

3

4

5

6

1

2

2

3

1

2

3

Figure 3.2: Directed acyclic graph G = (V ,E ). Each edge is valued by its utility.

where the value ui j assigned to each edge (i , j ) ∈ E is the utility of taking edge (i , j ). We
wish to find the path from vertex 1 to vertex 6 with highest utility (where the utility of a path
is defined by the sum of the utilities of the edges that constitute it). This is an instance of the
longest path problem. This problem can be formally written as a mathematical program
in the following way. For each edge (i , j ) ∈ E , we consider a binary variable xi j ∈ {0,1} that
indicates if edge (i , j ) is in the path from vertex 1 to vertex 6 that we are considering. By
using variables xi j , the longest path problem can be rewritten as:

max
xi j :(i , j )∈E

∑
xi j :(i , j )∈E

xi j ui j

b j =− ∑
(i , j )∈E

xi j +
∑

( j ,k)∈E

x j k (3.24)

xi j ∈ {0,1}

where variable xi j = 1 if edge (i , j ) is in the path considered and b j = 1 if j = 1, b j = −1
if j = 6, and b j = 0 otherwise. Constraints 3.24 are the flow conservation constraints that
ensure that variables xi j describe a valid path from vertex 1 to vertex 6.

Longest path problems can be solved in linear time for directed acyclic graphs by using
the following procedure:

1. Initialize the distances to all vertices as −∞ and initialize the distance to the source
as 0. Initialize the predecessors of all vertices as -1. Then, find a topological sorting of
the graph.

2. Once we have a topological order of the graph, process all vertices, one by one, in
topological order. For every vertex being processed, update the distances of its adja-
cent vertices and their predecessors by using the distance of the current vertex.
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1

0,−1

2

−∞,−1

3

−∞, −1

4

−∞, −1

5

−∞, −1

6

−∞, −1

1

2

2

3

1

2

3

Figure 3.3: A topological order of graph 3.2.

1

0, −1

2

1, 1

3

2, 1

4

−∞, −1

5

−∞, −1

6

−∞, −1

1

2

2

3

1

2

3

Figure 3.4: Vertex 1 is processed. The distance to vertex 2 is updated to 1 as 1 = 0+1 > −∞. The
distance to vertex 3 is updated to 2 as 2 = 0+ 2 > −∞. The predecessors of vertices 2 and 3 are
updated to 1.
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0,−1

2

1, 1

3

2, 1

4

3, 2

5

4, 2

6

−∞, −1

1

2

2

3

1

2

3

Figure 3.5: Vertex 2 is processed. The distance to vertex 4 is updated to 3 as 3 = 1+2 > −∞. The
distance to vertex 5 is updated to 4 as 4 = 1+ 3 > −∞. The predecessors of vertices 4 and 5 are
updated to 2.
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0, −1
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1, 1
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2, 1
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3, 2

5

4, 2

6

−∞, −1

1

2

2

3

1

2

3

Figure 3.6: Vertex 3 is processed. The distance to node 5 is not updated as 3 = 2+ 1 < 4. The
predecessor of node 5 is not updated.

1

0, −1

2

1, 1

3

2, 1

4

3, 2

5

4, 2

6

5, 4

1

2

2

3

1

2

3

Figure 3.7: Vertex 4 is processed. The distance to vertex 6 is updated to 5 as 5 = 3+2 > −∞. The
predecessor of vertex 6 is updated to 4.

Figures 3.3 to 3.8 show, step by step, the process of finding a longest path for the graph
represented in Figure 3.2. The distances to each vertex from vertex 0 are given in red. The
predecessor of each vertex is given in green.

We find that a path of maximum length from vertex 1 to vertex 6 is (1,2,5,6).
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1

0, −1

2

1, 1

3

2, 1

4

3, 2

5

4, 2

6

7, 5

1

2

2

3

1

2

3

Figure 3.8: Vertex 5 is processed. The distance to vertex 6 is updated to 7 as 7 = 4+ 3 > 5. The
predecessor of vertex 6 is updated to 5.

We now add to each edge the time that is required to travel this edge. This gives us a new
graph (represented in Figure 3.9) that we will also denote by G = (V ,E ).

1

2

3

4

5

6

(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.9: Directed acyclic graph G = (V ,E ). Each edge is valued by its utility and the time re-
quired to travel it.

For each edge (i , j ) ∈ E , a pair of values (ui j , ti j ) is given such that ui j is the utility of
taking edge (i , j ) and ti j is the time required to take edge (i , j )3.

We now wish to find the path from vertex 1 to vertex 6 with highest utility per time where
the utility of a path is defined as the sum of the utilities of the edges that constitute it and the
time required to travel a path is defined as the sum of the times required by each of its edges.
This is an instance of the fractional programming problem where the standard problem is
the longest path problem. Indeed, by using variables xi j , this problem can be rewritten as
the following mathematical program:

max
xi j :(i , j )∈E

∑
xi j :(i , j )∈E xi j ui j∑
xi j :(i , j )∈E xi j ti j

b j =− ∑
(i , j )∈E

xi j +
∑

( j ,k)∈E

x j k

xi j ∈ {0,1}

where b j = 1 if j = 1, b j =−1 if j = 6, and b j = 0 otherwise. Thus, in this case, the oracle O

solves a longest path problem in linear time (as the graph is directed and acyclic) by using
topological sorting as illustrated by Figures 3.3 to 3.8. We now illustrate how Megiddo’s
method would solve the fractional programming problem in Figures 3.10 to 3.15. Instead
of initializing the distance to each vertex (resp. vertex 1) to −∞ (resp. 0), we initialize these
values with the pair (−∞,0) (resp. (0,0)). The value λl can be initialized to 0 as all values
of the problem are positive. The value λu is initialized to +∞.

In Figure 3.11, the distance to vertex 2 is updated to (1,1) as (0+1)−λ×(0+1) >−∞−λ×0
whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The distance to vertex 3 is updated to (2,1)

3Note that some utility values have changed compared to Figure 3.2.
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1

(0,0), −1

2

(−∞,0), −1

3

(−∞,0), −1

4

(−∞,0), −1

5

(−∞,0), −1

6

(−∞,0), −1

(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.10: A topological order of graph 3.9.

1

(0,0), −1

2

(1,1), 1

3

(2,1), 1

4

(−∞,0), −1

5

(−∞,0), −1

6

(−∞,0), −1

(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.11: Vertex 1 is processed.

as (0+ 2)−λ× (0+ 1) > −∞−λ× 0 whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The
predecessors of vertices 2 and 3 are updated to 1.

1

(0,0), −1

2

(1,1), 1

3

(2,1), 1

4

(3,4), 2

5

(4,2), 2

6

(−∞,0), −1

(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.12: Vertex 2 is processed.

In Figure 3.12, the distance to vertex 4 is updated to (3,4) as (1+2)−λ×(1+3) >−∞−λ×0
whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The distance to vertex 5 is updated to (4,2)
as (1+ 3)−λ× (1+ 1) > −∞−λ× 0 whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The
predecessors of vertices 4 and 5 are updated to 2.
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(0,0), −1

2

(1,1), 1

3

(2,1), 1

4

(3,4), 2

5

(4,2), 2

6

(−∞,0), −1

(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.13: Vertex 3 is processed.

In Figure 3.13, the distance to vertex 5 is not updated as (2+1)−λ× (1+1) < 4−λ×2
whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The predecessor of vertex 5 is not updated.

In Figure 3.14, the distance to vertex 6 is updated to (7,5) as (3+4)−λ×(4+1) >−∞−λ×0
whatever the value of λ ∈ [λl ,λu] (i.e., [0,+∞]). The predecessor of vertex 6 is updated to 4.

In Figure 3.15, vertex 5 is processed. In this step, we need to get the maximum of the two
pairs (7,5) and (4+2,2+1) = (6,3). We first try to see if 7−5λ ≥ 6−3λ, ∀λ ∈ [λl ,λu] or if
7−5λ≤ 6−3λ, ∀λ ∈ [λl ,λu]. We have:

7−5λl − (6−3λl ) = 1−2×0 > 0 ⇒ 7−5λl > 6−3λl

7−5λu − (6−3λu) = 1−2×∞< 0 ⇒ 7−5λu < 6−3λu

96



CHAPTER 3. ORACLE METHODS
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Figure 3.14: Vertex 4 is processed.
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(4,1)
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Figure 3.15: Vertex 5 is processed.

Therefore, we cannot directly conclude which pair should be kept. Thus, we compute λ̂ =
(7−6)/(5−3) = 0.5 such that 7−5λ̂= 6−3λ̂ and we solve the standard problem where the
utility of taking edge (i , j ) is defined by ui j − λ̂ti j . Stated differently, we try to find the value
of the longest path from node 1 to node 6 in the graph represented in Figure 3.16.

1

2

3

4

5

6

0.5

1.5

0.5

2.5

0.5

3.5

1.5

Figure 3.16: Directed acyclic graph with utilities defined by ui j − λ̂ti j .

We omit the details but it can be easily checked that a longest path in this graph is
(1,2,5,6) with value 4.5 > 0. By Observation 1 (case 3), we conclude that λ∗ > λ̂. Thus
λl is updated to λ̂= 0.5. Now:

7−5λl − (6−3λl ) = 1−2×0.5 = 0 ⇒ 7−5λl = 6−3λl

7−5λu − (6−3λu) = 1−2×∞< 0 ⇒ 7−5λu < 6−3λu

Therefore, 7−5λ≤ 6−3λ, ∀λ ∈ [λl ,λu] ⇒ 7−5λ∗ ≤ 6−3λ∗

Hence, the distance to vertex 6 is updated to (6,3) and its predecessor is updated to 5. Hence,
path (1,2,5,6) is a longest path for all utility functions defined by ui j −λti j with λ ∈ [λl ,λu]
including λ= λ∗. Thus, by Observation 1 (case 1), we can conclude that a path that maxi-
mizes the utility per time is (1,2,5,6) with a value of λ∗ = 6/3 = 2.

We now detail in the next subsection another oracle method from the fractional pro-
gramming literature, namely Dinkelbach’s method.
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3.2.2 Dinkelbach’s Method

The second oracle method that we present is called Newton’s method [Radzik, 1992] or
Dinkelbach’s Method [Dinkelbach, 1967; Ródenas et al., 1999]. Interestingly, this method
is related to the cutting plane approaches presented in subsection 3.1.4. We introduce
this method in a way that highlights this point.

For a solution x∗ maximizing the fractional problem 3.18, we have
tax∗
tbx∗ ≥

tax
tbx

, ∀x ∈ D.

Replacing tax∗/ tbx∗ by λ∗, these inequalities can be rewritten as follows:

tax−λ∗ tbx ≤ 0, ∀x ∈ D (3.25)

and the constraint is tight for x = x∗. Therefore, λ∗ is the minimal value such that all
inequalities in 3.25 are satisfied. This analysis yields the following Linear Program (LP)
LPFP (FP for fractional programming):

LPFP


min
λ

λ

tax−λ∗ tbx ≤ 0, ∀x ∈ D

λ ∈R
(3.26)

Even if the number of constraints in 3.26 may be huge (as there is one constraint per fea-
sible solution), these constraints can be handled efficiently by resorting to a cutting plane
algorithm (see subsection 3.1.4). The separation oracle is here played by the algorithm
O . Given the current optimal value λ̃ of the linear program (solved with a subset of con-

straints), O solves the standard problem with objective function
t
cλ̃x. If the optimal value

v λ̃ is less than or equal to 0 (cases 1 and 2 of Observation 1), O says that no constraints
is violated. Otherwise (case 3 of Observation 1), it returns the constraint associated to
the optimal solution xλ̃ found. If the complexity of O is polynomial, the complexity of
solving LPFP is polynomial by the polynomial time equivalence of OPTIMIZATION and
SEPARATION (see Theorem 10 on page 89).

In practice, one can resort to Dinkelbach’s method [Dinkelbach, 1967] for solving pro-
gram LPFP. Indeed, Dinkelbach’s method reveals very efficient in practice and is also a
polynomial method if the complexity of O is polynomial [Radzik, 1992]. We recall that
xλ denotes an optimal solution of the standard problem with objective function

t
cλx. Pro-

gram LPFP can be solved by computing a sequence of solutions in D through the following
recursive equation:

xt+1 = xλt (3.27)

where:

λt =
taxt

tbxt
(3.28)

The key point for the validity of this approach is that the solutions generated in this way
are of increasing values w.r.t. the fractional problem. Indeed, a direct corollary from Ob-
servation 1 is that while λt < λ∗, λt+1 > λt . Therefore, the sequence (λt )t∈N is strictly
increasing until reaching λ∗. Value λ∗ is always reached after a finite number of iterations
as there is a finite number of solutions in D. In fact, Radzik [1992] showed that the method
converges afer a polynomial number of iterations. Thus, after a polynomial number of it-
erations, we will have λt = λt+1 which means that an optimal solution of the fractional
problem has been found.

We illustrate Dinkelbach’s method in example 43.
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Example 43 (Example 42 continued). We consider the same problem as in Example 42.
Stated differently, we wish to find the path from vertex 1 to vertex 6 that maximizes utility
per time in the graph represented in Figure 3.17 where each edge (i , j ) ∈ E of the graph
is valued by a pair (ui j , ti j ) such that ui j is the utility of taking edge (i , j ) and ti j is the
time required to travel by edge (i , j ). This problem has been solved in Example 42 by using
Megiddo’s method. Let us now solve this problem by using Dinkelbach’s method.

1
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(1,1)

(2,1)

(2,3)

(3,1)

(1,1)

(4,1)

(2,1)

Figure 3.17: Directed acyclic graph G = (V ,E ). Each edge is valued by its utility and the time
required to travel it.

Iteration 0: We start with λ0 = 0 and we compute a solution x1 which is a longest path
in the graph represented in Figure 3.17 where the utilities of each edge (i , j ) is defined by
ui j −λ0ti j = ui j . Stated differently, we seek a longest path in the graph represented in Figure
3.18. This problem can be solved as illustrated in Example 42 by using a topological sorting
of the graph. We obtain a longest path (1,2,4,6) with a length of 7. The utility of this path
is worth (1+2+4) = 7 and the time required to travel this path is worth (1+3+1) = 5.
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Figure 3.18: Directed acyclic graph with utilities defined by ui j −λ0ti j .

Iteration 1: We set λ1 to 7/5. We now compute a solution x2 which is a longest path
in graph 3.17 where the utilities of each edge (i , j ) is given by ui j −λ1ti j = ui j − (7/5)ti j .
Stated differently, we seek a longest path in the graph represented in Figure 3.19. We obtain
a longest path (1,2,5,6) with a length of 9/5. The utility of this path is worth (1+3+2) = 6
and the time required to travel this path is worth (1+1+1) = 3.

Iteration 2: We set λ2 to 6/3 = 2. We now compute a solution x3 which is a longest path
in graph 3.17 where the utilities of each edge (i , j ) is given by ui j −λ2ti j = ui j −2ti j . Stated
differently, we seek a longest path in the graph represented in Figure 3.20. We obtain a
longest path (1,2,5,6) with a length of 0. The utility of this path is worth (1+3+2) = 6 and
the time required to travel this path is worth (1+1+1) = 3.

Iteration 3: We set λ3 to 6/3 = 2. As λ3 = λ2 the method terminates and states that a
path from vertex 1 to vertex 6 maximizing the utility per time is given by (1,2,5,6) with an
optimal value of λ∗ = 2.
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Figure 3.19: Directed acyclic graph with utilities defined by ui j −λ1ti j .
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Figure 3.20: Directed acyclic graph with utilities defined by ui j −λ2ti j .

We have now seen and described the two main fractional programming methods that
we will use in this thesis. These methods will often be useful when studying decision
problems with the WEU model or an MO criterion.

In Chapter 4, we will see that optimizing the WEU model in sequential decision
problems under risk can be performed with fractional programming methods.
Similarly, in Chapter 7, we will see that optimizing an MO criterion in some
multi-agent problems as the assignment problem or the proportional represen-
tation problem, can be performed with fractional programming methods.

3.3 Conclusion

We have presented in this chapter the oracle methods that are used in this thesis. For sake
of illustration and to present these methods in the domains in which they where originally
developed, we presented them in the setting of game theory and fractional programming.
These tools will reveal very efficient to solve the different problems that will arise in the
following chapters and that constitute the contributions of this thesis. The techniques
used in the thesis are summarized in Table 3.1.
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Decision model Optimization problem Algorithmic methods

SSB utility model
Sequential decision problems
under risk

Linear programming, Double
oracle approach, cutting plane
approach

WEU model
Sequential decision problems
under risk

Megiddo’s method, Dinkel-
bach’s method

Minmax regret criterion
Robust combinatorial op-
timization problems with
interval data

Double oracle approach

OWA criterion
Randomized version of multi-
agent decision problems

Double oracle approach, cut-
ting plane approach

MO criterion

Some multi-agent decision
problems: allocation prob-
lems, proportional representa-
tion problems

Megiddo’s method, Dinkel-
bach’s method

Table 3.1: Summary table answering the question: “Which methods are used for which problems?”
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Chapter 4

Sequential Decision Problems Under
Risk with Skew-Symmetric Bilinear
Utilities

“ While the SSB theory is necessarily a
better descriptive theory than the von
Neumann-Morgenstern theory since it
is a generalization of the latter, it has
obvious shortcomings as a theory of
actual behavior. On the other hand, I
feel that it is an appealing normative
theory of reasonable (rational)
behavior under risk ”

P.C. Fishburn
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Summary of the chapter

In this chapter, we investigate the resolution of sequential decision problems under risk
with the SSB and WEU models (see subsections 1.5.3 and 1.5.4) in decision trees and in
finite horizon MDPs (see Section 2.2). We prove that, while finding an SSB optimal ran-
domized strategy in decision trees is a problem of polynomial complexity, finding a de-
terministic strategy which is SSB optimal within the set of deterministic strategies is an
NP-hard problem. Interestingly, with the WEU model, both problems become of polyno-
mial complexity. Then, we extend these results to finite horizon MDPs. In finite horizon
MDPs, we prove that determining an SSB optimal randomized policy and a WEU optimal
deterministic policy can be performed in pseudo-polynomial time. In each framework,
we formulate the resolution problem either as the search for a Nash equilibrium in a spe-
cific two-player zero-sum game or as a fractional programming optimization problem.
This enables us to resort to the oracle methods introduced in Chapter 3. Lastly, we pro-
vide computational results showing the operationality of our approaches.

This chapter is based on several publications [Gilbert and Spanjaard, 2017; Gilbert et
al., 2015].

4.1 Introduction

In a sequential decision problem under risk, one aims to determine a preferred plan (i.e.,
a functions that maps possible decision situations to choices or probability distributions
over choices) according to the decision model of the decision maker (also called agent).
More precisely, both in decision trees and in MDPs, each plan (strategy/policy) induces a
lottery over the possible outcomes of the sequential decision problem and the goal of the
agent is to find a plan that yields an optimal lottery with respect to her decision model.

We recall that the SSB and WEU models have appealing descriptive abilities: the SSB
utility model [Fishburn, 1982, 1984] is able to account for intransitive and non-independent
preferences (i.e., preferences that do not satisfy the independence axiom), and the WEU
model [Chew, 1983; Fishburn, 1983] (a subclass of the SSB model) can represent non-
independent preferences. However, being able to account for such types of preferences
has an algorithmic cost and the Bellman optimality principle does not hold for these two
models. This makes the optimization of sequential decision problems under risk with the
SSB and WEU models tricky. Nevertheless, for each representation and for both decision
models, we will try to answer the following questions:

1. What are the properties of the SSB/WEU optimal plans? For instance in finite hori-
zon MDPs, can we always find a deterministic Markovian policy which is at least as
good as all other policies (when considering all types of policies)?

2. What are the computational complexities of the induced optimization problems?

3. What efficient algorithms can we use to find an SSB/WEU optimal plan?

Let us answer some preliminary questions to precise the setting of this chapter.

What types of behaviors are studied (resolute/sophisticated decision makers)?
We have seen that different types of behaviors could be defined in sequential decision

problems under risk (see subsection 2.2.3): sophisticated, resolute choice with root dicta-
torship, resolute choice with selves. While these behaviors coincide when the Bellman op-
timality principle holds as with the traditional decision criteria (e.g., EU), they can differ
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when this principle is violated. As the SSB/WEU model can represent non-independent
preferences, the preferences induced with the SSB/WEU model can violate the Bellman
optimality principle. Hence, we need to precise the type of behavior we are considering.

In this chapter, we study the dictatorship of the root approach. While studying the
sophisticated approach would be quite straightforward from an algorithmic point of view
(as this would lead to a simple backward induction method), this type of behavior can
lead to non-optimal (and even stochastically dominated) plans at the root. The resolute
approach with multiple selves is an interesting but more complicated paradigm that we
wish to investigate in future works.

What is the decision criterion used to define an SSB optimal plan? As the SSB model
can lead to preference cycles, defining an SSB optimal plan is not obvious. In fact, the
SSB model induces a tournament over solutions and several decision criteria can be used
to define an SSB optimal plan, i.e., a winner of the tournament. In this thesis, we use
the minmax rule [Young, 1977], also known as Condorcet’s rule or the Simpson-Kramer
method, where each lottery l is evaluated by the highest intensity with which another
lottery is preferred to l , and one selects a lottery with minimal evaluation. More formally,
a lottery l is evaluated by maxl ′∈L ϕ(l ′, l ) (to be minimized) where L is the set of lotteries
induced by the possible plans (of all types) and ϕ is the SSB utility function.

Note that the minmax rule induces another preference relation than the one repre-
sented by ϕ. We use two different vocabularies to dissociate them from each other:

• A lottery l1 is preferred (resp. strictly preferred) to a lottery l2 if ϕ(l1, l2) ≥ (resp >) 0.
A lottery l is preferred to all other lotteries if ∀l ′ ∈L ,ϕ(l , l ′) ≥ 0.

• Differently, we will say that a lottery l1 is at least as good as (resp. better than) a
lottery l2 if maxl ′∈L ϕ(l ′, l1) ≤ (resp. <) maxl ′∈L ϕ(l ′, l2). A lottery is SSB optimal if it
belongs to argminl∈L maxl ′∈L ϕ(l ′, l ).

We wish to find an SSB optimal plan (i.e., a plan that induces an SSB optimal lottery). In-
terestingly, we will see that an SSB optimal plan is also preferred to all other plans.

What types of feasible plans are investigated? With the SSB model, we will see that an
optimal deterministic plan may not exist and that optimal plans are in general random-
ized or mixed. Stated differently, there are sequential decision problems for which the set
argminl∈L maxl ′∈L ϕ(l ′, l ) contains no lottery associated to a deterministic strategy. Our
intuition is that a decision maker may refuse to use a randomized plan. For this reason,
we distinguish between two settings according to the nature of the plans considered (de-
terministic/randomized). In the deterministic setting, we seek a deterministic plan which
is SSB optimal within the set of deterministic plans. In the randomized setting, we seek an
SSB optimal plan among all plans, including randomized and mixed ones.

With the WEU model, we will see that there always exists an optimal plan among the
deterministic ones. Hence, it is sufficient to focus on deterministic plans when optimiz-
ing a weighted expected utility.

Summary of the results. In decision trees, we prove that an SSB (resp. WEU) optimal
plan can always be found as a mixed or randomized (resp. deterministic) strategy. Simi-
larly, in finite horizon MDPs, we prove that an SSB (resp. WEU) optimal plan can always
be found as a mixed or randomized (resp. deterministic) wealth-Markovian policy (to be
defined later in this chapter).
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Regarding the complexity of the different optimization problems, we prove that while
finding an SSB optimal randomized strategy in a decision tree is a problem of polyno-
mial complexity, finding a deterministic strategy which is SSB optimal within the set of
deterministic strategies is an NP-hard problem. Interestingly, with the WEU model, both
problems become of polynomial complexity. To the best of our knowledge, WEU is the
first decision model compatible with Allais’ paradox and for which an optimal plan can
be determined in polynomial time in the setting of decision trees. In finite horizon MDPs,
we design pseudo-polynomial methods to determine an SSB optimal mixed policy and a
WEU optimal deterministic policy.

Regarding the solution methods in themselves, we show that optimizing an SSB util-
ity function in a sequential decision problem under risk can be seen as solving a specific
zero-sum two-player symmetric game. This analysis will make it possible to design a lin-
ear programming approach, a double oracle approach as well as a cutting plane approach.
Besides, we show that optimizing the WEU model in sequential decision problems under
risk can be performed with fractional programming methods.

Table 4.1 summarizes our contributions.

Decision Trees Finite horizon MDPs
setting SSB WEU SSB WEU

Complexity
deterministic NP-hard P NP-hard

pseudo-
polynomial

randomized P P pseudo-
polynomial

pseudo-
polynomial

Type of optimal
plan sought

randomized or
mixed

deterministic
randomized or
mixed wealth-
Markovian

deterministic
wealth-
Markovian

Table 4.1: Synthesis of the contributions.

We start in the next section with the setting of decision trees.

4.2 Optimizing the SSB and WEU Models in Decision Trees

In this section, we study the optimization of the SSB and WEU models in decision trees.
In the literature, several other non-EU models have also been investigated with this rep-
resentation of sequential decision problems under risk in both the resolute and sophisti-
cated frameworks. We mention some of them below.

4.2.1 Related Work

Imprecise Probabilities. When probabilities are imprecise (i.e., a set of probability mea-
sures should be taken into account in the decisions instead of a single measure), several
decision criteria can be used to evaluate a plan. In this setting, a pessimistic DM will make
the decision that maximizes the worst possible expected utility. This is known as the Γ-
maximin criterion. Conversely, an optimistic agent will make the decision that maximizes
the best possible expected utility. This is known as the Γ-maximax criterion. Kikuti et al.
[2011] proposed algorithms enabling a sophisticated DM to determine her preferred plan
with respect to both criteria. Their algorithms rely on linear/multilinear programming.
Subsequently, Fargier et al. [2011] studied the optimization of theΓ-maximin criterion un-
der the dictatorship of the root paradigm. They showed that even the evaluation of a plan
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according to the Γ-maximin criterion is NP-hard, and proposed a procedure to determine
an optimal plan derived from preliminary results by Huntley and Troffaes [2008]. The
Hurwicz criterion for imprecise probabilities is a convex combination of the Γ-maximin
and the Γ-maximax criteria, that can model intermediate attitudes w.r.t. ambiguity [Jaf-
fray and Jeleva, 2007]. The optimization of the Hurwicz criterion has been studied under
the dictatorship of the root paradigm [Jeantet and Spanjaard, 2009]. Once again, the de-
termination of an optimal plan according to the Hurwicz criterion is NP-hard.

Qualitative Decision Trees with Possibilities. When the information about uncertainty
cannot be quantified in a probabilistic way, a possible alternative is to use possibilities.
Possibility theory [Zadeh, 1999] is a qualitative counterpart of probability theory which
measures uncertainty by stating if events are possible. Total certainty arises when one
outcome is totally possible, all others being impossible, and total uncertainty arises when
everything is totally possible. In this qualitative setting, optimistic and pessimistic coun-
terparts of EU have been proposed [Dubois and Prade, 1995], and a compromise between
these two criteria is defined by the binary possibilistic utility criterion which evaluates
each possibilistic lottery with a pair giving both its best and worst possible consequences
[Giang and Shenoy, 2001]. These criteria can be optimized in decision trees in polynomial
time by using a backward induction method [Garcia and Sabbadin, 2006]. Other possi-
bilistic criteria exist, as the possibilistic likely dominance criterion [Dubois et al., 2003]
and the possibilistic Choquet integral [Rébillé, 2006], which are possibilistic counterparts
of the probabilistic dominance criterion and the Choquet integral. While a standard dy-
namic programming method cannot be used for possibilistic likely dominance as this cri-
terion does not induce a transitive preference relation, Ben Amor et al. [2014] showed how
to adapt the backward induction method to solve a decision tree in polynomial time. In
each node, their algorithm keeps a subset of strategies whose size can be polynomially
bounded. They also showed that solving a decision tree with the possibilistic Choquet
integral is NP-hard.

Rank-Dependent Utility (RDU) model. The RDU model proposed by Quiggin [1993],
where one specifies a probability distortion function, is compatible with Allais’ paradox.
Nielsen and Jaffray [2006] have studied the solution of sequential decision problems with
RDU, under the resolute choice with selves paradigm. They proposed an operational ap-
proach eliminating any plan that appears to be largely suboptimal for RDU in some de-
cision situation. Their approach returns an RDU-optimal plan (viewed from the root)
among the remaining ones, such that no other plan stochastically dominates it. Jeantet
et al. [2012] proposed another implementation of RDU theory in decision trees. The dif-
ference with the previous approach is that the cooperation between selves is formalized
through the use of a weighted max regret criterion, where regrets measure RDU losses.
Lastly, Jeantet and Spanjaard [2008] investigated the solution of sequential decision prob-
lems with the RDU model, under the dictatorship of the root paradigm. They showed that
the problem is NP-hard and designed a branch and bound procedure to solve it.

The work of the following subsection falls in the same line of research. We study the
algorithmic properties of the SSB and WEU models in the setting of decision trees.

107



CHAPTER 4. SEQ. DECISION PROBLEMS UNDER RISK WITH SSB UTILITIES

4.2.2 Optimizing the SSB Criterion in the Randomized Setting

In this section, we wish to solve decision trees according to the SSB model. Let us briefly
recall how this model works.

In the SSB model, an agent is endowed with a binary functional ϕ over pairs (x, y),
with x Â y ⇔ϕ(x, y) > 0. The value ϕ(x, y) is the signed intensity with which the decision
maker prefers x to y . Functional ϕ is skew symmetric, i.e., ϕ(x, y) =−ϕ(y, x) and bilinear
with respect to the usual mixture operation on lotteries. Put another way, the SSB criterion
for comparing two lotteries l1 and l2 is written:

ϕ(l1, l2) =∑
x,y

l1(x)l2(y)ϕ(x, y)

We have l1 Â (resp. ≺) l2 if ϕ(l1, l2) > (resp. <)0 (strict preference), and l1 ∼ l2 if ϕ(l1, l2) =
0 (indifference). This model will be used to compare the different strategies that can be
defined in a decision tree on the basis of the lotteries that they induce on the possible
outcomes of the tree.

In a decision tree, a strategy is a rule which indicates what choices the decision maker
should make in each decision node. We recall that there are three different types of strate-
gies.

• Deterministic strategies. A deterministic strategy δ is a function which assigns to
each decision node (reachable by the strategy) the choice that should be made in
this node, i.e., an edge coming out from this node. The set of deterministic strategies
is denoted by ∆.

• Randomized strategies. A randomized strategy δr is a function which assigns to each
decision node (reachable by the strategy) a probability distribution over the possi-
ble choices that can be made in this node, i.e., a probability distribution over the
edges coming out from this node. The set of randomized strategies is denoted by
∆r .

• Mixed strategies. Instead of using a randomized strategy, a decision maker can rely
on a mixed strategy. A mixed strategy δ̃ is simply a lottery over deterministic strate-
gies. Put another way, using the mixed strategy δ̃ = (δ1, p1; . . . ;δk , pk ) consists in
sampling a deterministic strategy δi according to δ̃ and following δi thereafter. The
set of mixed strategies is denoted by ∆̃.

Each strategy δ, whatever its type, induces a lottery lδ over the possible outcomes of
the decision trees T (the outcomes are received by the decision maker at the leaves of
the tree). We will denote by X the set of possible outcomes of T . Comparing strategies
according to the SSB model reduces then to comparing their induced lotteries over X .

Let L = {lδ : δ ∈ ∆} (resp. Lr = {lδ : δ ∈ ∆r }) denote the image of deterministic (resp.
randomized) strategies in the space of lotteries. Additionally, we denote by L̃ = {lδ : δ ∈
∆̃} = CH(L ) the image of mixed strategies in the space of lotteries.

Obviously, L ⊆ L̃ and L ⊆Lr . However, it is not obvious to see how the two sets L̃

and Lr compare to one another. This question is answered by the following theorem.

Theorem 12 (Collins and McNamara [1998]). The image of randomized strategies in the
space of lotteries is equal to the image of mixed strategies in the space of lotteries. More
formally, Lr = L̃ .
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Proof. This result has been proved by Collins and McNamara [1998] in the setting of finite
horizon MDPs. As a decision tree can be seen as a specific finite horizon MDP, their result
also holds for decision trees.

We give the sketch of their proof. let δ̃= (δ1,λ1; . . . ;δk ,λk ) be a mixed strategy. Given a
decision node D and an edge (D,N), each strategy δi induces probabilities p i

D and p i
(D,N)

of respectively reaching node D and taking edge (D,N). Let δr be the randomized strategy
that in each decision node D (such that

∑k
i=1λi p i

D > 0) chooses edge (D,N) with proba-

bility
∑k

i=1λi p i
(D,N)∑k

i=1λi p i
D

. Then, it can be shown that lδr = lδ̃. Note that this provides an efficient

procedure to compute from a mixed strategy a randomized strategy that yields the same
lottery over the outcomes of the decision tree.

On the other hand, let δr be a randomized strategy which advocates to take edge (D,N)
with probability α(D,N) when the decision maker is in decision node D (α(D,N) is consid-
ered to be 0 if D is not reachable with strategy δr ). Let δ̃ be the mixed strategy which
samples each deterministic strategy δi with probability λi =Π(D,N)∈δiα(D,N). Then, it can
be shown that lδr = lδ̃. Note that this is an existence result, and that it does not provide an
efficient procedure to compute from a randomized strategy a mixed strategy that yields
the same lottery over outcomes (as the support of δ̃ can be of combinatorial size).

Note that the proof of this theorem is constructive. In particular from any mixed strat-
egy δ̃, a randomized strategy δr such that lδ̃ = lδr can be efficiently computed. As a conse-
quence of this result, optimizing over Lr is equivalent to optimizing over L̃ and is therefore
equivalent to optimizing over Lr ∪L̃ ∪L . Hence, there always exists an SSB optimal lot-
tery in Lr and L̃ . However, an SSB optimal lottery (i.e., a lottery which is at least as good
as any other lottery in Lr with respect to the minmax rule) does not always exists in set
L as illustrated by the following example:

Example 44. We recall the Rowett dice paradox (first presented in Example 19). Consider
a two-player game involving three six-sided dice: die A with sides (1,4,4,4,4,4), die B with
sides (3,3,3,3,3,6) and die C with sides (2,2,2,5,5,5). The players, each equipped with a
personal set of dice, simultaneously choose a die to throw; the winner is the player who
rolls the highest number.

This decision problem is represented as a decision tree in Figure 4.1. In this decision
tree, there are three possible deterministic strategies (corresponding to the three dice that
can be chosen) δA, δB and δC such that lδA = (4,5/6;1,1/6), lδB = (6,1/6;3,5/6) and lδC =
(5,1/2;2,1/2). Finding a strategy which maximizes the probability of winning the two-
player game induced by the two sets of Rowett dice reduces to solving this decision tree with
respect to the SSB utility function ϕ where ϕ(x, y) is defined by 1 if x > y, −1 if y > x and 0
otherwise.

With this SSB utility function, the intensities of preference between the three possible
deterministic strategies have the following values:

ϕ(lδA , lδB ) = 25/36−11/36 = 14/36,

ϕ(lδB , lδC ) = 21/36−15/36 = 6/36,

ϕ(lδC , lδA ) = 21/36−15/36 = 6/36.

Therefore, die A (resp. B, C) wins most of the time against die B (resp. C, A). Thus, we
have a preference cycle between strategies δA, δB and δC. According to the minmax rule, the
optimal value of a deterministic strategy is:

min
δ∈∆

max
δ′∈∆̃

ϕ(lδ′ , lδ) = 6/36.
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D1

C1

C2

C3

T1: 4

T2: 1

T3: 6

T4: 3

T5: 5

T6: 2

die A

die B

die C

5/6

1/6

1/6

5/6

1/2

1/2

Figure 4.1: Rowett dice paradox as a decision tree problem.

Now consider the mixed strategy δ̃ = (δA,3/13;δB,3/13,δC,7/13), one can easily check
that:

ϕ(lδ̃, lδA ) = 3

13
×0− 3

13
× 14

36
+ 7

13
× 6

36
= 0,

ϕ(lδ̃, lδB ) = 3

13
× 14

36
+ 3

13
×0− 7

13
× 6

36
= 0,

ϕ(lδ̃, lδC ) =− 3

13
× 6

36
+ 3

13
× 6

36
+ 7

13
×0 = 0.

Thus, the minmax SSB value of strategy δ̃ is:

max
δ′∈∆̃

ϕ(lδ′ , lδ̃) = 0 < 6/36.

This simple example proves that an SSB optimal deterministic strategy may not exist.

We now show how to compute an optimal randomized or mixed strategy. This corre-
sponds to solving the following optimization problem:

(R) : min
δ∈∆̃

max
δ′∈∆̃

ϕ(lδ′ , lδ) (4.1)

(or equivalently) (R) : min
δ∈∆r

max
δ′∈∆r

ϕ(lδ′ , lδ). (4.2)

To solve problem (R) (R for randomized), we resort to a game-theoretic analysis of this
optimization problem.

A Game Theoretic Analysis. The problem of computing an SSB optimal strategy in a
decision tree T can be modeled as the search for a Nash equilibrium in a zero-sum two-
player symmetric game induced by the decision tree T and the SSB utility function ϕ.
For both players, the set of pure strategies in this game is the set of deterministic strate-
gies, and the payoff function is inferred from the SSB utility function. More precisely, in
this game, each player plays simultaneously a deterministic strategy in ∆ and the payoff
of playing strategy δ against strategy δ′ yields a payoff of ϕ(lδ′ , lδ). Determining a Nash
equilibrium in this game is equivalent to solving problem (R). It is well-known that there
always exists a symmetric Nash equilibrium in a finite zero-sum symmetric game. The
following holds for such a Nash equilibrium (δ∗,δ∗):

∀δ ∈ ∆̃,ϕ(lδ∗ , lδ) ≥ϕ(lδ∗ , lδ∗) = 0.
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This property actually characterizes the optimal solutions of problem (R).

Proposition 9. A strategy δ is an optimal solution of problem (R) iff:

∀δ′ ∈ ∆̃, ϕ(lδ, lδ′) ≥ 0.

Proof. Note that as for any strategy δ, ϕ(lδ, lδ) = 0, the optimal value of problem (R) is
lower bounded by 0. We have just seen that this value was reached by any (possibly mixed)
strategy δ∗ ∈ ∆̃ such that (δ∗,δ∗) is a symmetric Nash equilibrium of the game induced by
the decision tree and the SSB utility function ϕ. Therefore, the optimal value of (R) is 0
and a strategy δ is an optimal solution of problem (R) iff:

max
δ′∈∆̃

ϕ(lδ′ , lδ) = 0,

⇔∀δ′ ∈ ∆̃, ϕ(lδ, lδ′) ≥ϕ(lδ, lδ) = 0.

Thus any SSB optimal (possibly mixed or randomized) strategy has the desirable prop-
erty of being preferred to all mixed strategies and a fortiori to all strategies. Once realized
that a Nash equilibrium of the game on deterministic strategies provides us an SSB op-
timal strategy, our aim becomes to solve this game. Unfortunately, the set of determin-
istic strategies is combinatorial in nature, which makes impractical the generation of the
whole payoff matrix of the game. However, the oracle methods described in Section 3.1
(on page 80) can be used to solve this game efficiently.

To use these oracle methods, a best response oracle O needs to be instantiated. For
this purpose, we start by noting that:

max
δ′∈∆̃

ϕ(lδ′ , lδ) = max
δ′∈∆

ϕ(lδ′ , lδ) (4.3)

for any strategy δ ∈ ∆̃. Indeed, this is a direct consequence of Proposition 7 (on page
82) which states that a best response can always be found as a pure strategy of the game (a
deterministic strategy in ∆ in our case). Thus given any strategy δ a strategy that is most
preferred to δ can always be found as a deterministic strategy.

We now rewrite the objective function in a way highlighting the fact that determining
a strategy δ′ that is most preferred to strategy δ can be done by rolling back the decision
tree T with a particular utility function Vδ.
By linearity of ϕ, we have:

max
δ′∈∆

ϕ(lδ′ , lδ) = max
δ′∈∆

∑
x∈X

lδ′(x)ϕ(x, lδ) (4.4)

This latter expression can be rewritten as follows:

max
δ′∈∆

∑
x∈X

lδ′(x)ϕ(x, lδ) = max
δ′∈∆

∑
x∈X

lδ′(x)Vδ(x) (4.5)

where utilities Vδ(x) are defined by Vδ(x) = ϕ(x, lδ). Thus, a best response oracle O con-
sists here in rolling back the decision tree with utility function Vδ(x) and returning the op-
timal deterministic strategy found. Based on this oracle procedure, several oracle meth-
ods can be used. We first propose a double oracle procedure.

A Double Oracle Approach. The adaptation of the double oracle approach (explained
in subsection 3.1.3 on page 85) for solving problem (R) is described in Algorithm 6. Note
that some simplifications arise due to the fact that the game is symmetric:
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• Firstly the game only maintains one set of strategies S ⊆ ∆ (for both players) and
runs the oracle only once per iteration. The oracle O finds a best response δ to
the strategy δ̃, given by a symmetric Nash equilibrium (δ̃, δ̃) of the restricted game
M(S,S), where M denotes the payoff matrix of the game induced by T and by ϕ.

• Secondly the stopping condition is here simply ϕ(lδ, lδ̃) ≤ 0. Indeed, by Proposition
9, this condition (which occurs if the oracle computes a strategy which is already in
S) is sufficient to ensure that (δ̃, δ̃) is a Nash equilibrium of the whole game.

At the end of the algorithm, an optimal mixed strategy δ̃∗ is found. From this strategy,
an optimal randomized strategy can be determined (using Theorem 12).

Algorithm 6: Double oracle algorithm to solve problem (R)

Data: Decision tree T , singleton S = {δ} including an arbitrary pure strategy δ ∈∆
Result: an SSB optimal randomized strategy δr ∈∆r

1 converge = False
2 while converge is False do
3 Find a Nash equilibrium (δ̃, δ̃) of the game M(S,S)
4 Find δ=O (δ̃) ∈∆
5 if ϕ(lδ, lδ̃) ≤ 0 then
6 converge =True

7 else
8 add δ to S

9 Compute randomized strategy δr s.t. lδr = lδ̃.
10 return δr

This double oracle approach is a first method which enables to solve decision trees
with the SSB model efficiently. However, this method is not polynomial time. Thus, it
does not tell us if finding an SSB optimal strategy is a problem of polynomial complexity.
To answer this question, we turn to a linear programming approach.

Linear Programming Approach. We now present a Linear Program (LP) for solving
optimization problem (R).

The LP we propose is composed of two classes of constraints. The first class of con-
straints involves a set of variables pN, describing all feasible randomized strategies δr ∈
∆r , where pN is the probability that node N is reached with strategy δr :

pNr = 1

pD = ∑
N∈S (D)

pN,∀D ∈ND

p(C,N)pC = pN, ∀C ∈NC, ∀N ∈S (C)

pN ≥ 0,∀N ∈N

The strategy δr (more precisely, its incidence vector χδr ) can be recovered from variables
pN by using equation χδr

(D,N) = pN/pD (or 0 if pD = 0) for each edge (D,N) ∈ ED. The second
class of constraints aims to determine maxδ′∈∆

∑
x∈X lδ′(x)Vδr (x) (i.e., determining the in-

tensity of preference induced by a best response to δr ). As already noted, this value can be

112



CHAPTER 4. SEQ. DECISION PROBLEMS UNDER RISK WITH SSB UTILITIES

computed by rolling back the decision tree, which amounts to satisfy the following Bell-
man’s equations, where qN denotes the EU value in node N according to utility function
Vδr defined as above by Vδr (x) =ϕ(x, lδr ):

min qNr

qT = Vδr (o(T)),∀T ∈NT

qC = ∑
N∈S (C)

p(C,N)qN,∀C ∈NC

qD ≥ qN,∀N ∈S (D), ∀D ∈ND

qN ∈R,∀N ∈N

Therefore, we have qNr = maxδ′∈∆
∑

x∈X lδ′(x)Vδr (x). Putting together the objective func-
tion min qNr and both classes of constraints, and replacing values Vδr (o(T)) by the expres-
sions

∑
T′∈NT pT′ϕ(o(T),o(T′)), we obtain the final program PSSB given below, that enables

to determine an SSB optimal randomized strategy.

PSSB



min qNr

pNr = 1

pD = ∑
N∈S (D)

pN,∀D ∈ND

p(C,N)pC = pN, ∀C ∈NC, ∀N ∈S (C)

qT = ∑
T′∈NT

pT′ϕ(o(T),o(T′)),∀T ∈NT

qC = ∑
∀N∈S (C)

p(C,N)qN,∀C ∈NC

qD ≥ qN,∀N ∈S (D), ∀D ∈ND

pN ≥ 0,∀N ∈N

qN ∈R,∀N ∈N

The linear program PSSB involves a polynomial number of variables and constraints
(in the size of the decision tree). Thus, by polynomial complexity of linear programming
[Khachiyan, 1980], determining an SSB optimal randomized strategy in a decision tree
(i.e., solving optimization problem (R)) is a polynomial time problem.

Theorem 13. Finding an SSB optimal strategy in a decision tree, i.e., solving optimization
problem (R), is a problem of polynomial complexity.

Interestingly, linear program PSSB can be used to build a polynomial variant of the
double oracle algorithm presented in Algorithm 6.

Polynomial Variant of the Double Oracle Approach. A standard double oracle algo-
rithm builds a restricted game in normal form such that a Nash equilibrium of the re-
stricted game is also a Nash equilibrium of the whole game. This algorithm does not take
advantage of the structure underlying the game (i.e., the decision tree in our case). The
variant we propose (Algorithm 7) tries to take advantage of this structure.

Instead of building a restricted game in normal form, this variant iteratively builds a
subtree T ′ of T (which we hope stays much smaller) such that an optimal randomized
SSB strategy in T ′ is also optimal in T . To build T ′, this algorithm uses the same best
response oracle as Algorithm 6.
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The algorithm starts with a subtree T ′ of T which is only composed of the nodes and
edges that can be reached by a deterministic strategy chosen arbitrarily. At each itera-
tion, the algorithm computes an SSB-optimal randomized strategy δr in T ′ (Line 4). This
strategy is also a valid randomized strategy in T . However, it may not be optimal in T .
To test optimality, we determine a strategy δ which is a best response to δr in T (Line
5). If ϕ(δ,δr ) ≤ 0, then δr is also an optimal strategy in T and the algorithm terminates
(Line 9). Otherwise, all nodes and edges that can be reached by δ are added to T ′ and δ
becomes a new valid strategy of T ′ (Line 7).

Algorithm 7: Polynomial variant of the double oracle method to solve problem (R)

Data: Decision tree T , empty decision tree T ′, arbitrary strategy δ ∈∆
Result: an SSB optimal randomized strategy δr ∈∆r

1 Add to T ′ all nodes and edges of T that can be reached by δ.
2 converge = False
3 while converge is False do
4 Find δr , an SSB optimal randomized strategy in T ′ by using linear program

PSSB applied to T ′

5 Find δ=O (δr ) ∈∆ in T

6 if ϕ(δ,δr ) > 0 then
7 Add to T ′ all nodes and edges of T that can be reached by δ.

8 else
9 converge =True

10 return δr

This method seems to combine the advantages of the two previous approaches. First
it can solve the decision tree while only focussing on the relevant parts of the decision
tree, which may be very small in real life applications. Secondly, it is a polynomial time
method. Indeed, note that each iteration can be performed in polynomial time, as solving
PSSB applied to T ′ and determining δ=O (δr ) can be done in polynomial time. Moreover,
note that the number of iterations of the method is bounded by the number of nodes in
T . Indeed, at each iteration, at least one new node is added to T ′. In the worst case, the
method adds all nodes and edges of T to T ′ and the method terminates by solving PSSB

applied to T .

A Cutting Plane Approach. The last oracle method we propose is a cutting plane
method (this type of method is presented in subsection 3.1.4 on page 87). Similarly to
program PSSB, the induced linear program is composed of two sets of constraints. Unlike
problem PSSB, one of these sets of constraints is of combinatorial size.

The first set of constraints (constraints 4.6 to 4.8) is the same as in LP PSSB. It describes
all feasible randomized strategies δr ∈ ∆r , with variables pN, where pN is the probability
that node N is reached with strategy δr .

The second set of constraints aims to represent all possible deterministic strategies
that can be played by the fictitious adversary. The value maxδ′∈∆ϕ(lδ′ , lδr ) is attained by
variable λ under the following constraints:

min λ

λ≥ ∑
T∈NT

∑
T′∈NT

pδ
TpT′ϕ(o(T),o(T′)),∀δ ∈∆
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where pδ
T is the probability with which leaf T is reached with strategy δ.

Putting together the objective function minλ and both classes of constraints, we ob-
tain the final program P CP

SSB given below.

P CP
SSB



minλ

pNr = 1

pD = ∑
N∈S (D)

pN,∀D ∈ND

p(C,N)pC = pN, ∀C ∈NC, ∀N ∈S (C)

λ≥ ∑
T∈NT

∑
T′∈NT

pδ
TpT′ϕ(o(T),o(T′)),∀δ ∈∆

pN ≥ 0,∀N ∈N

λ ∈R

(4.6)

(4.7)

(4.8)

(4.9)

We wish to solve program P CP
SSB by using a cutting plane approach. A cutting plane

algorithm makes it possible to solve a linear program involving an exponential number
of constraints to define a polyhedron P, provided there exists a separation oracle. In pro-
gram P CP

SSB, polyhedron P is defined by constraints 4.6 to 4.8 and constraints 4.9. Given
(λ,p) ∈ R|N |+1, a separation oracle should determine whether (λ,p) belongs to P or not,
and finds a separating hyperplane in the latter case. The proposed separation oracle con-
sists of a separation oracle for the polyhedron P1 defined by constraints 4.6 to 4.8 and a
separation oracle for the polyhedron P2 defined by constraints 4.9:

• The set of constraints defining polyhedron P1 is composed of a polynomial (in the
size of T ) number of constraints. Therefore, given values for variables pN,N ∈ N ,
checking if one of these constraints is violated can be done in polynomial time.

• Regarding polyhedron P2, we use the separation oracle which computes a best re-
sponse δ to the randomized strategy δr described by variables pN,N ∈N (by rolling
back the decision tree with utility values Vδr (o(T))) and checks if the corresponding
constraint is satisfied, i.e., it verifies that the following inequality holds:

λ≥ ∑
T∈NT

∑
T′∈NT

pδ
TpT′ϕ(o(T),o(T′)).

If it does hold, then constraints 4.9 are all satisfied.

Combining both oracles yields a separation oracle for polyhedron P = P1 ∩P2 , which is
polynomial time as the separation oracles for P1 and P2 are both polynomial time. There-
fore the complexity of solving P CP

SSB is polynomial (separation → optimization) by the
polynomial time equivalence of optimization and separation (Theorem 10 on page 89).
This is another proof that solving problem (R) is of polynomial complexity.

In this subsection, we have seen that solving problem (R) is of polynomial complexity
and we have explored four different methods to compute an SSB optimal mixed or ran-
domized policy. However, our intuition is that a decision maker may not accept to use a
randomized strategy.

Therefore, we now turn in the next subsection to the deterministic setting, in which we
are interested in determining a deterministic strategy which is SSB optimal within the set
of deterministic strategies. Stated differently, we will seek a deterministic strategy which
is at least as good as all other deterministic strategies with respect to the minmax rule.
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4.2.3 Optimizing the SSB Criterion in the Deterministic Setting

We now wish to compute an optimal strategy among the set of deterministic strategies.
This corresponds to solving the following optimization problem:

(D) : min
δ∈∆

max
δ′∈∆

ϕ(lδ′ , lδ) (4.10)

In this deterministic setting (D for deterministic), the problem of determining an SSB op-
timal strategy becomes much harder. In fact, the determination of an SSB optimal deter-
ministic strategy in a decision tree is an NP-hard problem, where the size of the instance
is the number of involved decision nodes.

Theorem 14. Finding an SSB optimal deterministic strategy in a decision tree (solving (D))
is an NP-hard problem.

Proof. To ease the presentation, the proof is divided into two parts. While the first part
contains all the important ideas of the proof, it proves the result with an SSB utility func-
tion which expresses intransitive preferences over the (certain) outcomes of the tree. As
this property can seem unnatural or restrictive, the second part of the proof extends the
result to an SSB utility function with transitive preferences over the outcomes of the tree.

Part 1: The proof relies on a polynomial reduction from 3-SAT, which can be stated as
follows:

INSTANCE: a set X of boolean variables, a collection C of clauses on X such that |c| = 3 for
every clause c ∈C .
QUESTION: does there exist an assignment of truth values to the boolean variables of X
that satisfies simultaneously all the clauses in C ?

Let X = {x1, . . . , xn} and C = {c1, . . . ,cm}. The polynomial generation of a decision tree from
an instance of 3-SAT is performed as follows. An example is provided in Figure 4.2. One
defines a decision node Xi for every variable xi ∈ X. Each node Xi has two children: the
first one (chance node denoted by Ti ) corresponds to the statement “xi is true” while the
second one (chance node denoted by Fi ) corresponds to the statement “xi is false”. The
subset of clauses which includes the positive (resp. negative) literal xi (resp. xi ) is denoted
by {ci1 , . . . ,ci j } ⊂C (resp. {ci ′1 , . . . ,ci ′k

} ⊂C ). For every clause cih (resp. ci ′h
) one generates a

child of Ti (resp. Fi ) denoted by cih (resp. ci ′h
). These children are terminal nodes. More-

over, one generates an additional child of Ti (resp. Fi ) denoted by c0, corresponding to
a fictive clause. Node Ti (resp. Fi ) has therefore j +1 (resp. k +1) children. One adds a
chance node C predecessor of all decision nodes xi and a decision node D as root with C
as child. Lastly, for every clause ci in C one adds a child c i to the root, a terminal node.
The obtained decision tree involves n+1 decision nodes, 2n+1 chance nodes and at most
2n(m +1)+m terminal nodes. Note that there is a bijection between the assignments of
truth values and the subset of deterministic strategies that choose chance node C at the
root. To map assignments to strategies and conversely, one sets xi = 1 in problem 3-SAT
iff edge (xi ,Ti ) is included in the strategy, and xi = 0 otherwise. An assignment such that
the entire expression is true in 3-SAT corresponds to a strategy such that every clause ci ,
i = 1. . .m is a possible outcome. To complete the reduction, we need to specify the SSB
function ϕ and the probabilities in the tree such that property (P ) holds:

(P ) If the 3-SAT formula is (resp. is not) satisfiable, then any SSB optimal determinis-
tic strategy reaches (resp. does not reach) every clause ci , for i ∈ {1, . . . ,m}, with non null
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probability.

We set the probabilities in the following way. The edges starting from C have prob-
abilities 1/n. The edges leading to leaves ci=1...m have probabilities 1/m. Thus, if ci

(i ∈ {1, . . . ,m}) is a possible outcome of a strategy then the probability of obtaining ci is
greater than 1/nm. The SSB functionϕ is defined to have the three following properties. i)
If ci (i ∈ {1, . . . ,m}) is reached with a non null probability with strategy δ then ϕ(lδ,c i ) > 0,
ii) otherwise ϕ(lδ,c i ) < 0. iii) Given two strategies δ and δ′ both containing edge (D,C),
ϕ(lδ, lδ′) = 0. Indeed, it is easy to see that i), ii) and iii) imply (P ). Those conditions are
satisfied by the SSB function ϕ defined by: ∀i , j ∈ {0, . . . ,m}, ϕ(ci ,c j ) = 0; ∀i ∈ {1, . . . ,m},
∀ j 6= i ∈ {0, . . . ,m}, ϕ(c i ,c j ) = 1; ∀i ∈ {1, . . . ,m}, ϕ(ci ,c i ) = nm; ∀i , j ∈ {1, . . . ,m}, ϕ(c i ,c j ) =
0.

Indeed, in this case, properties ii) and iii) obviously hold. To see that i) is also satisfied,
note that:

• the probability of obtaining ci is greater than 1/nm if ci is reached with a non null
probability with strategy δ;

• ϕ(c j ,c i ) =−1, ∀ j 6= i by skew symmetry.

Thus, we have:
ϕ(lδ,c i ) ≥ϕ(ci ,c i )/nm − (1−1/nm) = 1/nm > 0

where 1−1/nm is an upper bound on the probability to reach another consequence than
ci with δ.

Part 2: Part 1 of the proof uses an SSB utility function with intransitive preferences on
the outcomes of the tree (as c i Â c j Â c j Â ci Â c i ) which can seem unnatural. Thus, we
now consider another SSB utility function defined on R2 by ϕ(x, y) equal to 1 (resp. 0, −1)
if x > y (resp. x = y , x < y). The decision tree considered is the same as in the first part of
the proof, but now, terminal nodes are replaced by the following lotteries:

∀i ∈ {0, . . . ,m} : ci = (i ,0.5;−i ,0.5)

∀i ∈ {1, . . . ,m} : c i = (i −0.5, p;−i −0.5, p;m +1,1−2p)

with p ∈ (nm/(1+ 2nm),0.5). The number of terminal nodes is now upper bounded by
6n(m+1)+3m and the preferences on the clauses are now transitive. One can check that
with those changes, properties i), ii) and iii) of part 1 still hold, and therefore property
(P ) holds. Indeed, let δ be a deterministic strategy choosing node C at the root, then if
ci is not reached by δ, ϕ(lδ,c i ) = 2p −1 < 0 (as p < 0.5). Hence, property ii) holds. On the
contrary, if ci is reached with non null probability by δ then:

ϕ(lδ,c i ) ≥ 1

nm
ϕ(ci ,c i )− (1− 1

nm
)(1−2p)

= 1

nm
(p −1+2p)− (1− 1

nm
)(1−2p)

= p
1+2nm

nm
−1 > 0 (as p > nm

1+2nm
.)

Hence, property i) holds. Lastly, for all i , j ∈ {0, . . . ,m}, we have ϕ(ci ,c j ) = 0. Therefore,
for any pair δ,δ′ of deterministic strategies choosing node C at the root, ϕ(lδ, lδ′) = 0 and
condition iii) holds.
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Figure 4.2: The decision tree obtained for 3-SAT formula: (x1∨x2∨x3)∧(x1∨x3∨x4)∧(x2∨x3∨x4).

Moreover, a stronger result is that the decision problem associated to optimization
problem (D) is NP-complete which is not straightforward as it is not obvious that this
problem is in NP.

Theorem 15. The decision problem “Given α, does there exist a deterministic strategy δ
such that maxδ′∈∆ϕ(lδ′ , lδ) ≤ α?” is NP-complete.

Proof. It belongs to NP because, if an oracle provides a strategy δ, one can obtain in poly-
nomial time the value maxδ′∈∆ϕ(lδ′ , lδ) by rolling back the decision tree with utility func-
tion Vδ.

It can be proved NP-hard by using similar arguments as in the proof of Theorem 14
with α= 0. Indeed, note that in the decision tree built in this proof, we have the property:

(P ′) If the 3-SAT formula is (resp. is not) satisfiable, then there exists (resp. does not exist)
a deterministic strategy δ such that maxδ′∈∆ϕ(pδ′ , pδ) ≤ 0.

Even in the light of these negative results, problem (D) can be solved in reasonable
times for small decision tree problems. We now present a solution method to solve prob-
lem (D).
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A Mixed Integer Linear Program. To solve problem (D), we consider a Mixed Integer
Linear Program (MILP) built similarly as PSSB. This program consists of two classes of
constraints. The first class of constraints involves a set of binary variables χN describing
all deterministic strategies δ ∈∆.

χNr = 1 (4.11)

χD = ∑
N∈S (D)

χN,∀D ∈ND (4.12)

χC = χN, ∀N ∈S (C), ∀C ∈NC (4.13)

χN ∈ {0,1},∀N ∈N (4.14)

The strategy δ (more precisely, its incidence vector χδ) can be recovered from variables
χN by using equation χδ(D,N) = χN for each edge (D,N) ∈ ED. Note that variables χN do
not represent probabilities. They are binary values indicating if the deterministic strategy
δ described by variables χN reaches node N with non-zero probability. The probability
with which node N is reached with strategy δ can be obtained by computing the product
χNP(N) where P(N) is the product of all probabilities on the path from the root node Nr to
node N.

Similarly as in the linear program PSSB, the second class of constraints aims to deter-
mine maxδ′∈∆

∑
x∈X lδ′(x)Vδ(x) (i.e., determining the intensity of preference induced by a

best response to δ). As already noted, this value can be computed by rolling back the de-
cision tree, which amounts to satisfy the following Bellman’s equations, where qN denotes
the EU value in node N according to utility function Vδ defined by Vδ(x) =ϕ(x, lδ):

min qNr

qT = Vδ(o(T)),∀T ∈NT

qC = ∑
N∈S (C)

p(C,N)qN,∀C ∈NC

qD ≥ qN,∀N ∈S (D), ∀D ∈ND

qN ∈R,∀N ∈N

We have therefore qNr = maxδ′∈∆
∑

x∈X lδ′(x)Vδ(x). Note that as lottery lδ returns o(T′)
with probability χT′P(T′), we have ϕ(o(T), lδ) = ∑

T′∈NT χT′P(T′)ϕ(o(T),o(T′)). Putting to-
gether the objective function min qNr and both classes of constraints, and replacing val-
ues Vδ(o(T)) by the expressions

∑
T′∈NT χT′P(T′)ϕ(o(T),o(T′)), we obtain the final program

MILPSSB.

MILPSSB



min qNr

χNr = 1

χD = ∑
N∈S (D)

χN,∀D ∈ND

χC = χN, ∀N ∈S (C), ∀C ∈NC

qT = ∑
T′∈NT

χT′P(T′)ϕ(o(T),o(T′)),∀T ∈NT

qC = ∑
∀N∈S (C)

p(C,N)qN,∀C ∈NC

qD ≥ qN,∀N ∈S (D), ∀D ∈ND

χN ∈ {0,1},∀N ∈N ,

qN ∈R,∀N ∈N ,
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Note that the relaxed version of this MILP also solves (R) but is less elegant than PSSB

due to the values {P(T) : T ∈NT} that have to be computed.

In this subsection, we have seen that solving optimization problem (D) is NP-hard for
general SSB utility functions. A natural question is then: "does there exist a subclass of
SSB (wider than EU) for which (D) is of polynomial complexity?". In the next subsection,
we answer positively this question by considering the WEU model.

4.2.4 Optimizing the WEU Criterion

We now turn to the special case of the WEU model. We recall that the WEU model is a sub-
class of the SSB model in which function ϕ takes the form ϕ(x, y) = u(x)w(y)−u(y)w(x),
where w is a strictly positive function1. Let δ and δ′ be two strategies, then according to
the WEU model, we have:

lδ º lδ′ ⇔
∑

x∈X

∑
y∈X

lδ(x)lδ′(y)(u(x)w(y)−u(y)w(x)) ≥ 0

⇔
( ∑

x∈X

lδ(x)u(x)

)( ∑
y∈X

lδ′(y)w(y)

)
≥

( ∑
x∈X

lδ(x)w(x)

)( ∑
y∈X

lδ′(y)u(y)

)

⇔
∑

x∈X lδ(x)u(x)∑
x∈X lδ(x)w(x)

≥
∑

y∈X lδ′(y)u(y)∑
y∈X lδ′(y)w(y)

(as w > 0) (4.15)

Thus, as shown by Equation 4.15, with the WEU model, each strategy δ can be valued
by the ratio u(lδ)/w(lδ) and solving a decision tree reduces to the optimization prob-
lem maxδ∈∆̃u(lδ)/w(lδ). Indeed, a strategy realizing this maximum will be preferred to all
other strategies and will therefore be a WEU optimal strategy (by Proposition 9). Note that
(differently from the SSB model) the WEU model always entails transitive preferences.

We first show that, with the WEU criterion, solving optimization problem (D) is equiv-
alent to solving optimization problem (R).

Let ∆ = {δ1, . . . ,δn}. For any strategy δ ∈ ∆r , (as L̃ = Lr ) there exists positive λi ’s
summing up to 1 such that lδ =

∑n
i=1λi lδi . By bilinearity of ϕ, we have:

ϕ(lδ j ,
∑

i
λi lδi ) =

n∑
i=1

λiϕ(lδ j , lδi ) ∀ j ∈ {1, . . . ,n} (4.16)

Let δ∗ be a deterministic strategy which is WEU optimal within the set of deterministic
strategy. By transitivity of preferences, we have ϕ(lδ∗ , lδi ) ≥ 0 for all i . Hence, by positivity
of λi ’s, we can deduce that ϕ(lδ∗ ,

∑
i λi lδi ) ≥ 0 and therefore δ∗ is preferred to any ran-

domized or mixed strategy. Thus, by Proposition 9, δ∗ is an optimal strategy for problem
(R).

Conversely, consider an optimal strategy δr ∈ ∆r for problem (R). Let lδr =
∑

i λi lδi .
In Equation 4.16, by optimality of δr , we should have

∑n
i=1λiϕ(lδ, lδi ) ≤ 0 for all δ ∈ ∆.

Let δ∗ be an optimal deterministic strategy. By transitivity of preferences, we have that
ϕ(lδ∗ , lδi ) ≥ 0 for all i , and therefore λiϕ(lδ∗ , lδi ) = 0 for all i . Consequently, λi > 0 ⇒
ϕ(lδ j , lδi ) = 0. Stated differently, it means that all deterministic strategies δi such that
λi > 0 are optimal for problem (D). These results are summarized in Theorem 16.

1We suppose here that the set of lotteries that can be defined over X has both maximally preferred and
minimally preferred elements, or has neither, which is not a very restrictive assumption.
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Theorem 16. For any sequential decision problem under risk represented as a decision tree
T , a WEU-optimal strategy exists as a deterministic strategy. Stated differently:

min
δ∈∆r

max
δ′∈∆

ϕ(lδ′ , lδ) = min
δ∈∆

max
δ′∈∆

ϕ(lδ′ , lδ)

if ϕ is consistent with the WEU model. As a consequence, in that case, solving optimiza-
tion problem (D) solves optimization problem (R). Furthermore, given an optimal mixed
strategy, its support consists only of optimal deterministic strategies.

We now show how to compute a WEU optimal deterministic strategy. As shown by
Equation 4.15, solving (D) with the WEU model reduces to the optimization problem
maxδ∈∆u(lδ)/w(lδ). This problem can be solved by using program PSSB, without any
supplementary calculation. Indeed, note that at optimum of program PSSB, variables
pN,N ∈ N describe an optimal randomized strategy δr (which therefore maximizes the
ratio u(lδ)/w(lδ)) and variables qN describe a deterministic strategy δ which is a best re-
sponse to δr . It is then easy to realize that the deterministic strategy δ must be a WEU
optimal strategy. Indeed, by definition of best response:

ϕ(lδ, lδr ) ≥ϕ(lδr , lδr ) = 0.

By replacing ϕ by its expression (i.e., ϕ(x, y) = u(x)w(y)−u(y)w(x)), we obtain:

u(lδ)

w(lδ)
≥ u(lδr )

w(lδr )
= max
δ′∈∆r

u(lδ′)

w(lδ′)
.

Thus, strategy δ is a WEU optimal deterministic strategy.
As solving the linear program PSSB is a polynomial time problem, we can conclude

that solving (D) with the WEU model is also a polynomial time problem.

Theorem 17. Finding a WEU optimal deterministic strategy (solving both (D) and (R)) is
a problem of polynomial complexity.

However, more efficient solution methods can be designed by resorting to fractional
programming. Indeed, as functions u and w are linear with respect to mixtures of prob-
abilities, the determination of a WEU optimal deterministic strategy can be identified as
a fractional version of a standard decision tree problem. This fractional programming
problem can be written as the following mathematical program:

max
pN:N∈N

∑
T∈NT χTP(T)u(o(T))∑
T∈NT χTP(T)w(o(T))

(4.17)

χNr = 1 (4.18)

χD = ∑
N∈S (D)

χN,∀D ∈ND (4.19)

χC = χN, ∀N ∈S (C), ∀C ∈NC (4.20)

χN ∈ {0,1},∀N ∈N (4.21)

where variables χN,∀N ∈N describe all deterministic strategies and where the value P(T)
is the product of all probabilities on the path from the root node Nr to the leaf T.

As a consequence, solution methods from fractional programming can be used (these
methods are described in section 3.2 on page 90), as Megiddo’s method [Megiddo, 1979]
and Dinkelbach’s method [Dinkelbach, 1967]. Both methods return a WEU optimal strat-
egy which is deterministic. In both methods, the oracle O consists in solving the deci-
sion tree with a utility function Vλ of the form Vλ(x) → u(x)−λw(x). A run of the oracle
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can be performed in linear time by rolling back the decision tree with utility function Vλ.
Megiddo’s method for the rolling back algorithm relies on the redefined sum, comparison,
and multiplication by a scalar operations described on page 90.

Algorithmic complexity of the methods.
As the oracle O is linear time, both Megiddo’s method and Dinkelbach’s method are

polynomial in the number of decision nodes of the decision tree. This is another proof
that solving a decision tree w.r.t. to the WEU model is a polynomial time problem. Let
us precise the complexity of Megiddo’s method for solving decision trees with the WEU
model. As the number of comparisons of lotteries in the rolling back method is up-
per bounded by |NC| + |NT|, the number of standard rolling back methods (in O(|N |))
launched by Megiddo’s method to find a WEU optimal strategy is also upper bounded by
|NC|+ |NT|. The complexity of the method is therefore O(|N 2|).

Initialization of the methods.
Megiddo’s method maintains two parameters λl and λu that represent a lower and

an upper bound on the optimal value of the fractional optimization problem. The initial
values of variables λl and λu may impact the performance of the method. A “good” ini-
tialization can be obtained by computing an optimal deterministic strategy δu (resp. δw )
maximizing (resp. minimizing) EU with utility function u (resp. w). Variable λl can then
be set to u(δu)/w(δu) and variable λu to max{0,u(δu)/w(δw )}.

Dinkelbach’s method works by generating a sequence of strategies (δt )t∈N such that
δt+1 Â δt . The initial strategy δ0 can be any feasible strategy in ∆. A “good” choice of δ0

may increase the efficiency of the approach. For instance, δ0 can be chosen as an optimal
EU strategy according to utility function V0 = u.

4.2.5 Numerical Tests

We now present the results of our numerical test2.
Random instances. Our tests were performed on complete binary decision trees. The

height of these decision trees varies from 5 to 20 (21 to 349525 decision nodes), with an
alternation of decision nodes and chance nodes. At every terminal node T, outcome o(T)
is uniformly drawn in interval [0,500]. The mapping u (resp. w) from [0,500] to [0,100]
(resp. [1,100]) is randomly generated while enforcing nondecreasingness (resp. nonin-
creasingness). Imposing these monotonicity conditions on u and w ensures that v = u/w
is a nondecreasing function of outcomes. Table 4.2 presents the performances of Dinkel-
bach’s method and Megiddo’s method (denoted by DIN and MEG from now on) as the
height of the decision tree increases. For each height level, we give the average compu-
tation time over 50 instances in seconds as well as the average number of times the sub-
routine rolling back the decision tree for a given utility function Vλ was used. Initialization
of both methods where performed as described in the previous section.

The results show that both methods are very efficient, solving trees of height 20 in less
than 1 sec (resp. 4 sec) for DIN (resp. MEG ). Method DIN seems to perform best as it
requires to launch less sub-routine algorithms.

To measure the impact of the quality of the initialization, we computed the same
results for these two methods launched with weak initializations. They are denoted by
DINWI and MEGWI in the table (WI for weak initialization). While DINWI is initialized with

2All methods were implemented in C++ using Gurobi version 5.6.3 to solve the LPs. All times are wall-
clocked on a 2.4 GHz Intel Core i5 machine with 8G main memory.
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height 5 10 15 20

DIN time (sec) <0.001 <0.001 0.019 0.91

nbsr 2.2 2.98 3.1 3.66

DINWI time (sec) <0.001 <0.001 0.019 0.789

nbsr 3.04 3.72 4.06 4.24

MEG time (sec) <0.001 <0.001 0.039 3.572

nbsr 2.02 2.74 5.52 14.38

MEGWI time (sec) <0.001 0.001 0.074 4.77

nbsr 0.52 6.02 11.02 19.16

Table 4.2: Computation times for WEU, and number of sub-routines launched (nbsr in the table).

a random initial strategy δ0, MEGWI starts with the loose lower and upper bounds λl = 0
and λu = u(500)/w(0).

We observe that a weak initialization does not seem to highly impact the performance
of the two methods (DINWI even achieves better performances than DIN on decision trees
of height 20).

We also tested our algorithms determining an SSB optimal randomized strategy on
the same trees, with SSB utility function ϕ defined by ϕ(x, y) = 1 (resp. 0,-1) if x > y (resp.
x = y , x < y). Note that (as illustrated by Example 44), this function may model intran-
sitive preferences. The results are given in Table 4.3 for our LP PSSB, our double oracle
algorithm (denoted by DO) and our polynomial variant of the double oracle algorithm
(denoted by DOP). The computation times are averaged over 50 instances. The compu-
tation times of PSSB exponentially increase with the height of the tree, raising from 2.239
seconds for height 10 to 53.741 seconds for height 12. This is not surprising as |N | (and
thus the number of variables in PSSB) exponentially increases with the height of the tree.
For this reason, PSSB was not run for decision trees with height superior to 12. Methods
DO and DOP seem much more scalable, solving decision trees with height going up to
16 in less than 24 (resp. 3) seconds. On these decision trees, DOP outperformed the two
other methods.

height 6 8 10 12 14 16
PSSB 0.007 0.115 2.239 53.741 - -
DO 0.002 0.004 0.020 0.160 1.742 23.053

DOP 0.001 0.004 0.012 0.059 0.260 2.003

Table 4.3: Computation times for SSB.

Application to Who wants to be a millionaire? Who wants to be a millionaire? is a
popular game show, were a contestant must answer a sequence of 15 questions with 4
possible answers. The questions enable the contestant to earn increasing sums of money
but are also of increasing difficulty. If the answer given is wrong then the contestant leaves
the game with no money except what was earned at the last guarantee point (questions
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model 1 model 2
DIN time (sec) 0.017 73.307

nbsr 2.5 2.4
MEG time (sec) 0.036 104.1

nbsr 4.1 2.6

Table 4.4: Computation times and number of sub-routines (nbsr in the table) launched for meth-
ods DIN and MEG .

5 and 10). At each question, the contestant can also decide to stop. She then leaves with
the money won so far. We used the Spanish version of the game modeled by Perea and
Puerto [2007], where the monetary values of the questions range from 150e (question
1) to 300000e (question 15). Lastly, the contestant has three lifelines that can be used
once during the game: Phone a friend, 50:50, and Ask the audience. We tested our solu-
tion methods for two models of this game. While model 1 (which contains around 70000
nodes) is the original one proposed by Perea and Puerto, model 2 (which contains around
80 million nodes) is a refinement proposed by Jeantet and Spanjaard [2008] to take into
account the fact that the candidate may or may not (with a certain probability) know the
answer to a given question. The results are averaged over 20 instances where functions of
the form u = xα and w = 300001β− xβ were used. For each instance, parameters α and β
were uniformly sampled in (0,1). Our numerical results are given in Table 4.4. We observe
that both methods DIN and MEG are efficient and that they require very few calls to their
sub-routine.

Let us summarize the results of this section. We have seen that an SSB optimal strat-
egy can always be found as a randomized strategy which can be determined in polyno-
mial time. However, we also proved that finding an optimal strategy among deterministic
strategies is an NP-hard problem. We have formulated the optimization of an SSB util-
ity function in decision trees as the search for a Nash equilibrium in a specific zero-sum
two-player symmetric game. This analysis enabled us to design a linear programming ap-
proach, a double oracle approach as well as a cutting plane approach. Regarding the WEU
model, we have seen that a WEU optimal strategy can always be found as a determinis-
tic strategy, which can be determined in polynomial time with fractional programming
methods. Lastly, we gave some numerical results showing the practicality of the proposed
approaches.

We now turn to another representation of sequential decision problems, namely finite
horizon MDPs, and show how our results can be extended to this more compact repre-
sentation.

4.3 Optimizing the SSB and WEU Models in Finite Horizon
MDPs

In this section, we study the optimization of the SSB and WEU models in finite horizon
MDPs. In the literature, several other non-standard decision criteria have also been in-
vestigated with this representation of sequential decision problems under risk. We begin
by briefly describing these previous works.
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4.3.1 Related Work

In the MDP literature, the three criteria expected discounted sum of rewards, expected to-
tal rewards or expected average rewards are prominent. However, many other models have
been considered [Boussard et al., 2010]. One important reason to investigate other deci-
sion criteria is that the prominent criteria are not risk sensitive. Indeed, all three of them
are based on expected values. Thus, they can compensate very low values by very high
ones and favor solutions for which the variance is very high. To address this problem, nu-
merous solutions have been investigated. We mention some of them below.

Variance-penalized criteria. Firstly, one can add a term in the decision criterion or
a constraint which penalizes policies with high variance. This solution was investigated
by White [1987] and more recently by Prashanth and Ghavamzadeh [2013] and Mannor
and Tsitsiklis [2011], who provided algorithms for mean-variance formulations of MDPs
(i.e., maximizing the expected cumulated reward while ensuring an upper bound on the
variance). Additionally, Filar et al. [1989] investigated decision criteria that are variance-
penalized versions of the standard ones. They formulated the obtained optimization
problem as a non-linear program.

Threshold objective or quantile criteria. Other criteria that favor low risk policies can
be found. For instance, one can try to optimize the probability that the total (discounted)
reward exceeds a given threshold. This optimization problem was investigated by numer-
ous researchers [Bouakiz and Kebir, 1995; Fan et al., 2005; Hou et al., 2014; Ohtsubo and
Toyonaga, 2002; White, 1993; Wu and Lin, 1999; Yu et al., 1998]. Alternatively, recent works
on MDPs and reinforcement learning have considered conditional Value-at-risk (CVaR),
a criterion related to quantiles, as a risk measure. Bäuerle and Ott [2011] proved the ex-
istence of deterministic wealth-Markovian3 policies optimal with respect to CVaR. Chow
and Ghavamzadeh [2014] proposed gradient-based algorithms for CVaR optimization. In
contrast, Borkar and Jain [2014] used CVaR in inequality constraints instead of as objec-
tive function.

Decision theoretic criteria. Lastly, researchers tried to use risk-sensitive models from
decision theory as EU. The most popular type of utility functions for MDPs is the expo-
nential one. Indeed, it is well known that the standard methods to solve MDPs can easily
be adapted to this setting [Koenig and Simmons, 1994]. If another type of utility func-
tion is used, the problem becomes more difficult and a state space augmentation is re-
quired [Iwamoto, 2004; Spanjaard and Weng, 2013]. This was first noticed by White [1987],
who considered EU of the total cumulated rewards as decision criterion for MDPs. This
problem was thoroughly investigated in the thesis of Liu [Liu and Koenig, 2006, 2008; Liu,
2005]. Researchers extended this problem to the case of constrained-MDP [Ermon et al.,
2012; Kadota et al., 2006].

The work we present in this section is closest to this last line of research about decision
theoretic criteria. As the SSB model extends the EU model, this work extends the work on
risk-sensitive MDPs with EU while allowing for more general preferences on the set of
policies.

3a wealth-Markovian policy is a Markovian policy in the MDP where the state space is augmented by the
cumulated rewards obtained so far. This notion will be further explained in this chapter.
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4.3.2 Optimizing the SSB Criterion in the Randomized Setting

We now show how to extend the results of section 4.2 when the sequential decision prob-
lem under risk is represented as a finite horizon MDP (this representation of sequential
decision problems is detailed in subsection 2.2.2). Decision trees can be seen as specific
finite horizon MDPs. As a consequence, determining an optimal policy among the deter-
ministic policies is an NP-hard problem (Theorem 14). Thus, in this section, we will focus
on the randomized setting.

In this section, we model the problem of computing an SSB optimal policy in a finite
horizon MDP as the search for a Nash equilibrium in a zero-sum two-player symmetric
game defined by the MDP and the SSB utility function ϕ. The set of pure strategies in
this game is the set of deterministic policies after transforming the given MDP in an “aug-
mented” MDP [Liu, 2005], and the payoff function is inferred from the SSB utility function.
The set of deterministic policies is combinatorial in nature, which makes impractical the
generation of the whole payoff matrix of the game. For this reason, to solve the game, we
resort to the double oracle method presented in subsection 3.1.3 (on page 85).

We now specify the setting of MDPs that we will study in this section.

Background. In this section, we study finite horizon MDPs with finite state and action
spaces. An MDP is formally defined by M = (T,S ,A ,P ,c) where:

• T, a finite positive integer, is the time horizon;

• S is a finite collection of states, one of which is designated as the initial state and is
denoted by s0;

• A = {As |s ∈S } is a collection of finite sets of possible actions, one set for each state;

• P = {P t |t = 0, . . . ,T−1} is a collection of transition probabilities where P t (s′|s, a) is
the probability that the state at time step t +1 is s′ given that the state at time step t
was s and that we have performed action a;

• c = {ct |t = 0, . . .T−1} is a collection of reward functions where ct (s, a, s′) is the reward
obtained if the state at time step t +1 is s′ given that the state at time step t was s
and that we have performed action a.

To illustrate our notations on a voluntarily simple sequential decision problem, we (arti-
ficially) modify the Rowett dice paradox recalled in Example 44.

Example 45 (One-agent sequential variant of Rowett dice). An agent has first to choose
whether she wants to throw (action a1) or not (action a′

1) die A; if she does not throw die A,
she needs to choose between die B (action a2) or C (action a3). Whatever die is chosen, we
distinguish two cases: success (state s3) if one of the advantageous faces of the die is rolled
(e.g., a face 4 for die A), or failure (state s2) otherwise.

The decision problem can be modeled by the MDP represented in Figure 4.3 with T =
2,S = {s1, s′1, s2, s3},A = {{a1, a′

1}, {a2, a3}, {a4}, {a5}} and where c1,c2 and c3 are the chance
nodes induced by P . The values ct (s, a, s′) |P t (s′|s, a) (that do not depend on t in this ex-
ample) are shown along the edges. In this MDP, the reward functions ct (s, a, s′) take value
in {0, · · · ,6}.
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Figure 4.3: The MDP in Example 45.

During one episode of the sequential decision problem, the agent realizes a T-history,
i.e., a sequence of T state-action pairs, hT = (s0, a0, s1, . . . , sT−1, aT−1, sT). Each episode is
valued by the wealth level (i.e., sum of cumulated rewards) of the agent at the end of the
episode ρT = ∑T−1

i=0 ci (si , ai , si+1). We will denote by W the finite set of possible wealth
levels that can be obtained in the MDP and by WT ⊆ W the set of possible final wealth
levels. The values in WT are the possible outcomes of the finite horizon MDP.

The goal of the agent is to determine a policy, i.e., a procedure to select an action in
each possible situation. We recall that a policy π at an horizon T is a sequence of T deci-
sion rules (δ0, . . . ,δT−1). A decision rule δt is a function which prescribes the action that
the agent should perform at time step t according to the current situation. A decision rule
can be history-dependent, meaning that it takes as argument the entire history generated
so far, or Markovian if it only takes as argument the current state. Moreover, a decision
rule is either deterministic if, given an argument, it always selects the same action, or ran-
domized if it prescribes a probability distribution over possible actions. A policy can be
history-dependent, Markovian, deterministic or randomized according to the type of its
decision rules.

We use the notations of Table 4.5 for the sets of the different types of policies. Impor-
tantly, given a set Π = {π1,π2, . . .} of policies, we define an enlarged set Π̃ of policies, that
denotes the set consisting of mixtures of policies, i.e., Π̃= {π̃=(π1,α1;π2,α2; . . .) :

∑
i αi =1,

αi ≥ 0}, where π̃ is the mixed policy that randomly selects policy πi with probability αi and
follows it thereafter.

Markovian history-dependent
deterministic Πt

s Πh

randomized Πt
s,r Πh,r

Table 4.5: Policy Notations

Each policy π induces a lottery lπ over possible final wealth levels and the SSB utility
functionϕ of the agent defines a preference relation on lotteries over WT. Hence, compar-
ing policies according to the SSB model reduces to comparing their induced lotteries over
WT:

π%π′ ⇔ ϕ(lπ, lπ′) ≥ 0 (4.22)

ϕ(lπ, lπ′) =
∑
ρ∈WT

∑
ρ′∈WT

lπ(ρ)lπ′(ρ
′)ϕ(ρ,ρ′) (4.23)

where lπ(x) denotes the probability of obtaining a final wealth level of value x when apply-
ing policy π. In our setting, the preference relation% induces the following optimization
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problem:
(R) : min

π∈Π̃h,r

max
π′∈Π̃h,r

ϕ(lπ′ , lπ). (4.24)

Put another way, a policy is evaluated by the maximal intensity with which another policy
is preferred to it, and we look for the policy with minimal evaluation among all policies in
Π̃h,r .

We now investigate if an optimal policy can always be found in a more specific set of
policies. For instance, with the total cumulated reward criterion an optimal policy can
always be found in Πt

s . Could this property also hold for the SSB criterion? The answer is
no and in fact an optimal SSB policy does not always exists in the sets of policies Π̃t

s and
Πt

s,r . One reason for this negative result is that, as the preference relation over policies de-
pends in a complex manner on wealth levels, optimal policies will also depend on them.
We support this claim in the following example:

Example 46. Consider the finite horizon MDP represented in Figure 4.4 with T = 3, S =
{s1, . . . , s8}, A = {{a1}, {a2}, {a3}, {a4, a5}, {a6}, {a7}, {a8}, {a9}} and where c1, c2 and c3 are the
chance nodes induced by P . The values ct (s, a, s′)|P t (s′|s, a) (that do not depend on t in
this example) are shown along the edges. The set of possible rewards that can be obtained in
this MDP is {0,2,4,5,7,9} and the set of possible final wealth levels WT is {2,5,6,9,11,12,14}.

For any deterministic Markovian policy, the induced lottery over final wealth levels is
here completely determined by the choice of the action to realize in state s4 (i.e., a4 or a5) at
time step 2. We denote byπ1 (resp. π2) a policy inΠt

s choosing a4 (resp. a5) in such situation.
In this example, for any randomized or mixed Markovian policy, there exists a mixture ofπ1

and π2 that yields the same lottery over WT. The lotteries over WT induced by these two poli-
cies are lπ1 = (6,0.2;9,0.5;12,0.3) and lπ2 = (2,0.25;5,0.25;11,0.25;14,0.25). Now consider
the wealth-dependent policy πρ which chooses a4 in s4 when the wealth level in this state is
5, and a5 otherwise. The lottery over WT induced byπρ is lπρ = (2,0.25;9,0.2;11,0.25;12,0.3).

We wish to determine a policy which maximizes the probability Gπ(11) of yielding a
final wealth level greater than or equal to 11. We recall that this decision criterion is a
special transitive case of SSB with ϕ defined by ϕ(x, y) = 1x≥11 − 1y≥11 where 1x≥11 equals
1 if x ≥ 11 and 0 otherwise. Therefore, with this ϕ function, determining an SSB optimal
policy reduces to determining a policy π maximizing Gπ(11).

We have, Gπ1 (11) = 0.3, Gπ2 (11) = 0.5 and Gπρ(11) = 0.55. Hence, by linearity of Gπ(11)

with respect to mixtures of policies, πρ is strictly better than all policies in Π̃t
s and Πt

s,r .

s1

start

s2

s3

s4

s5

s6

s7

s8

c1

c2

c3

a1
2|0.5

5|0.5

a2,0|1

a3,0|1

a4

a5

7|0.6

4|0.4

0|0.5

9|0.5

a6,0|1

a7,0|1

a8,0|1

a9,0|1
Figure 4.4: The MDP in Example 46.

This example proves that, in general the optimal policies will depend on the history
generated so far, at least through the wealth levels. For this reason, we incorporate the
wealth levels in the state space. Following Liu and Koenig [2008], we transform the given
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MDP into an augmented MDP whose states are pairs (s,ρ) where s is a state of the original
MDP and ρ ∈W a wealth level attainable by executing actions in the given MDP.

Example 47. We illustrate the notion of augmented MDP on our modified Rowett dice
problem, represented in Figure 4.3. The augmented MDP is represented in Figure 4.5.

s1,0
start

c1s′1,0

s2,1

s3,4c2 s2,3s3,6

c3 s2,2s3,5

a1

a′
1

a3

a2

a4,0|1

a5,0|1

1|1
6

4|5
6

3|5
6

6|1
6

a4,0|1a5,0|1

2|1
25|1

2

a4,0|1a5,0|1

Figure 4.5: The augmented MDP in Example 47.

To avoid any confusion, we denote by s = (s,ρ) a state in the augmented MDP. For
instance, Πt

s
(resp. Πt

s,r
) denotes the set of deterministic (resp. randomized) Markovian

policies in the augmented MDP. We will say that these policies are wealth-Markovian.

Definition 38. A policy is said to be wealth-Markovian if its decision rules are functions
of both the current state and the current wealth level. Stated differently, these policies are
Markovian in the augmented MDP.

Wealth-Markovian policies make it possible to find a compromise between history-
dependent policies and Markovian policies as illustrated in the lattice of Figure 4.6, where
an arrow goes from a more general class of policies to a more specific class of policies.

Πh,r

ΠhΠt
s,r

Πt
sΠt

s,r

Πt
s

Figure 4.6: The relationships between wealth-Markovian policies and the other classes of policies.

Let S T ⊆ S ×WT be the set of final states in the augmented MDP. We recall that the
preference relation over policies only depends on the lotteries induced by policies over
final wealth levels. Now, in the augmented MDP, these lotteries only depend on the lotter-
ies induced over final states. These lotteries can be computed in the following way. Recall
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that in any MDP, a policy induces a lottery over episodes and a fortiori over final states.
The lottery over final states induced by a policy can be easily computed by a standard dy-
namic programming procedure. In the augmented MDP, we denote by lfs

π the lottery over
final states induced by policy π, such that lfs

π (s) is the probability of being in the state s at
the end of an episode with policy π. Assuming a lottery over final states lfs

π has been com-
puted, then the associated probability distribution lπ over final wealth levels can simply
be obtained by marginalization:

lπ(ρ) = ∑
s=(s,ρ′)∈S T :ρ′=ρ

lfs
π (s).

Collins and McNamara [1998] showed that, provided we are only interested in the
probabilities of the final states (in the augmented MDP), it is not a restrictive assump-
tion to focus on mixed policies in Π̃t

s
or on randomized policies in Πt

s,r
(this is similar to

Theorem 12). Indeed, they showed that for any mixed policy π̃ in Π̃h,r there exist a mixed
policy π̃′ in Π̃t

s
and a randomized policy πr in Πt

s,r
such that lfs

π̃ = lfs
π̃′ and lfs

π̃ = lfs
πr

.
In particular, a randomized policy πr corresponding to any mixed policy π̃ = (π1,α1;

π2,α2; . . .) ∈ Π̃h,r is obtained by using the following equation [Strauch and Veinott, 1966]:

P(at = a|st = s,π) =
∑

i αiP(st = s, at = a|πi )∑
a′∈As (

∑
k αkP(st = s, at = a′|πk ))

Consequently, in the remainder of the section, we focus either on policies in Π̃t
s

or on
policies in Πt

s,r
in the augmented MDP as:

min
π∈Π̃h,r

max
π′∈Π̃h,r

ϕ(lπ′ , lπ) = min
π∈Πt

s,r

max
π′∈Πt

s,r

ϕ(lπ′ , lπ)

= min
π∈Π̃t

s

max
π′∈Π̃t

s

ϕ(lπ′ , lπ). (4.25)

Determining an optimal policy for the SSB criterion is not straightforward as the SSB
criterion does not respect Bellman’s principle of optimality. Therefore a dynamic pro-
gramming procedure cannot be used directly and we turn to a game-theoretic analysis of
the problem of identifying an SSB-optimal policy from the initial state.

A Game Theoretic Analysis. When an MDP and a time step T are fixed, Equations 4.22
and 4.23 induce a zero-sum two-player symmetric game where the set of pure strategies is
the set of wealth-Markovian deterministic policies (i.e., Πt

s
). Finding a Nash equilibrium

of this game solves the optimization problem (R) recalled in Equation 4.25. In this game,
each player i ∈ {1,2} chooses simultaneously a strategy πi which can be deterministic (i.e.,
πi ∈Πt

s
) or mixed (i.e., πi ∈ Π̃t

s
). The resulting payoff is then given by ϕ(lπ1 , lπ2 ).

In a zero-sum two-player symmetric game, it is well-known that there exists a sym-
metric Nash equilibrium. The following holds for such a Nash equilibrium (π∗,π∗):

∀π ∈ Π̃t
s , ϕ(lπ∗ , lπ) ≥ϕ(lπ∗ , lπ∗) = 0,

which implies ∀π ∈ Π̃h,r , ϕ(lπ∗ , lπ) ≥ 0.

In fact, this property will hold for any optimal policy in Π̃h,r for problem (R).

Proposition 10. A policy π ∈ Π̃h,r is an optimal solution of problem (R) iff:

∀π′ ∈ Π̃h,r , ϕ(lπ, lπ′) ≥ 0.
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Proof. Note that as ∀π ∈ Π̃h,r ,ϕ(lπ, lπ) = 0, the optimal value of problem (R) is lower
bounded by 0. We have just seen that this value was reached by any (possibly mixed)
policy π̃ ∈ Π̃t

s
such that (π̃, π̃) is a symmetric Nash equilibrium of the game induced by the

finite horizon MDP and ϕ. Therefore, the optimal value of (R) is 0 and a policy π ∈ Π̃h,r is
an optimal solution of problem (R) iff:

max
π′∈Π̃h,r

ϕ(lπ′ , lπ) = 0,

⇔∀π′ ∈ Π̃h,r , ϕ(lπ, lπ′) ≥ϕ(lπ, lπ) = 0.

Hence, an SSB optimal policy has the desirable property of being preferred to all other
policies. We aim to compute a Nash equilibrium (π∗,π∗) of the game on policies charac-
terized by payoff function ϕ since strategy π∗ will be an SSB optimal policy in the MDP.
However, note that the size of Πt

s
is combinatorial in nature, which prohibits solving the

game directly. We address this issue by resorting to the double oracle method [McMahan
et al., 2003] described in subsection 3.1.3 (on page 85).

To use this double oracle method, a best response oracle O needs to be instantiated.
This procedure should find a policy which is a best response to a fixed policy π̃. This prob-
lem can be seen as the problem of solving the MDP according to EU with utility function
Vπ̃ defined by Vπ̃(x) =ϕ(x, lπ̃) and amounts to taking π̃ as a reference point.

Solving this problem can be performed by using the following reward function, de-
noted by c π̃t , in the augmented MDP:

c π̃t ((s,ρ), a, (s′,ρ′)) = 0 for t < T−1

c π̃T−1((s,ρ), a, (s′,ρ′)) =ϕ(ρ′, lπ̃)

Indeed, using this reward function, maximizing the standard expectation of total reward
criterion is equivalent to maximizingϕ(lπ, lπ̃). A policy maximizingϕ(lπ, lπ̃) can therefore
be found by a standard backward induction in the augmented MDP endowed with the
reward function c π̃t . It returns a deterministic wealth-Markovian policy (i.e., a policy in
Πt

s
).

Example 48. Coming back to the sequential Rowett dice example, we show how to find a
best response to the policy π̃ that chooses die A with probability 1. Assume that one uses the
probabilistic dominance criterion, i.e., ϕ(x, y) = 1 (resp. 0, −1) if x > y, (resp. x = y, x < y).
In this example, W =WT = {1,2, . . . ,6} and lπ̃ = (1, 1

6 ;2,0;3,0;4, 5
6 ;5,0;6,0). To determine the

reward function, we compute the values {ϕ(ρ, π̃) : ρ ∈WT}:

ϕ(1, π̃) =−5

6
, ϕ(2, π̃) =−4

6
, ϕ(3, π̃) =−4

6
,

ϕ(4, π̃) = 1

6
, ϕ(5, π̃) = 1, ϕ(6, π̃) = 1

Determining O (π̃) amounts then to computing the policy maximizing the expectation of
total reward in the augmented MDP represented in Figure 4.5, in which the reward function
is replaced by:

c π̃0 ((s,ρ), a, (s′,ρ′)) = 0

c π̃1 ((s,ρ), a, (s′,ρi )) = (−5

6
,−4

6
,−4

6
,

1

6
,1,1).ei

131



CHAPTER 4. SEQ. DECISION PROBLEMS UNDER RISK WITH SSB UTILITIES

where we denote by ρi the i th smallest value in WT and by ei the i th canonical vector. Un-
surprisingly, the policy obtained prescribes to play die C.

A double oracle approach. In our setting, the double oracle approach is implemented
by the procedure described in Algorithm 8. Note that some simplifications arise due to the
fact that the game is symmetric:

• Firstly the game only maintains one set of strategies Π′ ⊆Πt
s

(for both players) and
runs the oracle only once per iteration. The oracle O finds a best response π to
the policy π̃ given by a symmetric Nash equilibrium (π̃, π̃) in the restricted game
M(Π′,Π′), where M denotes the payoff matrix of the game induced by the finite hori-
zon MDP and by ϕ.

• Secondly the stopping condition is simplified to test if ϕ(lπ, lπ̃) ≤ 0. Indeed, by
Proposition 10, this condition (which occurs if the oracle computes a strategy which
is already in Π′) is sufficient to ensure that π̃ is an optimal SSB policy.

Algorithm 8: Double oracle algorithm to solve problem (R) in finite horizon MDP

Data: Finite horizon MDP (M ,T), singleton Π′ = {π} including an arbitrary policy
π ∈Πt

s
Result: an SSB optimal mixed policy π̃ ∈ Π̃t

s
1 converge = False
2 while converge is False do
3 Find Nash equilibrium (π̃, π̃) ∈ M(Π′,Π′)
4 Find π=O (π̃) ∈Πt

s
5 if ϕ(lπ, lπ̃) ≤ 0 then
6 converge =True

7 else
8 add π to Π′

9 return π̃

This double oracle approach is a first method which enables to solve finite horizon MDPs
with the SSB model. We now turn to a linear programming approach to give a pseudo
polynomial method to solve finite horizon MDPs with SSB utility functions.

Linear Programming Approach. We now present a Linear Program (LP) to find an
SSB optimal policy in Πt

s,r
.

The LP is compounded of two classes of constraints. The first class of constraints in-
volves two sets of variables p(s,ρ),t and p(s,ρ),a,t , describing all feasible randomized strate-
gies πr ∈Πt

s,r
, where:

• p(s,ρ),t is the probability that the agent occupies the augmented state (s,ρ) at time
step t with policy πr ;

• and p(s,ρ),a,t is the probability that the agent performs action a in the augmented
state (s,ρ) at time step t with policy πr .
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These constraints are the following:

p(s0,0),0 = 1

p(s,ρ),0 = 0, ∀(s,ρ) ∈S such that (s,ρ) 6= (s0,0)

p(s,ρ),t =
∑

a∈As

p(s,ρ),a,t , ∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T−1}

p(s′,ρ′),t+1 =
∑

(s,ρ)∈S

∑
a∈As

p(s,ρ),a,t P t (s′,ρ′|s,ρ, a), ∀(s′,ρ′) ∈S ,∀t ∈ {0, . . . ,T−1}

p(s,ρ),t ≥ 0, ∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T}

p(s,ρ),a,t ≥ 0, ∀(s,ρ) ∈S ,∀a ∈As ,∀t ∈ {0, . . . ,T−1}

where4:

P t (s′,ρ′|s,ρ, a) =P t (s′|s, a)1ρ′=ρ+ct (s,a,s′)

The corresponding randomized policy πr = (δ1, . . . ,δT) can be obtained by using the for-
mula:

P(at = a|s t = (s,ρ),πr ) = p(s,ρ),a,t

p(s,ρ),t
.

The second class of constraints aims to determine maxπ∈Πt
s
ϕ(π,πr ). As indicated above,

this value can be computed by backward induction with a reward function induced by
policy πr and function ϕ (note that the rewards are here only obtained at the final time
step). This amounts to satisfy the following Bellman’s equations, where q(s,ρ),t denotes the
optimal value (i.e., maximal expected cumulated reward that can be obtained from this
state) of the augmented state (s,ρ) at time step t :

min q(s0,0),0

q(s,ρ),T = ∑
(s′,ρ′)∈S T

p(s′,ρ′),Tϕ(ρ,ρ′),∀(s,ρ) ∈S T

q(s,ρ),t ≥
∑

(s′,ρ′)∈S

P t (s′,ρ′|s,ρ, a)q(s′,ρ′),t+1,∀a ∈As ,∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T−1}

q(s,ρ),t ∈R,∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T}

We have therefore q(s0,0),0 = maxπ∈Πt
s
ϕ(π,πr ). Putting together the objective function

min q(s0,0),0 and both classes of constraints, we obtain the final program P MDP
SSB given be-

4The notation 1x=y denotes a binary value equal to 1 if x = y and 0 otherwise.
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low, that enables to determine an SSB optimal randomized policy.

P MDP
SSB



min q(s0,0),0

p(s0,0),0 = 1

p(s,ρ),0 = 0, ∀(s,ρ) ∈S such that (s,ρ) 6= (s0,0)

p(s,ρ),t =
∑

a∈As

p(s,ρ),a,t , ∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T−1}

p(s′,ρ′),t+1 =
∑

(s,ρ)∈S

∑
a∈As

p(s,ρ),a,tP t (s′,ρ′|s,ρ, a), ∀(s′,ρ′) ∈S ,∀t ∈ {0, . . . ,T−1}

q(s,ρ),T = ∑
(s′,ρ′)∈S T

p(s′,ρ′),Tϕ(ρ,ρ′),∀(s,ρ) ∈S T

q(s,ρ),t ≥
∑

(s′,ρ′)∈S

P t (s′,ρ′|s,ρ, a)q(s′,ρ′),t+1,∀a ∈As ,∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T−1}

p(s,ρ),t ≥ 0, ∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T}

p(s,ρ),a,t ≥ 0, ∀(s,ρ) ∈S ,∀a ∈As ,∀t ∈ {0, . . . ,T−1}

q(s,ρ),t ∈R,∀(s,ρ) ∈S ,∀t ∈ {0, . . . ,T}

As the size of S may be exponential in the size of S , this LP might involve a num-
ber of variables exponential as a function of the size of the original problem. However,
if we assume that the rewards are integer values and that the cost function is bounded
by −U and U (i.e., −U ≤ ct (s, a, s′) ≤ U), then the number of states in S is bounded by
T×|S |×2U. Indeed, in this case, the wealth level of each state (s,ρ) is an integer value be-
longing to the interval [−TU,TU]. As a consequence, in that case, the number of variables
and constraints in program P MDP

SSB is polynomial in T, |S |, |A | and U. Thus, by polyno-
mial complexity of linear programming [Khachiyan, 1980], determining an SSB optimal
randomized policy in a finite horizon MDP can be done in pseudo-polynomial time.

Theorem 18. Finding an SSB optimal policy in a finite horizon MDP, i.e., solving optimiza-
tion problem (R), can be done with a pseudo-polynomial algorithm if all reward values are
integer values.

In the next subsection, we turn to the special case of the WEU model to see if this result
can be refined in this more specific setting.

4.3.3 Optimizing the WEU Criterion

If function ϕ takes the form ϕ(x, y) = u(x)w(y)−u(y)w(x) where w is a strictly positive
function, then the SSB model becomes the WEU model. Let π and π′ be two strategies,
then according to the WEU model, we have:

lπ º lπ′ ⇔
∑
ρ∈WT

∑
ρ′∈WT

lπ(ρ)lπ′(ρ
′)(u(ρ)w(ρ′)−u(ρ′)w(ρ)) ≥ 0

⇔
( ∑
ρ∈WT

lδ(ρ)u(ρ)

)( ∑
ρ′∈WT

lδ′(ρ
′)w(ρ′)

)
≥

( ∑
ρ∈WT

lδ(ρ)w(ρ)

)( ∑
ρ′∈WT

lδ′(ρ
′)u(ρ′)

)

⇔
∑
ρ∈WT lδ(ρ)u(ρ)∑
ρ∈WT lδ(ρ)w(ρ)

≥
∑
ρ′∈WT lδ′(ρ

′)u(ρ′)∑
ρ′∈WT lδ′(ρ′)w(ρ′)

(as w > 0) (4.26)
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Thus, as shown by Equation 4.26, solving a finite horizon MDP with the WEU model re-
duces to the optimization problem max

π∈Π̃t
s

u(lπ)/w(lπ).

We now show that, with the WEU criterion, an optimal policy always exists in Πt
s
.

Let Πt
s
= {π1, . . . ,πn}. For any policy π ∈ Π̃t

s
, there exists positive λi ’s summing up to 1

such that lπ =∑n
i=1λi lπi . By bilinearity of ϕ, we have:

ϕ(lπ j ,
∑

i
λi lπi ) =

n∑
i=1

λiϕ(lπ j , lπi ) ∀ j ∈ {1, . . . ,n} (4.27)

Letπ∗ ∈Πt
s

be an optimal policy within the set of deterministic wealth Markovian policies.
As the preferences entailed by the WEU model are transitive, we have ϕ(lπ∗ , lπi ) ≥ 0 for all
i . Hence, by positivity of λi ’s, we can deduce that ϕ(lπ∗ ,

∑
i λi lπi ) ≥ 0. Put another way,

π∗ is preferred to any policy in Π̃t
s

and is therefore also preferred to any policy in Π̃h,r . By
Proposition 10, π∗ is therefore an SSB optimal policy.

Theorem 19. For any sequential decision problem under risk represented as a finite hori-
zon MDP, a WEU-optimal policy always exists as a deterministic wealth-Markovian policy.

We now discuss the computation of a WEU optimal policy in Πt
s
. As shown by Equa-

tion 4.26, optimizing the WEU model in a finite horizon MDP reduces to the optimization
problem maxπ∈Πt

s
u(lπ)/w(lπ). This problem can be solved by using program P MDP

SSB . In-

deed, note that at the optimum of program P MDP
SSB , variables p(s,ρ),t and p(s,ρ),a,t describe

an optimal randomized policyπr inΠt
s,r

(which therefore maximizes the ratio u(lπ)/w(lπ))

and variables q(s,ρ),t describe a deterministic wealth-Markovian policy π ∈ Πt
s

which is a
best response to πr . It is then easy to realize that the policy π must be a WEU optimal
strategy. Indeed, by definition of best response:

ϕ(lπ, lπr ) ≥ϕ(lπr , lπr ) = 0.

By replacing ϕ by its expression (i.e., ϕ(x, y) = u(x)w(y)−u(y)w(x)), we obtain:

u(lπ)

w(lπ)
≥ u(lπr )

w(lπr )
= max
π∈Πt

s,r

u(lπ)

w(lπ)
.

Thus, policy π ∈Πt
s

is a WEU optimal deterministic policy.

As solving the linear program P MDP
SSB is a pseudo-polynomial time problem if all reward

functions are integer-valued, we can conclude that finding a WEU optimal policy which
is in Πt

s
is also a pseudo-polynomial time problem in that case.

Theorem 20. Finding a WEU optimal deterministic policy in a finite horizon MDP can be
done in pseudo-polynomial time if all reward functions are integer-valued.

Note that more efficient solution methods than P MDP
SSB could be designed in the WEU

case, by resorting to fractional programming methods as in the previous section. Indeed,
as functions u and w are linear with respect to mixtures of probabilities, the determi-
nation of a WEU optimal policy can be identified as a fractional version of a standard
finite horizon MDP with EU as decision criterion. Megiddo’s method [Megiddo, 1979]
and Dinkelbach’s method [Dinkelbach, 1967] could be used. In both methods, the oracle
O would consist in solving the finite horizon MDP with a utility function Vλ of the form
Vλ(x) → u(x)−λw(x). This problem can be solved by using a backward induction method
in the augmented MDP where the reward function would be induced by function Vλ.
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4.3.4 Numerical Tests

We provide here experimental results in order to demonstrate the operationally of the
double oracle method and to provide a deeper insight on the interest of using an SSB util-
ity function.

Who Wants to Be a Millionaire? In this popular television game show, a contestant
tries to answer a sequence of 15 multiple-choice questions of increasing difficulty. Ques-
tions (four possible answers are given) are played for increasingly large sums, roughly
doubling the pot. At each time step, the contestant may decide to walk away with the
money currently won. If she answers incorrectly then all winnings are lost besides what
has been earned at a “guarantee point” (questions 5 and 10). The player is given the pos-
sibility of using 3 lifelines (50:50, removing two of the possible choices, ask the audience
and call a friend for suggestions); each can only be used once in the whole game.

We used the two models of the Spanish 2003 version of the game presented by Perea
and Puerto [2007].5 In the first model the probability of answering correctly is a function
of the question’s number and the lifelines (if any) used; lifelines increase the probability
of answering correctly (the model is fitted using real data). This first model is overly sim-
plistic as it does not actually take into account whether the player does in fact know the
answer or not. The second model represents the hesitation of the contestant by distin-
guishing four epistemic cases, corresponding to the number of answers (among the four
given) that are believed possible correct answers for the current question. At each step of
the game, when a new question is asked, a categorical distribution dictates the probabil-
ity of each of the epistemic cases. As the game proceeds, questions are more difficult, and
the distribution is then skewed towards hesitating between larger sets of answers.

5The possible wealth values are 0, 150, 300, 450, 900, 1800, 2100, 2700, 3600, 4500, 9k, 18k, 36k, 72k, 144k,
330k.
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Figure 4.7: First model of the game. (Left) Optimal mixed policies according to the following cri-
teria : Exp=Expectation, PD=Probabilistic Dominance, RA=Risk-averse, Th=Threshold. (Right)
Optimal randomized policy according to the PD criterion (NL=No Lifelines, P=Call a friend,
A=Audience, S=Stop)
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Figure 4.8: Second model of the game. Decumulative probability distribution of wealth according
to the different SSB utility functions. The dashed vertical line indicates the expected wealth.

We computed the optimal policies for the two models according to several instanti-
ations of the SSB utility function: the expectation (Exp), probabilistic dominance (PD),
threshold probability (Th) criteria (threshold set to 2700) and a risk averse SSB utility

function (RA) defined by ϕRA(x, y)=(x − y)/(x + y +1)
2
3 , which is indeed a risk averse SSB

function on (R+)2 since Nakamura’s condition holds (see Proposition 4 on page 37 in Sec-
tion 1.5.3).

Given the simplicity of the first model of the game, policies can be compactly dis-
played; the optimal policies are reported on the left of Figure 4.7. The Exp, RA and Th cri-
teria are associated with deterministic policies, while the PD-optimal policy can be seen
either as a mixed policy or as a randomized policy (see right of Figure 4.7). According to
intuition, the preferred policies for criteria PD and RA make use of lifelines much earlier
in the game, in order to secure a significant gain; the preferred policy for criterion Th uses
the lifelines to reach 2700 with high probability and stops playing thereafter. Finally, with
criterion Exp, one keeps aside the lifelines for later (more difficult) questions, even at a
cost of a premature end of the game.

When using the second model, the state space is much larger and policies are too
complex to be represented compactly. As we are interested in comparing their overall
performance, we plot in Figure 4.8 the decumulative distribution of wealth (as the pot sky-
rockets if the contestant reaches the very last questions, but this happens for all policies
with low probabilities, we plot only the 9 first wealth levels for emphasizing the differences
between the wealth distributions).

Unsurprisingly, the expectation-optimal policy yields the highest wealth expectancy
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(2387 and 1717 in the two models of the game). While the optimal policy according to
PD achieves a lower expected value, it scores better very often: it achieves a wealth level
at least as good as 75% (resp. 70%) of the time and strictly better 44% (resp. 48%) of the
time, when considering the first (resp. second) model. The policy obtained with the RA
criterion is safer than the expectation-optimal policy. Regarding the threshold-optimal
policy, it obtains with higher probability (23%) the threshold objective as can be seen in
Figure 4.8 (second model).

Regarding the computational aspect, the initial MDP in this problem consists of 9
(resp. 136) states for the first model (resp. second model) and the corresponding aug-
mented MDP has 33 (resp. 496) states. The computation time (resp. number of iterations
of the double oracle algorithm) for finding each optimal policy for the second model of
the game was respectively of 7.6s (resp. 1) for the Exp criterion, 9.0s (resp. 8) for PD crite-
rion, 7.8s (resp 3) for the RA criterion and 7.6s (resp 1) for the Th criterion.6

Other domains. To have a deeper insight into the operationality of our method, we
have carried out some preliminary experiments on other domains, notably on a simple
grid world (GW) domain (with randomly generated instances) and a cancer clinical tri-
als (CCT) domain (with a model proposed by Cheng et al. [2011]). In both domains, we
used the probabilistic dominance criterion. In the GW domain, the initial state space in-
cludes from 100 to 400 states, and the augmented state space from thousands to tens of
thousands states. The computation times vary from a few seconds to half an hour. Re-
garding the CCT domain, the initial state space includes 5078 states, and the augmented
state space 5129 states. The method takes about two minutes to compute an optimal pol-
icy. Generally speaking, provided the structure of the MDP prevents the augmentation of
the state space to be too costly (as can bee seen in the two previous examples, there is
an important variability in the increase of the number of states after augmentation of the
MDP), we believe the method is rather scalable.

4.4 Conclusion

In this chapter, we have investigated the resolution of sequential decision problems under
risk with the SSB and WEU models in decision trees and in finite horizon MDPs. SSB
utility theory and WEU theory generalize von Neumann and Morgenstern’s EU theory to
encompass rational decision behaviors that EU cannot accommodate. Thus, they make
it possible to represent a wider scope of preferences in sequential decision problems.

In a first section, we proved that an SSB optimal strategy always exists in decision trees
as a randomized strategy or (equivalently) as a mixed strategy. We showed that determin-
ing an SSB optimal strategy among deterministic strategies is an NP-hard problem while
it is polynomial when considering randomized strategies. We gave a game theoretic in-
terpretation of the optimization problem induced by the SSB model in a decision tree
and derived from it several oracle methods to find an SSB optimal randomized strategy.
Regarding the special case of WEU, both the deterministic and the randomized settings
collapse as there always exists a WEU optimal strategy which is deterministic. We showed
that determining such an optimal strategy is polynomial time by instantiating fractional
programming methods. As far as we know, it is the first polynomial time complexity re-

6All times are wall-clock times on a 2,4 GHz Intel Core i5 machine with 8G main memory. Our imple-
mentation is in Python, with an external call to GUROBI version 5.6.3 in order to solve the linear programs
required to find the Nash equilibria.
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sult in sequential decision making under risk for a decision model encompassing Allais’
paradox.

In a second section, we showed how to extend these results to the setting of finite hori-
zon MDPs. We showed that there always exists an SSB optimal (potentially randomized
or mixed) Markovian policy in an augmented MDP where the states are augmented by
the sum of rewards accumulated by the agent. We gave a game theoretic interpretation
of the optimization problem induced by the SSB model and a finite horizon MDP and de-
rived a double oracle approach from it to find an SSB optimal policy. Lastly, we showed
that finding an SSB or WEU optimal strategy can be done with a pseudo-polynomial time
algorithm.

Following this work, we investigated the use of SSB utility functions to compare poli-
cies in the reinforcement learning setting (a more general setting than MDPs where tran-
sition functions are unknown and must be learned). We designed a model-free SSB re-
inforcement learning algorithm that we called SSB Q-learning, to find a policy that is ε-
optimal according to SSB [Gilbert et al., 2016]. The proposed algorithm is an adaptation
of fictitious play [Brown, 1951] combined with techniques from stochastic approxima-
tion [Borkar, 1997]. This algorithm has been applied in an industrial context with good
results: an automated information extraction (IE) treatment chain modeled as an MDP,
and improved using a reward function balancing extraction quality and treatment time.
In this setting, SSB utility theory was used to formalize qualitative preferences expressed
by human operators on the output of the treatments [Nicart et al., 2016].
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Chapter 5

Decision Making under Risk with
Ordinal/Imprecise Values

“ When your values are clear to you,
making decisions become easier. ”

R.E. Disney
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CHAPTER 5. DEC. MAK. UNDER RISK WITH ORDINAL/IMPRECISE VALUES

Summary of the chapter

This chapter deals with decision making under risk (see section 1.5) and sequential de-
cision making (see section 2.2) with ordinal/preference-based approaches or imprecisely
known parameters (e.g., reward parameters, parameters of a decision model). With this
type of information, we can either accept that the parameters have imprecisely known
values and work with decision criteria adapted to this situation or we can specify the val-
ues of these parameters (by interacting with an expert for instance) to elicit the minimum
number of pieces of information required to be able to discriminate with a partially spec-
ified decision criterion.

In this chapter, we present three works that are related to these issues. In a first sec-
tion, we discuss an ordinal approach, based on a quantile criterion, to solve finite horizon
MDPs where only an order over possible episodes is known. Then, in a second section, we
assume the rewards of an infinite horizon MDP are imprecisely known and we refine an
interactive version of the usual value iteration procedure to solve the MDP while asking
the minimum number of preference queries to an expert. Lastly, in a third section, we
assume that we must assist a decision maker consistent with the weighted expected util-
ity model. We develop an elicitation protocol to specify the parameters of the weighted
expected utility model consistent with her preferences. Then we show how to integrate
this protocol in an incremental elicitation procedure.

This chapter is based on several publications [Gilbert et al., 2015, 2017a,b].

5.1 Introduction

Decision problems under risk (see section 1.5) and sequential decision problems (see sec-
tion 2.2) usually involve decision criteria that require to know the exact values of some
parameters (e.g., the rewards of an MDP, the utility function in an EU model, etc.). These
parameters are defined either implicitly by the environment or by a human user. Making
the hypothesis that they can be known exactly is often unrealistic:

• In the case where these parameters are defined by the environment, it may be im-
possible or too costly to determine them with a perfect precision.

• The specification of the parameters by a human represents also a difficulty as this
task can be cognitively hard, even if the human is an “expert” user.

Therefore, we may investigate frameworks where this precise information about parame-
ters is not required a priori. This idea has led to much work aiming to reduce the burden
of specifying completely each parameter. Two possible approaches in this direction are:

• We can accept that the values of the parameters are not known precisely (e.g., we
may only have ordinal information on the parameters) and work with decision cri-
teria that can cope with the resulting lack of information (non standard criteria ap-
proach).

• We can interact with the decision maker or an “expert” to elicit the minimum num-
ber of pieces of information required to use the a priori chosen decision criterion
(elicitation approach).

In this chapter, we present three works that rely either on the non standard criteria
approach or on the elicitation approach. These works are presented in three different
sections (see Table 5.1).
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Problem Studied Decision Criterion Type of Approach/Problem
Section 1 Finite horizon MDP Quantile criterion Ordinal/Preference-based approach

Section 2 Infinite horizon MDP Total discounted expected return
Elicitation and optimization inter-
twined

Section 3 Decision problems under risk WEU model Incremental elicitation strategies

Table 5.1: Summary of Chapter 5.

In a first section, we discuss an ordinal approach for finite horizon MDPs where only
an order over possible episodes is known. To solve the MDP, we investigate a quantile
criterion and develop a solution method.

Then, in a second section, we assume the rewards of an infinite horizon MDP are im-
precisely known but can be precised by asking preference queries to an expert (also called
tutor). In this framework, we refine an interactive version of the usual value iteration pro-
cedure [Weng and Zanuttini, 2013] to solve the MDP while asking the minimum number
of preference queries to the expert.

Lastly, in a third section, we assume that we must assist a decision maker consistent
with the WEU model. However, the parameters of her preference model (i.e., the two func-
tions u and w involved in the WEU model) are unknown and must be elicited. We develop
an elicitation protocol to precise the values of the two functions required by this decision
model and show how to integrate it efficiently in an incremental elicitation procedure.

5.2 An Ordinal Approach for Sequential Decision Making
under Risk: Finite Horizon MDPs with a Quantile Cri-
terion

Sequential decision-making in uncertain environments is an important task in artificial
intelligence. Such problems can be modeled as MDPs (see subsection 2.2.2). In an MDP,
an agent chooses at every time step the action to perform according to the current state of
the world in order to optimize a criterion. In standard MDPs, uncertainty is described by
probabilities over the possible action outcomes, preferences are represented by numeric
rewards and the expectation of future cumulated rewards is used as the decision crite-
rion. And yet, for numerous applications, the expectation of cumulated rewards may not
be the most appropriate criterion. For instance, in one-shot decision-making problems,
an alternative and well motivated objective for the agent is to ensure a certain level of sat-
isfaction with high probability. Secondly, the expectation of cumulated rewards requires
to know the exact values of the rewards parameters which may be unrealistic.

In this section, we focus on the decision criterion that consists in maximizing a quan-
tile. Intuitively, the τ-quantile of a population is the value x such that 100·τ percent of the
population is lower than or equal to x and 100 · (1−τ) percent of the population is greater
than or equal to x. Optimizing a quantile criterion offers nice properties:

i) no assumption is made about the commensurability between preferences and
uncertainty,

ii) preferences over actions or episodes can be expressed on a purely ordinal scale,

iii) preferences induced over policies are more robust than with the standard crite-
rion of maximizing the expectation of cumulated rewards.
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As a result, maximizing a quantile is used in many applications. For instance, the Value-
at-Risk criterion [Jorion, 2006] widely used in finance is in fact a quantile. Moreover, in
the Web industry [DeCandia et al., 2007; Wolski and Brevik, 2014], decisions about perfor-
mance or Quality-Of-Service are often made based on quantiles. For instance, Amazon
reports [DeCandia et al., 2007] that they optimize the 0.999-quantile for their cloud ser-
vices. More generally, in the service industry, because of skewed distributions [Benoit and
Van den Poel, 2009], one generally does not want customers to be satisfied on average, but
rather that most customers (e.g., 99% of them) be as satisfied as possible.

In this section, we show that optimizing the quantile criterion in finite horizon MDPs
amounts to solving a sequence of MDPs using an expected utility criterion. We provide
a binary search algorithm using functional backward induction [Liu and Koenig, 2006]
as a subroutine for computing a near-optimal policy. We investigate some properties of
the optimal policies. Finally, we provide the results of experiments testing the proposed
algorithm.

5.2.1 Related Work

Several works in the MDP literature [Boussard et al., 2010] considered decision criteria dif-
ferent from the standard ones (i.e., expected discounted sum of rewards, expected total re-
wards or expected average rewards). For instance, in the operations research community,
White [1988] considered different non standard criteria for MDPs where the preferences
over policies only depend on sums of rewards: expected utility, probabilistic constraints
and mean-variance formulations (i.e., maximizing the expected total reward while ensur-
ing an upper bound on the variance or minimizing the variance while ensuring a lower
bound on the expected total reward). In this context, he showed the sufficiency of working
in a state space augmented with the sum of rewards obtained so far. Recently, Prashanth
and Ghavamzadeh [2013] and Mannor and Tsitsiklis [2011] provided algorithms for the
mean-variance formulations described by White. Filar et al. [1989] investigated decision
criteria that are variance-penalized versions of the standard ones. They formulated the
obtained optimization problem as a non-linear program. Several researchers [Hou et al.,
2014; Wu and Lin, 1999; Yu et al., 1998] worked on the problem of maximizing the proba-
bility that the total (discounted) reward exceeds a given threshold.

Recent work in MDP and reinforcement learning considered conditional Value-at-risk
(CVaR), a criterion related to quantile, as a risk measure. Bäuerle and Ott [2011] proved the
existence of deterministic wealth-Markovian policies optimal with respect to CVaR. Chow
and Ghavamzadeh [2014] proposed gradient-based algorithms for CVaR optimization. In
contrast, Borkar and Jain [2014] used CVaR in inequality constraints instead of using it as
objective function.

Closer to the work of this section, several quantile-based decision models have been
investigated in different contexts. In uncertain MDPs where the parameters of the tran-
sition and reward functions are imprecisely known, Delage and Mannor [2007] presented
and investigated a quantile-like criterion to capture the trade-off between optimistic and
pessimistic viewpoints on an uncertain MDP. The quantile criterion they use is different
from ours as it takes into account the uncertainty present in the parameters of the MDP.
Filar et al. [1995] proposed an algorithm for optimizing the quantile criterion when histo-
ries are valued by average rewards. In that setting, they showed that an optimal stationary
deterministic Markovian policy exists.

Filar [1983] and more recently Weng [2011, 2012] proposed decision criteria that could
be used when only the order over rewards, but not the exact values, is known. They both
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investigated quantile-based decision models to compute policies that maximize a quan-
tile. While quantiles in those works are defined on distributions over ordinal rewards, we
defined them as distributions over histories.

These approaches with ordinal rewards are close to the preference-based setting that
only relies on ordinal pieces of information such as “this episode is preferred to this other
episode”. Such preference-based approaches have received much attention lately [Akrour
et al., 2012; Wilson et al., 2012; Wirth and Neumann, 2015]. In this domain, other non
standard criteria are used as probabilistic dominance (which consists in maximizing the
probability of yielding a preferred outcome when compared to another solution) [Busa-
fekete et al., 2014], a special case of SSB utility function.

Lastly, in the machine learning community, quantile-based criteria have been pro-
posed in the multi-armed bandit setting, a special case of reinforcement learning. Yu and
Nikolova [2013] proposed an algorithm in the pure exploration setting for different risk
measures, including Value-at-Risk. Carpentier and Valko [2014] studied the problem of
identifying arms with extreme payoffs, a particular case of quantiles. Finally, Szörenyi et
al. [2015] investigated multi-armed bandit problems where a quantile is optimized in-
stead of the mean.

We now turn to our contribution; we design in this section a very general procedure
to optimize a quantile in a finite horizon MDP. Our solution method can be used with
numerical rewards as well as with preference-based information over the episodes.

5.2.2 Background

In this subsection, we provide the background information necessary for the rest of the
section and we specify the MDP framework that we will use.

Markov Decision Processes. In this section, an MDP is defined as a tuple M=(T,S ,A ,
P ,c) where T is a finite time horizon, S is a finite set of states containing an initial state s0,
A is a finite set of actions, P is a transition function with P (s′|s, a) being the probability
of reaching state s′ when action a is performed in state s, c : S ×A ×S →R is a bounded
reward function.

We recall that a t-history ht is a succession of t state-action pairs starting from state
s0 (e.g., ht = (s0, a0, s1, . . . , st−1, at−1, st )) and that T-histories are called episodes. The set
of episodes is denoted by E .

Different criteria can be defined in order to compare policies. The most standard cri-
terion is expected cumulated reward, for which it is known that an optimal deterministic
Markovian policy exists at any horizon T.

However, the decision criterion based on the expectation of cumulated rewards may
not always be suitable. Firstly, unfortunately, in many cases, the reward function c is not
known and must be specified by an expert. This task may be too cognitively difficult and
it may be easier for the expert to just give ordinal information. Hence, in this section, we
only assume that we have a strict weak ordering on episodes.

Secondly, for numerous applications, the expectation of cumulated reward may not
be the most appropriate criterion (even when a numeric reward function is defined). For
instance, in the Web industry, most decisions about performance are based on the min-
imal quality of 99% of the possible outcomes. Therefore, in this section we aim to use a
quantile as a decision criterion to solve an MDP.
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Preferences over Episodes. For generality’s sake, contrary to standard MDPs, we de-
fine the reward function to take values in a set R. In practical applications, this will often
be a subset of R but we keep it general to allow ordinal types of reward. Moreover, we as-
sume that the values of histories take values in a set W , called the wealth level space, and
that the value ρ(ht ) of a history ht = (s0, a0, s1, . . . , st ) is defined by:

ρ(h0) = ρ0 ρ(ht ) = ρ(ht−1)◦ c(st−1, at−1, st )

where ht−1 = (s0, a0, s1, . . . , st−1), ◦ is a binary operation from W ×R to W and ρ0 ∈ W is
the left identity element of ◦. Let WT = {ρ(hT) : hT ∈ E } ⊂ W be the set of wealth levels of
episodes (i.e., T-histories). We make three assumptions about WT:

• It is totally ordered by ¹W , which induces an order ¹ over the episodes: hT ¹ h′
T iff

ρ(hT) ¹W ρ(h′
T),

• It admits a lowest element, denoted by ρmin, and a greatest element, denoted by
ρmax, for order ¹W .

• A distance consistent with ¹W is defined over WT. It is denoted by d(ρ,ρ′) for any
pair (ρ,ρ′) ∈WT ×WT.

Note that when a distance is defined, for any pair (ρ,ρ′), its set of mid-elements is also
defined:

mid(ρ,ρ′) = argmin
ρ′′∈WT

{max(d(ρ,ρ′′),d(ρ′,ρ′′))}.

In a numerical context, the possible wealth levels of a state are the possible sums (resp. γ-
discounted sums) of rewards that can be obtained during an episode. Put another way, in

a numerical context, we could set ρmax = RmaxT (resp. ρmax = Rmax
(1−γ)T

1−γ ) with Rmax being

the highest possible reward and mid(ρ,ρ′) = {(ρ+ρ′)/2}.
In the most general case, the possible wealth levels at the end of an episode are the

possible histories (or more precisely their equivalence classes) that can be obtained. Here,
if the equivalence classes are known and denoted by ρ1 ≺W ρ2 ≺W . . . ≺W ρm and if d(ρi ,ρ j ) =
| j − i |, then ρmin = ρ1, ρmax = ρm and mid(ρi ,ρ j ) = {ρb(i+ j )/2c,ρd(i+ j )/2e} (where bxc is the
greatest integer smaller than x and dxe is the smallest integer greater than x).

The goal of the agent is then to make sure that most of the time, she will follow episodes
that have the highest possible wealth levels. This can be implemented by optimizing a
quantile criterion.

Quantile Criterion. Intuitively, the τ-quantile of a population of ordered elements, for
τ ∈ [0,1], is the value q such that 100 ·τ% of the population is equal or lower than q and
100 · (1−τ)% of the population is equal or greater than q . The 0.5-quantile, also known as
the median, can be seen as the ordinal counterpart of the mean. More generally, quantiles
define decision criteria that have the nice property of not requiring numeric valuations of
the episodes, but only an order relation. They have been axiomatically studied as decision
criteria by Rostek [2010].

We now give a formal definition of quantiles for a policy. We recall that lπ stands for
the lottery over wealth levels induced by policy π, i.e., lπ(ρ) is the probability of getting a
wealth level ρ ∈ WT when applying policy π from the initial state. The cumulative distri-
bution induced by lπ is then defined as Fπ where Fπ(ρ) =∑

ρ′¹W ρ lπ(ρ′) is the probability of
getting a wealth level less or equally preferred to ρ when applying policy π. Similarly, the

150



CHAPTER 5. DEC. MAK. UNDER RISK WITH ORDINAL/IMPRECISE VALUES

decumulative distribution induced by lπ is defined as Gπ(ρ) = ∑
ρ¹W ρ′ lπ(ρ′) is the proba-

bility of getting a wealth level at least as good as ρ.
These two notions of cumulative and decumulative distributions enable us to define

two quantile criteria.

Definition 39. Given a policy π, we define the lower τ-quantile for τ ∈ (0,1] as:

qπ
τ
= min{ρ ∈WT |Fπ(ρ) ≥ τ} (5.1)

where the min operator is with respect to ≺W .

Definition 40. Given a policy π, we define the upper τ-quantile for τ ∈ [0,1) as:

qπτ = max{ρ ∈WT |Gπ(ρ) ≥ 1−τ} (5.2)

where the max operator is with respect to ≺W .

By construction, we have qπ
τ
¹W qπτ . If those two values are equal, qπτ is set to their

value. For instance, this is always the case in continuous settings for continuous distribu-
tions. However, in our discrete setting, it could happen that those values differ, as shown
by Example 49.

Example 49. Consider an MDP where WT = {ρ1 ≺W ρ2 ≺W ρ3}. Now assume a policy π
attains each wealth level with probabilities 0.5, 0.2 and 0.3 respectively. The cumula-
tive distribution Fπ (resp. decumulative distribution Gπ) induced by policy π is given by
Fπ(ρ1) = 0.5, Fπ(ρ2) = 0.7 and Fπ(ρ3) = 1 (resp. Gπ(ρ1) = 1, Gπ(ρ2) = 0.5 and Gπ(ρ3) = 0.3).
Then it is easy to see that qπ

0.5
= ρ1 whereas qπ0.5 = ρ2.

When the lower and upper quantiles differ, one may define the quantile as a function
of the lower and upper quantiles [Weng, 2012]. For simplicity, we show in this section how
to optimize (approximately) the lower and the upper quantiles.

Definition 41. A policy π∗ is optimal for the lower (resp. upper) τ-quantile criterion if:

qπ
∗

τ
= max

π
qπ
τ

(resp. qπ
∗
τ = max

π
qπτ) (5.3)

where the max operator is with respect to ≺W and taken over all policies π at horizon T. For
simplicity, we will denote by q∗

τ
and q∗

τ the optimal lower and upper quantile respectively.

Even in a numerical context where a numerical reward function is given and the qual-
ity of an episode is defined as the cumulative of rewards received along the episode, this
criterion is difficult to optimize, notably due to the two following related points:

• The criterion is non-linear with respect to the mixture operation. Stated differently,
the τ-quantile q π̃τ of the mixed policy π̃ that generates an episode using policy π
with probability p and π′ with probability 1−p is not given by pqπτ + (1−p)qπ

′
τ .

• The criterion is non-dynamically consistent, meaning that at time step t , an optimal
policy computed in s0 with horizon T might not prescribe in state st to follow a
policy optimal in st for horizon T − t . Stated differently, it is non consistent with
Bellman’s optimality principle.

Three solutions are then possible [McClennen, 1990] (these solutions are detailed in sub-
section 2.2.3) to tackle this latter point:
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1. adopting a sophisticated approach. At time step T−1, we compute an optimal pol-
icy in each state for horizon 1. The policy for previous steps are then computed
recursively by proceeding backwards. At time step t , we compute an optimal policy
for each state at horizon T− t with the constraint that we cannot change our previ-
ous choices. With a quantile criterion, the resulting policy may not be optimal for
horizon T and initial state s0;

2. adopting a resolute choice with root dictatorship approach, i.e., at time step t = 0 we
apply an optimal policy (viewed from the initial state) for the problem with horizon
T and initial state s0 and do not deviate from it;

3. adopting a resolute choice with selves approach [Jaffray, 1998; Jeantet et al., 2012],
i.e., we apply a policy π (chosen at the beginning) that trades off between how much
π is optimal for all horizons T,T−1, . . . ,1.

With non-dynamically consistent preferences, it is debatable to adopt a sophisticated
approach, as the sequence of decisions may lead to dominated policies. In this section,
we adopt a resolute choice with root dictatorship point of view.

As optimizing exactly a (lower or upper) quantile is hard, we aim to find an approxi-
mate solution.

Definition 42. Let ε > 0. A policy π∗
ε is said to be ε-optimal for the lower (resp. upper)

τ-quantile criterion if d(qπ
∗
ε

τ
, q∗

τ
) ≤ ε (resp. d(q

π∗ε
τ , q∗

τ) ≤ ε).

Now that we have introduced formally the quantile criteria and shown how they eval-
uate the policies, we can present our solution method.

5.2.3 Solution Method

In this subsection, we present a technique for computing an ε-optimal policy for the
quantile criterion. The presented approach amounts to solving a sequence of MDPs op-
timizing EU with target utility functions (which are particular utility functions defined in
this subsection).

Binary Search. In order to justify the algorithm, we introduce two lemmas that char-
acterize the optimal lower and upper quantiles:

Lemma 1. The optimal lower τ-quantile q∗
τ

satisfies:

q∗
τ
= min{ρ : F∗(ρ) ≥ τ}, where (5.4)

F∗(ρ) = min
π

Fπ(ρ) ∀ρ ∈W (5.5)

Proof. We recall that for any policy π, Fπ is nondecreasing and that consequently F∗ is
also nondecreasing. Let ρ1 = maxπ qπ

τ
= maxπminρ{ρ ∈ WT|Fπ(ρ) ≥ τ} and let ρ2 = min{ρ :

F∗(ρ) ≥ τ}. By contradiction, assume ρ1 ÂW ρ2. Then there exists π such that Fπ(ρ1) ≥ τ

and Fπ(ρ) < τ, ∀ρ ≺W ρ1. Thus Fπ(ρ2) < τ which implies that F∗(ρ2) < τ. This contradicts
the definition of ρ2. Now, assume ρ2 ÂW ρ1. Then F∗(ρ1) < τ. Thus, there exists π such
that Fπ(ρ1) < τ. Hence, by definition of the lower quantile, qπ

τ
ÂW ρ1 which contradicts

the definition of ρ1.
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Note the last two equations can be equivalently rewritten:

q∗
τ
= min{ρ : G∗

≺(ρ) ≤ 1−τ}, where (5.6)

G∗
≺(ρ) = max

π
Gπ
≺(ρ) ∀ρ ∈W (5.7)

where Gπ≺(ρ) = 1−Fπ(ρ) =∑
ρ≺W ρ′ lπ(ρ′).

Lemma 2. The optimal upper τ-quantile q∗
τ satisfies:

q∗
τ = max{ρ : G∗(ρ) ≥ 1−τ}, where (5.8)

G∗(ρ) = max
π

Gπ(ρ) ∀ρ ∈W (5.9)

Proof. We recall that for any policyπ, Gπ is nonincreasing and that consequently G∗ is also
nonincreasing. Let ρ1 = maxπ qπτ = maxπmaxρ{ρ ∈ WT|Gπ(ρ) ≥ 1−τ} and let ρ2 = max{ρ :
G∗(ρ) ≥ 1−τ}. By definition of ρ1, there exists a policy π such that Gπ(ρ1) ≥ 1−τ, thus
G∗(ρ1) ≥ 1−τ and ρ2 ºW ρ1. By definition of ρ2, there exists a policy π such that Gπ(ρ2) ≥
1−τ, thus maxρ{ρ ∈WT|Gπ(ρ) ≥ 1−τ} ºW ρ2 and ρ1 ºW ρ2.

Given Lemmas 1 and 2, the problem now reduces to finding the right value of ρ ∈ W

that solves the problems defined by Equation 5.6 or 5.8.
The solving method that we present to find these values is based on binary search (see

Algorithm 9) and on the function O (M ,ρ) that returns a pair (π, p), the solution of the
problems defined by Equation 5.7 or 5.9 for a fixed ρ, i.e., the optimal value returned by
O (M ,ρ) is p and is attained by policy π.

Let us now discuss why finding the optimal quantile value enables us to find an op-
timal policy. For the upper quantile criterion, it is easy to see that O (M , q∗

τ) returns an
optimal policy. This is because O (M , q∗

τ) will return a policy π for which Gπ(q∗
τ) ≥ 1−τ.

However, for the lower quantile, O (M , q∗
τ

) may not return an optimal policy if q∗
τ
ÂW ρmin.

This fact is illustrated in Figure 5.1. On the left side of the picture, we have drawn an exam-
ple of function F∗. In this example, we have set τ to 0.5 and we observe that F∗(q∗

τ
) = 0.6.

The cumulative distribution of a policy realizing this minimum is shown on the right side
of the figure. It is easy to see that this policy is not optimal with respect to the lower 0.5-
quantile. In fact, the 0.5-quantile of this policy is ρmin.

However, O (M ,prec(q∗
τ

)) returns an optimal policy where prec(ρ) is the most pre-

ferred element ρ′ ∈ WT such that ρ′ ≺W ρ. This is because O (M ,prec(q∗
τ

)) will return a

policy π for which Fπ(prec(q∗
τ

)) < τ (as F∗(prec(q∗
τ

)) < τ). Therefore, by nondecreasing-

ness of the cumulative, qπ
τ
º q∗

τ
.

Hence, for both quantile criteria, finding the optimal quantile value enables to find an
optimal policy. Furthermore, we will see that finding a close lower bound on the optimal
quantile value is enough to find a near-optimal policy. Our binary search method deter-
mines such a lower bound.

When WT is defined on R, Algorithm 9 needs only
⌈

log2 d(ρmax,ρmin)/ε
⌉

iterations to
terminate by using [ρmin,ρmax] as WT. In the case where WT is finite, the binary search
method can of course determine the optimal policy with ε= 1 and needs dlog2(|WT|)e iter-
ations.

Before proving that Algorithm 9 is correct, we introduce a lemma that gives sufficient
conditions for a policy to be approximately optimal.
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ρ

F∗(ρ)

0

τ= 0.5 •

1

ρmin ρmaxq∗
τ

ρ

Fπ(ρ)

0

τ= 0.5 •

1

ρmin = qπ
τ

ρmax

Figure 5.1: Why the subroutine applied to the optimal lower quantile may not return an optimal
policy with respect to the lower quantile.

Algorithm 9: Binary Search for the Lower Quantile (resp. Upper Quantile)
Data: MDP M , τ, ε
Result: an ε-optimal policy π

1 ρ← ρmax; ρ← ρmin; ρ← mid(ρ,ρ)

2 while d(ρ,ρ) > ε do

3 (π, p) =O (M ,ρ);
4 if p > 1−τ (resp. p ≥ 1−τ) then
5 ρ← ρ; ρ← max(mid(ρ,ρ));

6 π∗ ←π;

7 else
8 ρ← ρ; ρ← min(mid(ρ,ρ));

9 return π∗

Lemma 3. Let π be a policy for which there exists ρ such that d(ρ, q∗
τ

) ≤ ε (resp. d(ρ, q∗
τ) ≤ ε)

and:

Fπ(ρ) < τ (resp. Gπ(ρ) ≥ 1−τ).

Then π is ε-optimal for the lower (resp. upper) τ-quantile criterion.

Proof. Let [ρ,ρ′′] denote the set of wealth values ρ′ such that ρ ¹W ρ′ ¹W ρ′′. Let π be a
policy that satisfies the condition of the lemma. For such a policy, as Fπ(ρ) is nondecreas-
ing (resp. Gπ(ρ) is nonincreasing), we have that qπ

τ
∈ [ρ, q∗

τ
] (resp. qπτ ∈ [ρ, q∗

τ]) and thus

d(qπ
τ

, q∗
τ

) ≤ d(ρ, q∗
τ

) ≤ ε (resp. d(qπτ , q∗
τ) ≤ d(ρ, q∗

τ) ≤ ε) .

The next proposition asserts that Algorithm 9 is correct:

Proposition 11. Algorithm 9 returns an ε-optimal policy for the lower (resp. upper) quan-
tile criterion.

Proof. If WT ⊂Rwe have seen that the algorithm terminates in
⌈

log2
d(ρmax,ρmin)

ε

⌉
iterations.

In the most general setting, the algorithm terminates, because in the worst case we will
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check all m possible final wealth values. Let π be the policy returned by the algorithm. For
the lower (resp. upper) quantile, when the algorithm terminates, d(q∗

τ
,ρ) (resp. d(q∗

τ ,ρ))

≤ d(ρ,ρ) ≤ ε and Fπ
∗

(ρ) < τ (resp. Gπ(ρ) ≥ 1− τ). Thus, we can apply Lemma 3 which
concludes the proof.

We now see how step O (M ,ρ) can be performed.

Dynamic Programming. For / ∈ {≺W ,¹W }, we denote by V/
ρ : W → R the function,

called target utility function, defined as follows:

V/
ρ (x) = 1 if ρ/x and 0 else. (5.10)

When optimizing the lower (resp. upper) quantile, function O (M ,ρ) can be computed
by solving MDP M using EU as a decision criterion with V≺W

ρ (resp. V¹W
ρ ) as a utility func-

tion. Indeed, we have:

Eπ[V/
ρ

(
ρ(HT)

)
] =P[ρ/ρ(HT) |π]

where HT is a random variable representing a T-history and P[ρ/ρ(HT) |π] denotes the
probability that π generates a history whose wealth level is strictly better than (resp. at
least as good as) ρ when /=≺W (resp. /=¹W ).

Following Liu and Koenig [2006], this problem can be solved with a functional back-
ward induction (Algorithm 10). For each state s, it maintains a function vt (s, .) which
associates to each possible wealth level ρ the expected utility obtained by applying an op-
timal policy in state s for the remaining T− t time steps with ρ as initial wealth level 1. At
each time step (t = T − 1, . . . ,0) this function is updated similarly as in backward induc-
tion except that operations are not applied to scalars but to functions. The max and ×
operations are extended over functions as pointwise operations. As utility functions de-
fined by Equation 5.10 are piecewise-linear, vt (s, .) is also piecewise-linear because all the
operations in Line 5 of Algorithm 10 preserve this property.

Algorithm 10: Functional Backward Induction [Liu and Koenig, 2006]
Data: MDP M , wealth ρ
Result: an optimal policy π and the optimal expected utility value from s0

1 for s ∈S do
2 vT(s, .) ← V/

ρ (.)

3 for t = T−1 downto 0 do
4 for s ∈S do
5 vt (s, ·) ← max

a∈A

∑
s′∈S

P (s′|s, a)vt+1(s′, · ◦ c(s, a, s′))

6 return (πv0 , v0(s0,ρ0)) \\ πv0 = policy corresponding to v0

The policies returned by Algorithm 10 have a special structure. They are deterministic
and wealth-Markovian. Besides, an optimal policy with respect to the quantile criterion
can always be found as a deterministic wealth-Markovian policy.

Proposition 12. In finite horizon MDPs, with finite state and action spaces, an optimal
policy for the lower or upper quantile can be found as a deterministic wealth-Markovian
policy.

1This is equivalent as using a standard backward induction method in an augmented MDP as defined in
subsection 4.3.2 and with a reward function induced by utility function V/

ρ .
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Proof. We recall that for the lower (resp. upper) quantile criterion, procedure O (M ,ρ)
returns the policy which minimizes Fπ(ρ) (resp. maximizes Gπ(ρ)). Thus, for any policy
π, by definition of quantiles, O (M ,prec(qπ

τ
)) (resp. O (M , qπτ)) returns a deterministic

wealth-Markovian policy, which is at least as good as π regarding the lower (resp. upper)
quantile criterion. As the set of deterministic wealth-Markovian policies is finite in the
finite horizon case, taking the one with highest lower (resp. upper) quantile concludes
the proof.

We now turn to numerical tests where our approach is evaluated.

5.2.4 Numerical Tests

The approach was experimentally evaluated on a server equipped with four Intel(R) Xeon(R)
CPU E5-2640 v3 @ 2.60GHz and 64Gb of RAM. The algorithms were implemented in Mat-
lab and ran only on one core.

Three sets of experiments where designed to test the approach. The first set of ex-
periments shows the running time of functional backward induction for different varying
state sizes on random MDPs. The second set of experiments shows the running time of
functional backward induction for different horizons on a data center control problem
with various number of servers. Finally, the third set of experiments compares for a fixed
MDP the cumulative distributions of an optimal policy for the quantile criterion with an
optimal policy for the standard criterion.

The first set of experiments was conducted on Garnets [McKinnon and Thomas, 1995],
which designate random MDPs with a constrained branching factor. A Garnet G(nS ,nA,b)
is characterized by nS a number of states, nA a number of actions and b the number of suc-
cessor states for every state and action. For our experiments, nS∈{250,500,750,1000,1250,
1500,1750,2000,2250} and we set nA = 5 and b = dlog2 nSe. Rewards are randomly chosen
in [0,1] and the values of histories are simply cumulated rewards. The horizon of the prob-
lem was set to 5 and the target of the utility function was set to RmaxT/2, where Rmax is the
maximal reward value of the MDP. The results are presented in Figure 5.2 where the x-axis
represents the state size and the y-axis the computation time. Each point is an average
over 10 runs. Naturally, computation times increases with state sizes. In this setting, the
binary search method would call functional backward induction

⌈
log2(1/ε)

⌉= 10 times if
ε= 10−3.

The second set of experiments was performed on a more realistic domain, which is a
data center control problem inspired by the model proposed by Yin and Sinopoli [2014].
In this problem, one needs to decide every time step how many servers to switch on or off,
while maximizing Quality-of-Service and minimizing power consumption. In the model
proposed by Yin and Sinopoli [2014], the two objectives are simply combined into one
cost, which defines our reward function. The state is defined as the number of servers that
are currently on and the number of jobs that needs to be processed during a time step. The
action represents the number of servers that will be on at the next time step. We assume
for simplicity that the maximum number of jobs that can arrive at one time step, denoted
by J, is three times the total number of servers. For instance, in a problem with n = 30
servers, the total number of states is J×n = 30×3×30 = 2700. Besides, the distribution
of the next number of jobs is modeled as a Poisson distribution whose parameter can be
dJ/6e, dJ/2e or d5J/6e (to model different regimes) depending on the current number of
jobs. The target of the utility function was set as in the first set of experiments. Figure 5.3
shows the computation times of functional backward induction for n ∈ {20,30,40} and
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Figure 5.2: Computation times vs state sizes for Functional Backward Induction.

different horizons. We can see that for more structured problems, the computation time
is much more reasonable than on random MDPs.

Figure 5.3: Computation times vs horizon for Functional Backward Induction.

In the last set of experiments, to give an intuition of the kind of policy obtained when
optimizing a quantile, we compare the cumulative distribution of an optimal policy for
the quantile criterion with the cumulative distribution of an optimal policy for the stan-
dard criterion. This experiment is performed on an instance of Garnet G(100,5,dlog2 100e)
whose rewards are slightly modified to make the distribution of the optimal policy skewed,
as it is often the case in some real applications [Benoit and Van den Poel, 2009]. The hori-
zon is set to 5 and we optimize the 0.1-quantile with ε= 0.001 in the binary search method.
The two cumulative distributions are plotted in Figure 5.4. We can observe that although
the optimal policy for the standard criterion maximizes the expectation, it may be a more
risky policy to apply. Indeed, the 10% worst final wealth values obtained with the opti-
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mal policy for the 0.1-quantile criterion are better than the 10% worst final wealth values
obtained with the optimal policy maximizing expectation.

Figure 5.4: Comparison of cumulative distributions under the quantile criterion and the standard
criterion

5.2.5 Summary of Section: MDPs with a Quantile Criterion

In this section, we have developed a framework to solve sequential decision problems in a
very general setting according to a quantile criterion. Modeling those problems as MDPs,
an algorithm was developed in order to compute an ε-optimal policy, and we investigated
the properties of the optimal policies in the finite horizon case. Lastly, we provided exper-
imental results, testing this approach.

In the next section, we explore another framework that does not require to know the
exact values of the reward parameters. We keep the standard expected discounted reward
criterion and we assume that only an order relation over the rewards is known. We then
require the help of a tutor to learn the minimum amount of information required to find
the optimal policy.

5.3 Sequential Decision Making under Risk with Imprecise
Reward Values: an Interactive Value Iteration Algorithm
for MDPs

In the previous section, we designed a solution method according to a quantile criterion
that only assumes a weak order on episodes. This method can be used to alleviate the
difficulty of defining the reward function exactly, when this task has to be done by a hu-
man expert. We now return to the standard expectation of total discounted reward crite-
rion and wish to help the expert in another way. More precisely, our objective is to solve
the MDP while asking the expert the minimum amount of information about the reward
function.
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Following this line of research, Weng and Zanuttini [2013], revisited a well known al-
gorithm for solving MDPs, namely value iteration, by incorporating the elicitation process
in the solving procedure. In this new algorithm called Interactive Value Iteration (IVI), a
human tutor is queried about multi-sets of rewards when the information acquired so
far does not allow to continue solving the MDP. This procedure is appealing as answer-
ing comparison queries is much less cognitively demanding than providing the reward
function to optimize. However, in the original IVI procedure, one does not try to explic-
itly minimize the number of queries issued, which may lead to a prohibitive effort for the
tutor.

In this section, we address the problem of modifying IVI in order to reduce the number
of queries issued. To that aim, we propose a variant of IVI based on the ideas that 1) delay-
ing the queries open the possibility that some of them meanwhile become unnecessary,
2) the order in which the queries are asked matters, and this order should be optimized,
3) queries can be avoided by using heuristic information to guide the iteration process.
We show empirically that these combined techniques can greatly reduce the number of
queries issued.

After recalling related works (subsection 5.3.1) and the main features of IVI (subsec-
tion 5.3.2), we present the proposed optimizations (subsection 5.3.3). Finally, we provide
the results of numerical tests that show a significant decrease in the number of queries
issued (subsection 5.3.4).

5.3.1 Related Work

The difficulty for a human agent to define precisely the reward function of an MDP has
motivated much work. We distinguish four main approaches, although their boundaries
may be blurry.

Robust approach. In the first approach, the parameters of the MDP (i.e., rewards and
possibly also probabilities) are assumed to be imprecisely known. A natural way [Bagnell
et al., 2001; Givan et al., 2000] to handle such situation is to search for robust solutions, i.e.,
solutions that are as good as possible even in the worst case. However, this method often
leads to solutions that are too pessimistic. An alternative approach is based on the opti-
mization of a minmax regret criterion [Xu and Mannor, 2009]. Here, one tries to minimize
the gap between the value of the best policy (after the true reward values are revealed) and
that of the chosen policy. However, this leads to NP-hard problems.

Preference learning. Another approach, which has been mainly developed for rein-
forcement learning (i.e., a context more general than MDPs), aims to learn the reward val-
ues, either from demonstrations (live [Abbeel and Ng, 2004] or from recorded logs [Piot et
al., 2014]) or from interactions with a human tutor [Thomaz et al., 2005]. This domain is
also called inverse reinforcement learning and is a hot topic in artificial intelligence [Finn
et al., 2016; Jin et al., 2017; Levine et al., 2011; Ramachandran and Amir, 2007; Syed, 2010].
One drawback of this approach is that it generally assumes that demonstrations from
human tutors can be easily translated into the state/action representation of the learn-
ing agent, which may be difficult as humans and agents evolve in different state/action
spaces.

Multiple Policy Learning. If the parameters of the MDP are unknown, one option is
to consider several scenarios and to learn all or a set of optimal policies with respect to

159



CHAPTER 5. DEC. MAK. UNDER RISK WITH ORDINAL/IMPRECISE VALUES

these possible scenarios [Barrett and Narayanan, 2008; Lizotte et al., 2012; Van Moffaert
et al., 2014; Wiering and De Jong, 2007]. This line of research can also be related to the
work of Fard and Pineau [2011] where the goal is to determine a policy which maps states
to subsets of “good” actions from which the decision maker can make a choice.

Preference elicitation. A final approach assumes a human tutor is present and the
agent may query her to get more precise information about reward values. In a series
of papers, Regan and Boutilier [2009, 2010, 2011a,b] show how to compute policies which
optimize minmax regret with respect to all candidate reward functions, and discuss how
this criterion can be used to generate informative queries to ask the tutor about the true
reward function. This work was further developed by Freire da Silva and Reali Costa [2011]
and Alizadeh et al. [2015]. Iteratively issuing such queries is shown to allow convergence
to an optimal policy for this function. However, the problem of computing such robust
policy is NP-hard [Xu and Mannor, 2009] and their algorithm issues bound queries which
can be cognitively difficult to answer.

The work on Interactive Value Iteration (IVI) [Weng and Zanuttini, 2013] falls in the
scope of the preference elicitation approach. IVI resembles the standard value iteration
procedure. However, it works with an incompletely specified reward function and queries
the decision maker about her preferences when this uncertainty prevents the resolution
procedure from continuing. This approach was further extended by Weng et al. [2013]
to the case where the tutor could make mistakes, and also by Alizadeh et al. [2016], who
investigated the use of the notion of advantages in MDPs and clustering methods to im-
prove IVI.

5.3.2 Background

Markov Decision Process. In this section, we consider an infinite horizon MDP defined as
a tuple M = (S ,A ,P ,c, γ) where S is a finite set of states, A is a finite set of actions, P is
a transition function with P (s′|s, a) being the probability of reaching state s′ when action
a is performed in state s, c : S ×A → R is a reward function and γ ∈ [0,1[ is a discount
factor.

We wish to find a policy according to the expected total discounted reward criterion.
We recall that, with this criterion, a stationary, deterministic policyπ : S →A is evaluated
by a value function vπ : S →R and a Q-function, Qπ : S ×A →R defined as follows:

vπ(s) = c(s,π(s))+γ ∑
s′∈S

P (s′|s,π(s))vπ(s′) (5.11)

Qπ(s, a) = c(s, a)+γ ∑
s′∈S

P (s′|s, a)vπ(s′) (5.12)

A solution to the MDP is a policy, with maximal evaluation. Such a policy can be found by
solving the Bellman equations.

v∗(s) = max
a∈A

c(s, a)+γ ∑
s′∈S

P (s′|s, a)v∗(s′) (5.13)

In a setting where the reward function is not known with certainty, defining the value
function and optimizing it as done with the Bellman equations can be problematic. In
this section, we will query ordinal information from a tutor to unveil the maximal actions.
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Ordinal Reward MDP. In this section, we suppose that there exists a standard numeri-
cal reward function. However, while the rewards’ numerical values are assumed to be un-
known, we suppose that their relative order is given. Such situation can be represented as
an Ordinal Reward MDP (ORMDP) [Weng, 2011] defined by a tuple (S ,A ,P , ĉ,γ) where
the reward function ĉ : S ×A → R takes its values in a set R = {c1 < c2 . . . < ck } of un-
known ordered rewards.

In order to count the number of each unknown reward obtained by a policy, an OR-
MDP can be reformulated as a Vector Reward MDP (VMDP) (S ,A ,P ,c,γ) where c(s, a) is
the vector in Rk whose i th component is 1 for ĉ(s, a) = ci , and 0 on the other components.
Like in standard MDPs, in such a VMDP the value function vπ and the Q-function Qπ of a
policy π can be defined by:

vπ(s) = c(s,π(s))+γ ∑
s′∈S

P (s′|s,π(s))vπ(s′) (5.14)

Qπ(s, a) = c(s, a)+γ ∑
s′∈S

P (s′|s, a)vπ(s′) (5.15)

where additions and multiplications are componentwise. The i -th component of a vector
v ∈Rk can be interpreted as the expected and discounted number of unknown reward ci .

Therefore, a value function in a state can be interpreted as a multi-set or a bag of ele-
ments of R represented by a vector. Now, comparing policies amounts to comparing vec-
tors. Interactive value iteration [Weng and Zanuttini, 2013] is a procedure inspired from
value iteration to find an optimal policy according to the true unknown reward function
by querying when needed an expert for comparisons of two bags of elements of R. We
now present the original version of the algorithm by Weng and Zanuttini.

Interactive Value Iteration. In order to find an (approximate) optimal policy for an
ORMDP with an initially unknown preference relation over vectors, Weng and Zanut-
tini [2013] developed a variant of value iteration, named Interactive Value Iteration (IVI),
where the agent may ask a tutor which of two sequences of rewards should be preferred.
An example of query is “c1 + c3 ≥ 2c2?", meaning “is receiving c1 and c3 as good as receiv-
ing 2c2?". As the tutor answers queries, the set of admissible reward functions shrinks and
more vectors can be compared without querying the tutor.

At the beginning of the process, the agent only knows the order over rewards, i.e., c1 <
c2 < . . . < ck , and knows that she can set without loss of generality c1 to 0 and ck to 1 [Weng,
2012]. This initial knowledge is represented by a set K of linear constraints. When having
to choose the best of two value vectors v and v′ in a given state (see Algorithm 12), function
StDom(v,v′) compares the two vectors with respect to the following dominance relation
named st-dominance (which is analogous to stochastic dominance):

∀ j = 1, . . . ,k
k∑

i= j
vi ≥

k∑
i= j

v ′
i (5.16)

Put another way, a vector v st-dominates a vector v′ if for each reward value ci the ex-
pected and discounted number of rewards that are greater than or equal to ci is higher in
v than in v′. In this case for any reward values c consistent with the constraint c1 = 0 < c2 <
. . . < ck = 1, we have that v·c ≥ v′·c. In the case where no dominance is found, the next step
is to check whether one of the two vectors is necessarily preferred to the other given the
constraints in K . The function KDom(v,v′) checks whether v is not less preferred than v′
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(denoted by v º v′) by solving the following linear program:

z∗ =min (v−v′) ·c (5.17)

s.t. c ∈C (K ) (5.18)

where the dot in (5.17) denotes the inner product and C (K ) is the set of reward values
c = (c1, . . . ,ck ) satisfying all constraints in K . We distinguish the following three cases:

1. A non-negative optimal value for the objective function z∗ implies that for any pos-
sible reward function, v º v′; v is then said to KDominate v′.

2. In case of negativity of the optimal value z∗, KDom(v′,v) is called to check if v′ º v
for all reward function satisfying constraints in K .

3. If the two vectors can still not be compared, the tutor is asked which of v or v′ should
be preferred. A query is a 2-subset {v,v′} from which the tutor picks her preferred
element (if indifferent, she arbitrarily picks one of them). If she picks v, then v º v′,
otherwise v′ º v. If v º v′ (resp. v′ º v), then the new constraint (v−v′).c ≥ 0 (resp.
(v′−v).c ≥ 0) is added to K .

Algorithm 11 summarizes the IVI procedure. It uses the functions Init, that returns
the initial set K of linear constraints induced by c1 < . . . < ck , and getBest (Algorithm 12)
that returns the best of two vectors. The function getBest calls first function StDom, then
function KDom, and finally function query (Algorithm 13) if no dominance is found. If
function query is called than a new constraint is added to K which reduces the set of
admissible reward values. Note that StDom(v,v′)=KDom(v,v′) for initial set K , and that
StDom(v,v′)⇒ KDom(v,v′) in all cases. Nevertheless, the IVI procedure takes advantage
of the computational efficiency of StDom to save some calls to KDom.

Weng and Zanuttini [2013] showed that the number of queries used by IVI is polyno-
mial in the size of the MDP. However, as the tutor is queried each time two vectors cannot
be compared, it seems that a more sophisticated approach could greatly reduce the num-
ber of queries needed by the algorithm. In the next subsection, a modified version of IVI
is proposed that integrates several techniques in order to reduce the number of queries.

5.3.3 Modified Interactive Value Iteration

Interactive Value Iteration is appealing as answering comparison queries is significantly
less cognitively demanding than directly defining the reward function. And yet, to be a
reasonable method, the number of queries required by the procedure needs to be as low
as possible. Several ideas are investigated to address this problem: 1) delaying queries in
order to avoid asking some unnecessary queries; 2) prioritizing queries in order to ask the
most informative ones first; 3) allowing small mistakes in the dominance tests in the early
stages in order to anticipate the shrinking of the set of admissible reward functions.

Delaying the queries. In Algorithm 11, the tutor is queried whenever two vectors v
and v′ cannot be compared. The intuition behind the improvement proposed here is that
by delaying the query phase after all vectors are generated (each vector refers to a possi-
ble action in a given state), we might benefit from the fact that new dominance relations
might appear later on. Indeed when trying to assess which of three vectors v1,v2, and v3

is the best, we may be able to find that v3 dominates both v1 and v2; this is enough for us,
even if we ignore which is better between v1 and v2. Therefore querying which of v1 and v2
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Algorithm 11: Interactive Value It-
eration [Weng and Zanuttini, 2013]

Data: S ,A ,P , ĉ,γ,R,ε
1 t ← 0
2 compute c from ĉ
3 K ← Init(R)
4 for s ∈S do v0(s) ← (0, . . . ,0)
5 repeat
6 t ← t +1
7 for s ∈S do
8 best ← (0, . . . ,0)
9 for a ∈A do

10 v ← c(s, a)+
γ

∑
s′∈S P (s′|s, a)vt−1(s′)

11 (best,K ) ←
g etBest (best,v,K )

12 vt (s) ← best

13 until ||vt −vt−1|| < ε
14 return vt

Algorithm 12: getBest

Data: v,v′,K
1 if StDom(v,v′) then return (v,K )
2 if StDom(v′,v) then return (v′,K )
3 if KDom(v,v′,K ) then return (v,K )
4 if KDom(v′,v,K ) then return (v′,K )
5 (best,K ) ← query(v,v′,K )
6 return (best,K )

Algorithm 13: query

Data: v,v′,K
1 Ask query {v,v′}
2 if v º v′ then
3 return (v,K ∪ {(v−v′).c ≥ 0})
4 else
5 return (v′,K ∪ {(v′−v).c ≥ 0})

is best, as would do Algorithm 11, is unnecessary. Thus, delaying the querying step from
the loop over actions will prevent asking some unnecessary queries. For this purpose, we
replace Lines 7 to 12 in Algorithm 11 by the following lines:

1 for s ∈S do
2 Q(s) ←;
3 for a ∈A do
4 Q(s, a) ← c(s, a)+γ∑

s′∈S P (s′|s, a)vt−1(s′)
5 Q(s) ← Q(s)∪ {Q(s, a)}

6 Q(s) ← StDFilter(Q(s))
7 Q(s) ← KDFilter(Q(s),K )
8 while |Q(s)| > 1 do
9 Let {v,v′} ⊆ Q(s)

10 (_,K ) ← query(v,v′,K )
11 Q(s) ← KDFilter(Q(s),K )

12 vt (s)←unique vector of Q(s)

where primitives StDFilter and KDFilter are given in Algorithms 14 and 15: the former
checks the dominance described by Equation 5.16 for each pair of vectors v,v′ in Q and
returns the set of undominated vectors; the latter does the same thing for K-dominance.

Basically, Q(s) is a set of vectors (discounted collections of unknown rewards) asso-
ciated to a state s while Q(s, a) is related to the value of taking an action a in state s. As
in the original IVI, we filter out st-dominated and K-dominated vectors before starting
the querying phase. Finally, in the while loop we query the user about pairs of non-
dominated vectors in Q(s) until Q(s) contains a single element, that is assigned to vt (s)
in the last line. Note that, after each query, we try to find new K-dominance relations by
using method KDFilter (Line 11). This idea of delaying the queries can be pushed further
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by delaying the querying phase outside of the loop over states or by waiting several time
steps before asking queries.

Algorithm 14: StDFilter
Data: Q

1 for v ∈ Q do
2 for v′ ∈ Q with v 6= v′ do
3 if StDom(v,v′) then

Q ← Q \ {v′}

4 return Q

Algorithm 15: KDFilter
Data: Q,K

1 for v ∈ Q do
2 for v′ ∈ Q with v 6= v′ do
3 if KDom(v,v′,K ) then

Q ← Q \ {v′}

4 return Q

Prioritizing the queries. By delaying the queries outside of the loop over actions and
even outside of the loop over states, one can choose to ask queries in a different order
than the sequential one induced by the original IVI procedure. Certainly this order will
count as queries are not all equally informative: the queries that we presume might solve
many others should be asked first. Defining a relevance score for each query to guide
the querying process seems to be a promising technique to curb the number of queries
necessary to solve the MDP. For this purpose, we now replace Lines 7 to 12 in Algorithm 11
by the following lines:

1 for s ∈S do
2 Q(s) ←;
3 for a ∈A do
4 Q(s, a) ← c(s, a)+γ∑

s′∈S P (s′|s, a)vt−1(s′)
5 Q(s) ← Q(s)∪ {Q(s, a)}

6 Q(s) ← StDFilter(Q(s))
7 Q(s) ← KDFilter(Q(s),K )

8 Queries←⋃
s

{
{v,v′}⊆Q(s):v 6=v′

}
9 while Queries 6= ; do

10 {v,v′} ← argmax{X-score({v,v′}) : {v,v′} ∈ Queries}
11 (_,K ) ← query(v,v′,K )
12 for s ∈S do Q(s) = KDFilter(Q(s),K )
13 Queries←⋃

s

{
{v,v′} ⊆ Q(s) : v 6= v′

}
where function X-score (with X-score∈{Q,K,S}) is one of the priority functions described
below, the value of which is intended to reflect how informative a query is, and Queries is
the set of all unsolved queries. Note that here the best vector returned by query(v,v′,K )
does not need to be saved.

To define priority functions evaluating the informative value of a query, several meth-
ods can be considered. Here we propose two types of heuristics. The first type aims to
reduce as much as possible the set of remaining unsolved queries (i.e., focusing on the
impact on the cardinality of Queries, the set of unsolved queries) while the second type
tries to reduce as much as possible the set of admissible reward functions (i.e., focusing
on the impact on the polytope C (K )).

Strategies aiming to reduce the cardinality of set Queries. Let {v,v′} be a query. If we
know that, for instance, v is preferred to v′, this induces an additional constraint that re-
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duces the polytope C (K ). This new, smaller, polytope may induce new relations of K-
dominance — for instance, we might be able to check that for all c ∈ C (K ∪ {v º v′}) a
vector v1 is preferred to another vector v2 — in other words the information carried in an
answer to a query can generalize to other queries. A natural idea to evaluate the informa-
tion value of a query is then to count the number of queries that can be resolved if v º v′,
the number of queries resolved if, on the other hand, v′ º v and to take the minimum
between the two values. This relevance score will be called Q-score (Q for Queries). Let
Qval (v,v′) be the number of queries decided if v º v′; then:

Q-score({v,v′}) = min{Qval (v,v′),Qval (v′,v)}. (5.19)

This idea is simple and natural but comes at the cost of solving 4(N−1) linear programs
(one for each call to KDom) in the worst case if N is the number of queries.

Algorithm 16: Q-score

Data: v,v′,K ,Queries
Result: Q-score({v,v′})

1 sv, sv′ ← 0,0
2 Kv,Kv′ ←K ∪ {(v−v′).c ≥ 0}, K ∪ {(v′−v).c ≥ 0}
3 for {v1,v2} ∈ Queries do
4 if KDominates(v2,v1,Kv) or KDominates(v1,v2,Kv) then sv ← sv +1
5 if KDominates(v2,v1,Kv′) or KDominates(v1,v2,Kv′) then sv′ ← sv′ +1

6 return min{sv, sv′}

Strategies aiming to directly reduce polytope C (K ). Another idea is to use the opti-
mal objective values given by procedure KDom. Consider a query {v,v′} ∈ Queries. Let
Kval (v,v′) be the optimal value of the linear program described by Equations 5.17-5.18,
normalized by ||v − v′||. Since neither v nor v′ could be filtered, both Kval (v,v′) and
Kval (v′,v) are necessarily negative. We define the priority of query {v,v′} as

K-score({v,v′}) = min{|Kval (v,v′)|, |Kval (v′,v)|}. (5.20)

The idea of K-score is that Kval (v,v′) and Kval (v′,v) give us an approximation of the vol-
ume of the polytope on both sides of the constraint defined by the query (see Figure 5.5).
Thus, it is likely that a high K-score query will reduce largely the polytope no matter the
answer of the tutor. This alternative has the benefits of its algorithmic simplicity. In-
deed the computation of Kval (v,v′) and Kval (v′,v) only requires to solve small linear
programs.

Alternatively, following the same idea, rewards can be sampled in the admissible re-
ward space (using a Gibbs sampler [Casella and George, 1992]). Let SR be the set of sam-
ples generated and consider a query {v,v′} ∈ Queries. Let Sval (v,v′) = |{c ∈ SR : (v−v′).c ≥
0}|. The priority of query {v,v′} is then defined as its S-score (S for sampling):

S-score({v,v′}) = min{Sval (v,v′),Sval (v′,v)}. (5.21)

The numbers of samples on each side of the hyperplane defined by the query {v,v′} gives
us an approximation of the volumes of the polytope on each side of the query (see Fig-
ure 5.6 where samples labeled by y belong to {c ∈ SR : (v−v′).c ≥ 0} and samples labeled by
n belong to {c ∈ SR : (v′−v).c ≥ 0}). Hence a query which has roughly 50% of samples on
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(v−v′) ·c = 0

query {v,v′}

K
val (v,v ′)

K
val (v ′,v)

Figure 5.5: Illustration of K-score.
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Figure 5.6: Illustration of S-score

both sides will approximately cut the polytope in two equal volumes and it will be deemed
a very informative query according to this strategy. A similar idea was used by Rosenthal
and Veloso [2012] in a context where rewards are a weighted sum of known subrewards
and the elicitation procedure searches for the unknown weights.

Allowing small mistakes in the early stages. The modification of IVI we propose in
this subsection aims to make a compromise between the number of iterations of the pro-
cedure and the number of queries issued. The idea is to take the “risk” of slowering con-
vergence by avoiding as much as possible to ask queries in the early stages. For this pur-
pose, the condition z∗

K ≥ 0 in function KDom (we recall that z∗
K corresponds to the optimal

value of program (5.17-5.18)) is loosened: a vector v′ is considered to be dominated if
z∗

K ≥−err(t ), where err(t ) ≥ 0 is a function that decreases to 0 with t . Clearly, this trick has
the potentiality to avoid many queries during the early stage with the possible drawback
of temporarily driving IVI towards a misleading direction. To ensure that this modifica-
tion will not prevent the algorithm to converge towards the optimal value function, we
modify the main loop of IVI so that the algorithm will keep running until err(t ) reaches 0.

Synthesis. Algorithm 17 synthesizes our modifications to IVI. The initialization of the
algorithm (Lines 1 to 4) is unchanged. The main loop (Lines 5 to 22) iterates until the
value function converges to the optimal value function and the err(t ) function converges
to 0 (i.e., err(t ) < δ with δ << 1). From Line 7 to Line 13, we fill the sets of possible value
vectors for each state by computing and appending the Q-values of the corresponding
state-action pairs (Lines 7 to 11) and then filter out the vectors (Lines 12 and 13) that
we already know are dominated by using functions StDFilter (Algorithm 14) and KDFilter
(Algorithm 15). This latter algorithm now takes an extra parameter (i.e., err(t )) for imple-
menting the idea presented in the previous subsection. In the second part of the loop,
we consider the set Queries of all unsolved queries composed of pairs of non-dominated
vectors of a same state. While there exists unsolved queries we select and issue the most
informative query (Lines 16 and 17) using the priority score, X-score (X ∈ {Q,K,S}). Once
the tutor has answered the query, the acquired information may enable to filter other
vectors (Line 18), thus reducing the number of unsolved queries (Line 19). Once all the
queries are solved, each set Q(s) is composed of a single element, corresponding to vt (s)
(the value vector of s for the next time step). The optimal value function for M = (S ,
A , P , ĉ, γ) is returned. By using standard bookkeeping techniques, we could return the
optimal policy as well.
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Algorithm 17: Modified IVI
Data: S , A , P , ĉ, γ, R, ε, err

1 t ← 0
2 compute c from ĉ
3 K ← Init(R)
4 for s ∈S do v0(s) ← (0, . . . ,0)
5 repeat
6 t ← t +1
7 for s ∈S do
8 Q(s) ←;
9 for a ∈A do

10 Q(s, a) ← c(s, a)+γ∑
s′∈S P (s′|s, a)vt−1(s′)

11 Q(s) ← Q(s)∪ {Q(s, a)}

12 Q(s) ← StDFilter(Q(s))
13 Q(s) ← KDFilter(Q(s),K ,err(t ))

14 Queries←⋃
s

{
{v,v′}⊆Q(s):v 6=v′

}
15 while Queries 6= ; do
16 {v,v′} ← argmax{X-score({v,v′}) : {v,v′} ⊆ Queries}
17 (_,K ) ← query(v,v′,K )
18 for s ∈S do Q(s) = KDFilter(Q(s),K ,err(t ))
19 Queries←⋃

s

{
{v,v′} ⊆ Q(s) : v 6= v′

}
20 /*each Q(s) is now a singleton*/
21 for s ∈S do vt = Q(s)
22 until ||vt −vt−1|| < ε and err(t ) < δ
23 return vt

Discussion. We show below in Example 50 that the reduction of the number of queries
entailed by our modifications can be arbitrarily large or null. The example considered is
related to the first improvement we have made on IVI about delaying the queries out of the
loop over actions but similar examples can be created regarding the other modifications.

s1 s2

s3

a3,c4

a5,c4
a2,c2

a1,c3

a4,c1

Figure 5.7: The MDP in Example 50.

Example 50. Consider the MDP represented in Figure 5.7 with γ= 1/3 and true (unknown)
reward values c1 = 0, c2 = 0.2, c3 = 0.8, c4 = 1. The only state with several possible actions
is s1. In state s1, as action a3 dominates all other actions (i.e., a1 and a2) with respect st-
dominance, our modified IVI will not need to issue any queries to solve this MDP. Indeed,
method StDFilter will always filter out actions a1 and a2. However, if in state s1 the original
IVI procedure starts by comparing actions a1 and a2, an important number of queries will
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be issued. Indeed, at iteration t , the quality of actions a1 and a2 computed by the value
iteration algorithm are:

Qt (s1, a1) = c3 + 1

3
vt−1(s2) = c3 + 1

3

(1− (1/3)t )

1−1/3
c1 = c3 +0.5(1− (1/3)t )c1

Qt (s1, a2) = c2 + 1

3
vt−1(s3) = c2 + 1

3

(1− (1/3)t )

1−1/3
c4 = c2 +0.5(1− (1/3)t )c4

where ci is the reward vector whose i th component is 1 all other being 0. There is no domi-
nance relation between Qt (s1, a1) and Qt (s1, a2) regarding st-dominance. Hence, the algo-
rithm will need to issue some queries and acquire preference constraints to filter some dom-
inated actions. As c3+0.5(1−(1/3)t )c1 = 0.8 and c2+0.5(1−(1/3)t )c4 = 0.2+0.5(1−(1/3)t ) <
0.7, the answer to the query “Is Qt (s1, a1) º Qt (s1, a2)?" is always yes. Unfortunately, new
constraints of this form will not make it possible to know if Qt ′(s1, a1) should be preferred
or not to Qt ′(s1, a2) with t ′ > t because:

Qt (s1, a2) < Qt+1(s1, a2) < . . . < Qt+1(s1, a1) = Qt (s1, a1).

Hence, a query will be issued at every iteration of the algorithm.
On the contrary, if we remove action a3 from state s1 then IVI and our modified IVI will

both yield the same performance (assuming that the errors we enable modified IVI to make
at the beginning of the algorithm are too small to save any queries), and will both issue one
query per iteration.

This example shows that the gain from our modifications can be arbitrarily large or
null. It also shows that the number of queries issued can be very large in the worst case.
Indeed at every time step the number of non dominated state-action pairs can be as large
as |S | · |A |. In practice we expect queries to be related so that getting the answer to one
query from the tutor might provide the answer to some other queries. Thus, we hope the
number of queries issued will not be too large.

5.3.4 Numerical Tests

This approach was tested on three different domains: randomly generated MDPs, auto-
nomic computing [Boutilier et al., 2003] and a simulated setting of personalized assis-
tance to impaired people (Coach domain [Boger et al., 2006])2. The original IVI and the
improved version described in subsection 5.3.3 were coded in Python using Gurobi 6.0 as
an LP solver. The discount factor γ is set to 0.95, ε to 10−3, δ to 10−7 and err(t ) = e−t . The
number of samples used by the S-score is 5000. All numeric results are averaged over 20
runs.

Random MDPs. Let us first compare IVI and different variants of the improved IVI on
randomly generated MDPs. Given fixed n, m, k (the numbers of states, of actions and
of different reward values), we randomly generate the transition function assuming that
each pair (s, a) has blog2(n)c successors (chosen uniformly from the set of states). Tran-
sition probabilities are obtained by sampling between 0 and 1 and then normalizing.
The type of reward of each pair (s, a) is picked from the uniform categorical distribution
c1, . . . ,ck ; the numerical values are randomly generated in interval [0,1] and reordered in
order to be consistent.

2In both the autonomic computing domain and in Coach, the transition values and the rewards were
randomly generated in such a way to satisfy the constraints imposed by the problem domain.
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�

Figure 5.8: Number of queries vs number of states for each priority scores.

�

Figure 5.9: Number of queries vs number of rewards for each priority scores.

In Figures 5.8 (the number of queries asked as a function of n; k = |R| is fixed to 10 and
m to 5) and 5.9 (the number of queries asked as a function of the number |R| of different
ordinal rewards; n is fixed to 50 and m to 5) we compare the different priority scores that
can be used to choose the next query to ask; the graph shows that all three techniques
(Q-score, K-score and S-score) are similarly effective, with S-score performing best.
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�

Figure 5.10: Number of queries vs number of states for different query strategies.

�

Figure 5.11: Number of queries vs number of rewards for different query strategies.

In Figure 5.10 we compare the impact of the different improvements that we described
with the performance of the original IVI (k = |R| is fixed to 10 and m to 5). For the queries’
priority we focus on the S-score since this seemed to be the best performing strategy. As
expected, IVI asks the highest number of queries (around 80 with 100 states; 120 with 300
states); delaying the moment of asking queries already gives a very significant advantage
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(around 60 and 85 queries for 100, 300 states). If we additionally ask queries according
to the priority induced by the S-score, the number of queries reduces even more (around
45 and 55 queries for 100, 300 states); but surprisingly this improvement is less than the
improvement obtained by the combination of delaying the queries and the heuristic of
allowing small errors in the initial iterations. The best results are obtained by combining
the S-score with the “error” heuristic (about 40 queries with 300 states). Interestingly, with
our improvements, the number of queries asked by modified IVI grows very slowly with
respect to the number of states.

Figure 5.11 compares the same strategies but with different numbers of rewards (i.e.,
k = |R|), the number of states n being fixed to 50 and m to 5. By comparing Figure 5.10
with Figure 5.11 we can see that parameter k (number of reward values) impacts much
more the number of queries than parameter n (number of states); especially when con-
sidering the version of IVI including all our improvements (denoted by “Delayed+ S-score
+ err” in the plots).

Autonomic Computing. We also applied our algorithm on the domain of autonomic
computing [Boutilier et al., 2003]. In this domain, we assume there are κ application
server elements on which N available resources have to be assigned. A feasible alloca-
tion is an integer vector a = (a1, . . . , aκ) with

∑κ
i=1 ai ≤ N. The client’s demand (changing

over time) is an integer vector d = (d1, . . . ,dκ) representing κ levels of demand in {1, . . . ,D}.
A state of the MDP is a vector (a,d) defining current allocation and demand. An action is
the adoption of a new allocation m = (m1, . . . ,mκ). The reward of taking action m in state
(a,d) is c((a,d),m) = u(a,d)− ζ(a,d,m) where u(a,d) = ∑κ

i=1 u(ni ,di ) is the sum of non-
decreasing utility-functions u(ai ,di ) and ζ(a,d,m) is the sum of the costs for removing a
resource unit from the server. An action deterministically sets the next allocation, while
the uncertainty about demands is stochastic and exogenous.

We ran IVI and modified IVIs on instances with κ= 2, N = 3 and D = 3 (90 states and 10
actions). While the original IVI needs 188.7 queries to converge, by delaying the queries
we reduce this number to 108.9. Prioritizing the order in which the queries are asked
further reduces the number of queries to 86.9. Finally by using the heuristic that allows
small mistakes in the first iterations of the algorithm, we only need to ask 66.3 queries.

Coach. Finally, we present our experimental results on the “Coach” domain [Boger et
al., 2006]. In this problem, we provide assistance to a person with dementia accomplish-
ing a daily-life activity (e.g., handwashing) that is decomposed into T = {0, . . . , l } phases.
Different types of aids are available, modeled by actions A = {0, . . . ,m}; a ∈ A is a form
of assistance, each associated with a different level of intrusiveness between 0 and m; 0
represents no prompt (no aid is given), m −1 represents the most intrusive prompt and
m means that a caregiver has to be called. The goal is to aid the person in completing the
task, with enough help but avoiding being too intrusive.

A state in the MDP is described as a tuple (t ,d , f ) where t ∈ T is the current time step,
d ∈D={0, . . . ,5} is the delay (time already spent in the current phase of the task) and f ∈A

is the last prompt used. The transitions model the chance of “success”, i.e., the probabil-
ity that the person moves to the next phase. To model the effectiveness of the aid, at each
phase t < l of the task, the probability of success is increasing with the level of intrusive-
ness of action a; however the probability is decreasing with d . Furthermore, reaching the
next step after prompting is less likely if a prompt has already failed at the current step.
The reward associated to taking action a in state (t ,d , f ) is defined by:

c((t ,d , f ), a) = cg oal (t )+ cpr og r ess(d)+ cdel ay (d)+ cpr ompt (a)
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where cg oal (t ) gives a large reward when the final phase is reached and 0 otherwise, cpr og r ess(d)
is a small reward when passing to the next phase with no delay and 0 otherwise, cdel ay (d)
and cpr ompt (a) are increasing cost functions.

We ran IVI and our improved versions of IVI on instances with l = 14 and m = 6 (630
states and 7 actions). While the original version of IVI needed 169.9 queries to converge,
by delaying the queries we reduced this number to 114.7 and prioritizing the order in
which the queries were issued curbed this score to 77.9. Lastly by allowing small mistakes
at the beginning of the algorithm the number of queries issued decreased to 71.2.

5.3.5 Summary of Section: an Interactive Value Iteration Algorithm

IVI is an appealing procedure that mitigates the burden of defining the reward function
of an MDP by interweaving the elicitation and resolution phases. In order to find an op-
timal policy for an MDP, this procedure queries a tutor about comparisons of multisets
of rewards when needed. In this section, we have presented modifications to the origi-
nal algorithm that are shown to reduce substantially the number of queries issued. The
main ideas are that we can avoid unnecessary queries by delaying the querying phase,
and reasoning about the order in which we ask the query.

The next section also deals with an elicitation process. While the decision problem
considered is much simpler (we suppose that we can explicitly list all the solutions of the
problem), the decision model considered is much more complex.

5.4 Decision Making under Risk with an Imprecise WEU Model:
an Efficient Incremental Elicitation Procedure

In this section, a decision maker is faced with numerous risky prospects given as lotteries
on a set of possible outcomes denoted by X and must find an alternative that suits her
best. In this context, the decision analyst has to fit the parameters of the decision model of
the decision maker through interactions with her. This is known as the preference elicita-
tion step, which is paramount to advise the decision maker or to predict her choices. This
task is complex, especially due to the fact that uncertainty affects the decision maker’s
judgements.

We assume that the decision maker is consistent with the WEU model (see subsection
1.5.4), a subclass of the SSB model. The WEU model relies on two functions u and w .
Therefore, the preference elicitation step consists in eliciting these functions to unveil the
preferences of the decision maker. To the best of our knowledge, no previous work has
tackled the elicitation of the WEU model. In this section, we design an elicitation protocol
to elicit the WEU model and then show how this protocol can be used in an incremental
elicitation procedure. Our numerical tests show the efficiency of the approach.

5.4.1 Related Work

Once we have identified the decision model that describes the preferences of the decision
maker, the decision analyst knows on which parameters its recommendation should be
made. However, the decision model does not stipulate how the values of these parame-
ters should be chosen to fit the preferences of the decision maker. Unfortunately, a slight
change in these values may lead to completely different solutions than the preferred ones
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of the decision maker. To set correctly these values, one can rely on an elicitation pro-
cedure which specifies the parameters of the model through a sequence of interactions
with the decision maker. Preference elicitation is an active research topic in artificial in-
telligence and has led to different approaches. We classified them as follows but note that
some approaches might overlap with others.

The standard approach aims to elicit entirely the model by specifying completely each
parameter. For instance, with the Expected Utility (EU) model, the elicitation procedure
would completely specify the utility function of the decision maker. Elicitation protocols
exist for several decision models as EU (e.g., [Wakker and Deneffe, 1996]), Rank Depen-
dent Utility (RDU) (e.g., [Bleichrodt and Pinto, 2000]) or regret theory (e.g., [Bleichrodt et
al., 2010]). The drawback of this approach is that it can require a large number of interac-
tions before being able to fit exactly the preferences of the decision maker. On the other
hand, the advantage of this approach is that, at the end of the process, the model has been
completely elicited and can be reused repeatedly and in different problems.

Instead of trying to learn completely the model, another elicitation approach aims to
elicit the model “just” to solve one specific optimization problem. In that case, one can
try to interleave the elicitation procedure with the resolution of the optimization problem.
This is called interactive optimization [Korhonen and Laakso, 1986; Zionts and Wallenius,
1976]. The idea is to collect feedbacks from the decision maker to orientate the search
of an optimal solution within the set of possible optimal solutions (given the uncertainty
in the model). This is realized via an interactive loop in which two steps are realized. In
the first step, the system evaluates the solutions using a possible set of parameters for the
decision model. In a second step, the system presents a subset of solutions to the decision
maker on which she can give feedbacks. The process stops once the decision maker has
found a “satisfying” solution. The advantage of this approach is that it does not need to
elicit entirely the model before finding a satisfying solution. Hence, it requires less inter-
actions with the decision maker than the standard approach. However, the information
acquired may not be sufficient enough to solve other problems than the one considered
in the interactive process.

Within the setting of interactive optimization, several approaches can be distinguished.
For instance, in Bayesian elicitation methods, instead of collecting hard constraints which
separate admissible from non-admissible sets of parameters, the system uses the infor-
mation acquired to define a probability distribution over the possible sets of parameters
[Braziunas, 2012; Chajewska et al., 2000; Viappiani and Boutilier, 2010]. One advantage
of this method is that it makes it possible to model possible errors made by the decision
maker. In this framework, each solution is evaluated by an expected value over the possi-
ble sets of parameters and a good query is likely to increase the maximal expected value of
a solution. The process is stopped once the system has identified a “good” solution with
high enough probability.

A last approach is the incremental elicitation framework in which the preference queries
are selected one by one in order to efficiently reduce the imprecision over the parameters
of the model until a near-optimal choice is identified. This approach uses sophisticated
decision criteria to identify the next query that will be issued, such as the minmax regret
criterion [Benabbou and Perny, 2015; Benabbou et al., 2014; Regan and Boutilier, 2009].
This approach has proved very efficient in various domains, solving complex problems
while only requiring few preference queries (see e.g., [Chajewska et al., 2000] and [Wang
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and Boutilier, 2003] for EU, [Perny et al., 2016] for Rank Dependent Utility or [Nguyen et
al., 2014] for the incremental elicitation of attacker payoffs in security games).

The work that we present in this section is both related to the standard approach and
the incremental elicitation approach. Indeed, we give an elicitation procedure for the
WEU model that could be used to elicit the model entirely, and then show how to integrate
it in an incremental setting.

5.4.2 Background

The WEU model [Chew, 1983] is a risk-sensitive model that extends the EU model with
enhanced descriptive abilities while conserving desirable normative properties. Indeed,
while it has been shown in Chapter 1 that the WEU model could account for non-independent
preferences (as the ones exposed by Allais’ paradox), we have seen in Chapter 4 that this
model could still be optimized in polynomial time in decision trees. The WEU model re-
lies on two real functions u and w defined on the set of possible outcomes, denoted here
by X . These functions are then lifted from outcomes to lotteries by using expectations:
u(l ) = ∑

x∈X l (x)u(x) and w(l ) = ∑
x∈X l (x)w(x). In the WEU model, the preference % is

defined by3:
l1% l2 ⇔ u(l1)w(l2)−u(l2)w(l1) ≥ 0 (5.22)

and u(l1)w(l2)−u(l2)w(l1) is a signed intensity of preference between lotteries l1 and l2.
One key issue in preference modeling with WEU is the elicitation of the two functions

u and w to fit the value system of a given decision maker.
Two different elicitation approaches can be distinguished. On the one hand, one can

perform a full elicitation using a systematic sequence of queries aiming to completely
specify the decision model. However, this precise elicitation of functions u and w would
certainly require a prohibitive number of queries. Moreover, the full elicitation of the
model is generally not necessary to identify the optimal choice within a given set of lot-
teries.

For this reason, after we have identified how to elicit the WEU model, we will focus on
the incremental approach in which preference queries are selected one by one in order to
efficiently reduce the imprecision over the parameters of the model until a near-optimal
choice is identified.

5.4.3 Preliminary Results

Let P be the set of all lotteries defined on the outcome space X . In this work, we assume
that X is a bounded interval of R, so that we can set X to [0,1] without loss of generality.
In our setting, the decision maker has to select a lottery among a finite set L ⊂P .

We now make two natural assumptions on the decision maker’s preferences. We no-
tably assume that the decision maker is not always indifferent, imposing that the highest
outcome 1 is strictly preferred to the lowest one 0. Furthermore, given two outcomes x
and y with x ≥ y , we assume that the signed intensity of preference between x and any
other outcome z is at least as high as the one between y and z. In the WEU model, these
hypotheses can be written as follows (see Equation 5.22):

h1: u(1)w(0)−u(0)w(1) > 0

h2: x ≥ y ⇒∀z ∈X , (u(x)−u(y))w(z) ≥ u(z)(w(x)−w(y))

3Note that a strict inequality corresponds to a strict preference
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We now derive some properties that hold for u and w in this context. The first one is a
consequence of the following uniqueness theorem:

Theorem 21 (Fishburn [1983]). Suppose Â is a nonempty asymmetric weak order on P

and (u, w) is a pair of linear functionals on P such that: ∀l1, l2 ∈P , l1 Â l2 ⇔ u(l1)w(l2)−
u(l2)w(l1) > 0. Then, for any pair (u′, w ′) of linear functionals on P , the following proper-
ties are equivalent:

1. ∀l1, l2 ∈P , l1 Â l2 ⇔ u′(l1)w ′(l2)−u′(l2)w ′(l1) > 0

2. There exist a,b,c,d ∈R such that:

u′ = au +bw,

w ′ = cu +d w

and ad −bc > 0.

We can now state the following result:

Proposition 13. Suppose Â is a nonempty asymmetric weak order on P and (u, w) is a
pair of linear functionals on P such that: ∀l1, l2 ∈P , l1 Â l2 ⇔ u(l1)w(l2)−u(l2)w(l1) > 0.
Then, if h1 holds, we can build from u and w another pair of functionals (u′, w ′) such that:

• ∀l1, l2 ∈P , l1 Â l2 ⇔ u′(l1)w ′(l2)−u′(l2)w ′(l1) > 0

• u′(1) = w ′(0) = 1 and u′(0) = w ′(1) = 0

Proof. Let ∆ := u(1)w(0)−u(0)w(1), which is strictly positive due to h1. Let (u′, w ′) be the
pair of linear functionals defined by u′ = au +bw and w ′ = cu +d w , where a = w(0)/∆,
b = −u(0)/∆, c = −w(1)/∆ and d = u(1)/∆. It is easy to check that u′(0)=w ′(1)=0 and
u′(1)=w ′(0)=1, as required. To conclude the proof, we need to prove that we have l1 Â l2

iff u′(l1)w ′(l2) > u′(l2)w ′(l1) for all l1, l2 ∈ P . Since ad −bc = 1/∆ > 0, we know that this
property is verified using Theorem 21.

This proposition enables us to conclude that the decision maker’s preferences can be
modeled using a pair (u, w) such that u(0) = w(1) = 0 and u(1) = w(0) = 1; note that these
values somehow reflects the antisymmetric roles that functions u and w play in the WEU
model. Interestingly, setting those values in this way combined with hypothesis h2 im-
poses monotonicity conditions on u and w :

Proposition 14. SupposeÂ is a nonempty asymmetric weak order on P . Moreover, suppose
(u, w) is a pair of linear functionals on P such that:

• ∀l1, l2 ∈P , l1 Â l2 ⇔ u(l1)w(l2)−u(l2)w(l1) > 0

• u(1) = w(0) = 1 and u(0) = w(1) = 0

Then h2 holds iff u is nondecreasing and w is nonincreasing.

Proof. (⇒ ) Let x, y ∈X be such that x ≥ y . By definition of h2, we have (u(x)−u(y))w(z) ≥
(w(x) − w(y))u(z) for all z in X . In particular, by taking z = 0 and z = 1, we obtain
u(x)−u(y) ≥ 0 and w(x)−w(y) ≤ 0 respectively.
(⇐ ) Assume that u is nondecreasing and w is nonincreasing. In that case, for all x, y ∈X

such that x ≥ y , we have u(x)−u(y) ≥ 0 and w(x)−w(y) ≤ 0. Moreover, since u(0) = 0 and
w(1) = 1, we know that u(z) and w(z) are positive for all z ∈X . Therefore, we necessarily
have (u(x)−u(y))w(z) ≥ u(z)(w(x)−w(y)).
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This proposition also ensures that the decision maker is rational in the sense that any
outcome x is necessarily preferred to any outcome y such that x ≥ y when assuming h1

and h2.
One can note that the monotonicity conditions of Proposition 14 applies to the couple

(u, w) introduced in Example 24 (on page 39), which shows that imposing h1 and h2 does
not prevent to account for Allais’ paradox.

5.4.4 The Elicitation Method

Within WEU theory the preferences of the decision maker are completely characterized
by the pair (u, w), which is initially unknown. To assist the decision maker in her choice,
we propose an incremental elicitation procedure aiming to reduce the indetermination of
functions u and w in order to discriminate the elements in L . At any stage of the process,
we manage two sets of functions U and W that represent all possible functions u and w
given the preference information collected so far. We will iteratively generate carefully
chosen preference queries in such a way that collected preference statements enable to
reduce either the set U or the set W .

To initiate the elicitation process, we consider two reference outcomes x+ and x− such
that x+Â1Â0Âx−, i.e., x+ and x− must be chosen outside the range of X . The first step
of the elicitation process is to elicit the values u(x−) and w(x+). The elicitation can be
performed using the following lotteries: lα = (1,α; x−,1−α) and lβ = (x+,β;0,1−β). We
ask the probabilities α0 and β0 for which the following indifference relations hold: lα0 ∼ 0
and lβ0 ∼ 1. Note that probability equivalence queries are standard tools used in decision
making under uncertainty. The answers to those queries yield the following equalities:

u(lα0 )w(0)−u(0)w(lα0 )=0 ⇔ u(x−) =−α0/(1−α0)

u(lβ0 )w(1)−u(1)w(lβ0 )=0 ⇔ w(x+) =−(1−β0)/β0

Note that both u(x−) and w(x+) are strictly negative, which is consistent with the nonde-
creasingness (resp. nonincreasingness) of u (resp. w). Once values u(x−) and w(x+) are
known, we consider two types of queries, denoted by uQuery(α, l ) and wQuery(α, l ), both
parametrized by a lottery l and by a probability value α.

uQuery(α, l ) asks the decision maker to compare the compound lottery lα = (l ,α; x−,1−
α) to a sure gain of 0. If lα% 0, then we deduce a new constraint as follows:

lα% 0 ⇔ u(lα)w(0)−u(0)w(lα) ≥ 0

⇔ u(lα) ≥ 0 since u(0) = 0 and w(0) = 1

⇔ αu(l )−α0(1−α)/(1−α0) ≥ 0

⇔ α
∑

x∈X

l (x)u(x)−α0(1−α)/(1−α0) ≥ 0 (5.23)

If the decision maker prefers the sure gain, then the inequality is reversed and in both
cases we obtain a constraint on the value u(l ).

wQuery(α, l ) asks the decision maker to compare lottery lα = (x+,α; l ,1−α) to a sure
gain of 1. If lα% 1, then we have to impose:

lα% 1 ⇔ u(lα)w(1)−u(1)w(lα) ≥ 0

⇔ w(lα) ≤ 0 since u(1) = 1 and w(1) = 0

⇔ α(β0 −1)/β0 + (1−α)w(l ) ≤ 0

⇔ α(β0 −1)/β0 + (1−α)
∑

x∈X

l (x)w(x) ≤ 0 (5.24)
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Similarly, we have to reverse the inequality if we observe 1% lα instead. Thus, we are able
to derive some constraints on the values of functions u and w that are completely decou-
pled. This point will reveal paramount for the efficiency of the elicitation process. Those
constraints are then used to reduce the uncertainty attached to the sets U and W .

To identify a near-optimal lottery with few queries, our approach has to focus on the
relevant parts of functions u and w . This is achieved by using a criterion that indicates on
which lotteries we should ask a query in order to generate a highly informative constraint
(i.e., that enables to identify as quickly as possible a near-optimal lottery in L ). To choose
the next lottery on which a query is asked, we use the maxmin criterion.

Maxmin Optimization. Under preference uncertainty, one may be interested in the
lottery l∗ that performs best in the worst-case scenario. Since the value of any lottery
l ∈L is equal to u(l )/w(l ) with the WEU model, the maxmin lottery l∗ is formally defined
by:

l∗ ∈ argmax
l∈L

min
(u,w)∈U×W

u(l )

w(l )

The key observation to determine l∗ is that the constraints obtained when asking uQueries
are completely decoupled from the ones obtained when asking wQueries. Therefore,
minimizing u(l )/w(l ) for a fixed lottery l amounts to minimizing u(l ) over U and maxi-
mizing w(l ) over W (note that all u and w values are nonnegative).

In order to obtain a guarantee on the quality of l∗ with respect to the other options
in L , we now wish to determine an upper bound UB(l ′, l∗) on how much another lottery
l ′ ∈ L could be preferred to l∗ (i.e., how large u(l ′)w(l∗)−u(l∗)w(l ′) can be). For any
l ∈L , we denote by u(l ) and u(l ) (resp. w(l ) and w(l )) the minimal and maximal values
of u(l ) for u ∈ U (resp. w(l ) for w ∈ W ). Given two lotteries l1, l2 ∈ L , it can easily be
checked that u(l1)w(l2)−u(l2)w(l1) ≥ u(l1)w(l2)−u(l2)w(l1) for all (u, w) ∈ U ×W , and
therefore one can set UB(l ′, l∗) = u(l ′)w(l∗)−u(l∗)w(l ′). Thus, an upper bound on how
bad the choice of l∗ could be is:

UB(l∗) = max
l ′∈L \{l∗}

UB(l ′, l∗)

For some given sets U and W , it might be the case that UB(l∗) is too large, meaning that
recommending l∗ is a bad decision in the worst-case scenario. In this situation, we collect
new preference queries to reduce U and W until UB(l∗) becomes smaller than a given
acceptable threshold; in particular, if UB(l∗) = 0, then l∗ is necessarily the best option.
Note that the obtained guarantee is looser than the one obtained by minmax regret as:

u(l1)w(l2)−u(l2)w(l1) ≥ max
(u,w)∈U×W

(u(l1)w(l2)−u(l2)w(l1)),∀l1, l2 ∈L

However, the minmax regret induces quadratic optimization problems (instead of linear
ones) which are relatively difficult to optimize in general.

Query Generation Strategy. At each step of the elicitation process, we compute both
a maxmin lottery l∗ and a challenger maxmax lottery l∗ defined by:

l∗ ∈ argmax
l ′∈L \{l∗}

UB(l ′, l∗).

By definition, lottery l∗ may induce a large loss when recommending l∗. To decrease
UB(l∗) = UB(l∗, l∗) = u(l∗)w(l∗)−u(l∗)w(l∗) as much as possible, we first compute:

max{u(l∗)−u(l∗), w(l∗)−w(l∗),u(l∗)−u(l∗), w(l∗)−w(l∗)}.
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Then, depending on which is maximum, we ask either, respectively, uQuery(α, l∗), wQuery(α, l∗),
uQuery(α, l∗), or wQuery(α, l∗) with an appropriate value α. We now discuss the choice of
α so as to obtain an informative query.

Consider a query of type wQuery(α, l ) for a given l . We want to choose α so that the
imprecision on w(l ) is reduced as much as possible in the worst-case scenario of answers.
Therefore, we choose α in order to obtain a query allowing w(l ) to be compared to (w(l )+
w(l ))/2. In this case, the exact expression of α is:

α := w(l )+w(l )

w(l )+w(l )−2w(x+)
.

This strategy enables to reduce the imprecision on w(l ) by 50% regardless of the decision
maker’s answer. The procedure is similar for choosing α in queries of type uQuery.

Compact Representation of u and w . A first approach for representing functions u
and w leads to the introduction of two variables representing u(z) and w(z) for any rele-
vant consequence z (i.e., the consequences that appear at least once in the set L of lotter-
ies to be compared). However, this approach becomes more and more inefficient as the
number and/or the size of lotteries increase. It directly impacts the number of variables
defining the set of admissible functions u and w but also the number of constraints that
must be considered to enforce the desired monotonicity of those two functions. For this
reason, we adopt a more compact representation consisting in approximating functions
u and w by monotone spline functions [Perny et al., 2016; Ramsay, 1988].

Spline functions are piecewise polynomials whose pieces connect with a high degree
of smoothness. They have a large capacity to approximate complex shapes and guar-
antee that smooth curves will be derived from smooth data (for more details, see e.g.,
[Beatty and Barsky, 1987]). On a given interval [a,b], a spline function f is defined as a
linear combination of m basis spline functions fi , i ∈ {1, . . . ,m}, i.e., f (x) = ∑m

i=1λi fi (x).
The definition of the basis spline functions is based on a subdivision of [a,b] into k parts
[ξ j ,ξ j+1], j ∈ {1, . . . ,k −1}, with ξ1 = a and ξk = b. The basis spline functions are piecewise
polynomials on [a,b] as they are polynomials on each interval [ξ j ,ξ j+1), j ∈ {1, . . . ,k −1};
therefore, f is also piecewise polynomial on [a,b] by construction. Moreover, adjacent
polynomials have matching derivatives (insuring the smoothness). In this work, we use
cubic splines (defined on [a,b] = [0,1]) as they are known to offer a good compromise
between smoothness and flexibility (see e.g., [Beatty and Barsky, 1987]).

When one wants to enforce the monotonicity of function f , a standard approach is
to use a basis of monotone spline functions, namely I-splines [Ramsay, 1988] denoted by
Ii , i ∈ {1, . . . ,m}. For illustrative purpose, Figure 5.12 shows a basis composed of six cubic
I-spline functions, together with a spline function generated from this basis.

As function u must be non-decreasing with u(0) = 0 and u(1) = 1, we define u as a
convex combination of I-splines:

u(x) =∑m
i=1λ

u
i Ii (x) (5.25)

where λu
i ≥ 0 for all i ∈ {1, . . . ,m} and

∑m
i=1λ

u
i = 1. Similarly, since w is a non-increasing

function with w(0) = 1 and w(1) = 0, we define w by:

w(x) = 1−∑m
i=1λ

w
i Ii (x) (5.26)

where λw
i ≥ 0 for all i ∈ {1, . . . ,m} and

∑m
i=1λ

w
i = 1. Equations 5.25 and 5.26 provide a com-

pact definition of functions u and w using only 2m parameters (λu
i and λw

i ), a number
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Figure 5.12: The six cubic I-splines associated with the subdivision of [0,1] = [0, .3]∪[.3, .5]∪[.5, .6]∪
[.6,1], together with function f (x) = 0.3I1 +0.2I3 +0.5I5 (dotted line).

which remains constant as the number of lotteries increase. Without any knowledge of
the decision maker’s preferences, function u can be any function in U = {

∑m
i=1λ

u
i Ii , (λu

1 , . . . ,λu
m) ∈

U}, where:

U = {(λu
1 , . . . ,λu

m) ∈ [0,1]m ,
m∑

i=1
λu

i = 1}

Similarly, w can initially be any element of the set W = {1−∑m
i=1λ

w
i Ii , (λw

1 , . . . ,λw
m) ∈ W},

where:

W = {(λw
1 , . . . ,λw

m) ∈ [0,1]m ,
m∑

i=1
λw

i = 1}

We now explain how this spline representation is used in our elicitation procedure.
To this end, we show how values u(l ), u(l ), w(l ) and w(l ) are computed for any lottery
l . By using our spline representation in Equation 5.23 (resp. 5.24), we observe that any
uQuery (resp. wQuery) yields a linear constraint on parameters λu

i (resp. λw
i ). Those linear

constraints are then imposed to elements of U and W which are therefore characterized
by linear constraints. Remark that sets U and W are two convex polyhedra that implicitly
represent U and W at any time of the process.

Moreover, note that, for any lottery l , u(l ) (resp. w(l )) is linear in parameters λu
i (resp.

λw
i ). Thus computing u(l ) and w(l ) can be achieved by solving the following linear pro-

grams (LPs):

Pu


min

λu
1 ,...,λu

m

m∑
i=1

λu
i

∑
x

l (x)Ii (x)

(λu
1 , . . . ,λu

m) ∈ U

Pw


min

λw
1 ,...,λw

m

m∑
i=1

λw
i

∑
x

l (x)Ii (x)

(λw
1 , . . . ,λw

m) ∈ W

where LP Pu (resp. Pw ) is used to minimize u(l ) (resp. maximize w(l )). Note that Pw is
here stated as a minimization problem because max{1− x} = 1−min{x}. Values u(l ) and
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w(l ) can similarly be obtained by changing the minimization problems into maximiza-
tion problems.

5.4.5 Numerical Tests

We carried out numerical tests4 in order to assess both the average number of queries
required by our approach and the quality of the returned lottery. Interactions with the de-
cision maker are simulated by generating answers to queries using WEU with two hidden,
randomly generated, functions uh and wh . To model uh and wh , we use splines generated
by a basis of m = 12 cubic I-spline functions as defined in Equations 5.25, 5.26. All times
are wall-clock times on a 2.4 GHz Intel Core i5 machine with 8G main memory.
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Figure 5.13: Reduction of UBS (l∗, l∗) as the number of queries increases (results averaged over 50
runs).

Number of queries. Our query generation strategy (described in the previous section
and denoted by LA hereafter) is characterized by both the rule for selecting the lottery on
which a query is asked and the rule for choosing the probability parameter α. In order to
assess the impact of each of these rules, we investigate other strategies relaxing either the
former and/or the latter. The different elicitation strategies obtained are denoted by LA,
LA and LA, where L (resp. L) means that the queried lottery is chosen as in our strategy
(resp. is chosen randomly) and A (resp. A) means that parameter α is chosen as in our
strategy (resp. is chosen randomly). Finally, we also consider strategy OA that, instead
of asking a query on the lotteries l∗ and l∗, asks a query on the outcome (hence the O)
in their support for which the value-imprecision is the highest; those queries are easier
to answer for a decision maker as lotteries can be quite complex objects. We denote by
UBS (l∗, l∗) the upper bound obtained with strategy S , S ∈ {LA,LA,LA,LA}. Figure 5.13
plots the decrease of UBS (l∗, l∗) according to the number of queries averaged over 50 ran-
domly generated sets L of possible lotteries. Each set L contains 1000 lotteries such that
no stochastic dominance relation exists between them. The support of each lottery has a
size generated uniformly in {1, . . . ,10} and consists of values generated uniformly in (0,1).

4Implemented in Java using Gurobi 5.6.3 as solver for the LPs. Times are wall-clock times on a 2.4 GHz
Intel Core i5 machine with 8G main memory.
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One observes that UBLA(l∗, l∗) decreases quickly with the number of queries; for instance,
UBLA(l∗, l∗)≤0.05 after only 15 queries. If queries are issued on outcomes (strategy OA),
the performance is slightly lower and 22 queries are required to reach UBOA(l∗, l∗) = 0.05.
By contrast, the other strategies S are not able to reduce effectively UBS (l∗, l∗).
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Figure 5.14: Reduction of UBS (l∗, l∗) and LS (l∗) as the number of queries increases (results aver-
aged over 50 runs).

Quality of the returned lottery. We recall that the bound UBS (l∗, l∗) is a pessimistic
estimate of the actual loss LS (l∗) that would be entailed by stopping the elicitation pro-
cess and choosing lottery l∗:

LS (l∗) = max
l ′∈L

{uh(l ′)wh(l∗)−uh(l∗)wh(l ′)}.

Figure 5.14 evaluates how far UBS (l∗, l∗) is from LS (l∗) for S ∈ {LA,OA} (the two best
strategies with respect to the number of queries). We observe that during the entire elic-
itation process, LS (l∗) is much lower than UBS (l∗, l∗) for both S = LA and S = OA. In
fact, LS (l∗) reaches 0 after only 10 queries for both elicitation strategies. This shows that,
even if one decides an early interruption of the elicitation process (with respect to the es-
timate UBS (l∗, l∗)), the chosen lottery l∗ is likely to be optimal with respect to uh and wh .

Interest of the incremental approach. In Figure 5.15a and 5.15b, we plot the model
that has been learned with our strategy on one run of 50 queries. The lines umi n and
umax (resp. wmi n and wmax) give the minimal and maximal values that can be taken by
the spline function u (resp. w) approximating uh (resp. wh) in each point according to
the answers of the decision maker. Interestingly enough, it appears that functions u and
w are far from being fully elicited, while the estimated loss is already tiny and lottery l∗ is
almost surely optimal. This illustrates the main interest of the incremental approach that
interweaves elicitation and optimization.

Computation time. We monitored the computation time required by our approach as
it is crucial that the decision maker does not wait a prohibitively long time between two
queries. Even for a large set L consisting of 1400 lotteries, the overall computation time
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(a) Minimal and maximal values that can be
taken by the spline representing uh at the
end of one run.
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Figure 5.15: Model that has been learned on one run.

for 30 queries is 12 seconds and, for instance, determining the 20th query to be asked re-
quires less than 0.5 seconds (average times on 50 runs).

Other experiments. We tested how our approach is affected by varying the size of L

and the maximum number of branches in the lotteries. Whichever strategy S is used,
we did not observe a significant increase in the number of queries required to decrease
efficiently UBS (l∗, l∗).

5.4.6 Conclusion of the Section: the Incremental Elicitation of WEU

In this section, we designed an elicitation protocol dedicated to the WEU model. Then, we
showed how it could be used in an incremental elicitation procedure to solve the problem
of identifying, within a given set of lotteries, a near-optimal solution. The efficiency of
the method relies on a redefinition of functions u and w as monotone spline functions,
which considerably reduces the elicitation burden while keeping a high descriptive power.
Moreover, we have shown that WEU has the advantage that functions u and w can easily
be elicited concurrently in an incremental elicitation setting.

5.5 Conclusion

In this chapter, we have addressed several decision problems under risk. The traditional
formulation of these decision problems require to know the exact numerical values of
some parameters (e.g., the reward function of an MDP for the expected total discounted
reward criterion). In this chapter, we studied three settings in which this information was
not available, i.e., the preferences were incompletely specified or only of ordinal nature.

In a first section, we only assumed that we had a preference order over the possible
episodes of a finite horizon Markov decision process. In this ordinal setting, we designed
a solution method to find a near-optimal policy with respect to a quantile criterion. This
solution method requires to solve repeatedly the Markov decision process with different
expected utility functions and returns a near-optimal wealth Markovian policy.

In a second section, we focused on an interactive optimization method, called Inter-
active Value Iteration (IVI), to solve an infinite horizon Markov decision process with an
imprecisely known reward function. IVI determines a near-optimal policy with respect
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to the total discounted expected reward criterion by querying a tutor when the uncer-
tainty over the reward function does not make it possible for the method to continue the
resolution process. We designed an improved version of the original IVI method by im-
plementing several ideas (e.g., reasoning about the order in which we ask the queries) that
can greatly reduce the number of queries issued by the procedure.

Lastly, in a third section, we designed an elicitation protocol to elicit the WEU model.
Then we showed how to integrate this protocol in an incremental procedure in order to
identify a near-optimal solution with only few queries. The efficiency of our method relies
on a maxmin optimization criterion to guide the querying step and on a compact repre-
sentation of the parameters of the WEU model using spline functions.
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Chapter 6

A Double Oracle Approach for Robust
Combinatorial Optimization Problems

“ I have a robust sense of humour
which helps me deal with problems. ”

P. Mayle
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Summary of the chapter

In this chapter, we present a game-theoretic view of robust combinatorial optimization
problems with interval data. This game-theoretic view enables to design an efficient pro-
cedure to compute a lower bound on the value of an optimal minmax regret solution. We
show how this lower bound compares to other lower bounds proposed in the literature
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and show how this lower bound can be efficiently integrated in a branch and bound pro-
cedure to find an optimal minmax regret solution. Numerical tests are provided that point
out the efficiency of the approach.

This chapter is based on the following publication [Gilbert and Spanjaard, 2017].

6.1 Introduction

In this chapter, we bridge the gap between the setting of combinatorial optimization
(which is succinctly presented in Chapter 2) and the one of robust optimization (which
is succinctly presented in Chapter 1). Indeed, we study in this chapter robust combinato-
rial optimization problems.

The definition of an instance of a combinatorial optimization problem requires to
specify parameters (e.g., costs of edges in a network problem) which can be uncertain
or imprecise (see Section 1.4). For instance, instead of specifying scalar values, there are
situations where only an interval of possible values is known for each parameter. It is
then assumed that the different parameters (e.g., the different costs of edges) may take
any value of the given interval independently of the other parameters. The assignment of
a scalar value in each interval is called a scenario.

One may then optimize the worst case performance (i.e., performance of the consid-
ered solution in the worst possible scenario) but this approach often leads to an overly
conservative solution. A less conservative approach, which is known as minmax regret
optimization, minimizes the maximum difference in the objective value of a solution over
all scenarios, compared to the best possible objective value attainable in this scenario.
Unfortunately, the minmax regret versions of combinatorial optimization problems with
interval data are often NP-hard.

For tackling minmax regret optimization problems, it is therefore useful to investigate
efficient algorithms with performance guarantee. Kasperski and Zielinski [2006] proved
that the algorithm that returns a midpoint solution (i.e., an optimal solution in the sce-
nario where one takes the middle of each interval) has an approximation ratio of 2. Re-
cently, Chassein and Goerigk [2015] presented a new approach for determining a lower
bound on the objective value of a minmax regret solution. It allows them to compute a
tighter instance-dependent approximation ratio of a midpoint solution, that is of course
at most 2. Moreover they showed how their bound can be used in a branch and bound
framework for the minmax regret version of the shortest path problem with interval data,
and obtained an improvement on the computation times compared to state-of-the-art
approaches, especially when the uncertainty is high. In this chapter, following Chas-
sein and Goerigk, we also present a very general approach to compute a lower bound
on the objective value of a minmax regret solution, which further improves the instance-
dependent approximation ratio of a midpoint solution.

The presented approach relies on a game-theoretic view of robust optimization. Such
a game-theoretic view has already been adopted in the literature by Mastin et al. [2015].
They view robust optimization as a two-player zero-sum game where one player (opti-
mizing player) selects a feasible solution, and the other one (adversary) selects a possi-
ble scenario for the values of the parameters. More precisely, they consider a random-
ized model where the optimizing player selects a probability distribution over solutions
(called a mixed solution hereafter) and the adversary selects values with knowledge of the
player’s distribution but not its realization. They show that the determination of a mixed
Nash equilibrium of this game (and thus of a minmax regret mixed solution for the op-
timizing player) can be performed in polynomial time provided the standard version of
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the problem (i.e., where the precise values of the parameters are known) is itself polyno-
mial. They use a linear programming formulation that may have an exponential number
of constraints, but for which a polynomial time separation oracle amounts to solving an
instance of the standard problem.

We also compute a mixed Nash equilibrium of the game but we use a double oracle
approach [McMahan et al., 2003] that is shown to be more efficient in computation times.
Furthermore, we show how the bound resulting from this computation can be used in
a branch and bound algorithm for the minmax regret version of a (deterministic) robust
optimization problem. We illustrate the interest of this approach on the robust shortest
path problem with interval data. Comparing our results with the ones obtained by Chas-
sein and Goerigk [2015] and Montemanni et al. [2004] we find considerable improvements
in computation times on some classes of instances.

The remainder of the chapter is structured as follows. Section 6.2 recalls the defini-
tion of a minmax regret problem and introduces the notations of the chapter. In Section
6.3, a game-theoretic view of minmax regret optimization, similar to the one proposed by
Mastin et al. [2015], is developed. This view helps us derive a precise lower bound on the
objective value of a minmax regret solution. The method to compute this lower bound
uses a double oracle algorithm described in Section 6.3.4. In Section 6.4 we discuss how
our work can be used efficiently in a branch and bound algorithm. Finally, in Section 6.5,
the approach is tested on the minmax regret version of the shortest path problem with
interval data.

6.2 Minmax Regret Problems

A combinatorial optimization problem is stated as follows (in minimization):

min
x∈X

n∑
i=1

ci xi (6.1)

where X ⊂ {0,1}n =:Bn denotes the set of feasible solutions, and ci represents the cost of
element i . We refer to (6.1) as the standard optimization problem.

In robust optimization, instead of considering only a single cost vector c, we assume
there is an uncertainty set U ⊂ Rn of different possible cost vectors. Each possible cost
vector c is also called a scenario. Two approaches can be distinguished according to the
way the set of scenarios is defined: the interval model where each ci takes value in an
interval [c i ,c i ] and where the set of scenarios is defined implicitly as the Cartesian prod-
uct U = ×n

i=1[c i ,c i ]; the discrete scenario model where the possible scenarios consist in
a finite set of cost vectors. Intuitively, a robust solution is a solution that remains suit-
able whatever scenario finally occurs. Several criteria have been proposed to formalize
this: the minmax criterion consists of evaluating a solution on the basis of its worst value
over all scenarios, and the minmax regret criterion consists of evaluating a solution on the
basis of its maximal deviation from the optimal value over all scenarios.

We consider here the approach by minmax regret optimization in the interval model.
For a feasible solution x, the regret Reg (x,c) induced by a scenario c is defined as the
difference between the realized objective value val (x,c) and the best possible objective
value miny∈X val (y,c) in this scenario, where val (x,c) = ∑n

i=1 ci xi . Similarly, for a fea-
sible solution x, the regret Reg (x,y) induced by another feasible solution y is defined by
maximizing over possible scenarios c ∈U the difference Reg (x,y,c) between the realized
objective values val (x,c) and val (y,c). The (maximal) regret Reg (x) of a feasible solution
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x is then defined as the maximal regret induced by a scenario or equivalently the maximal
regret induced by another solution. More formally, we have:

Reg (x,y,c) = val (x,c)− val (y,c) (6.2)

Reg (x,c) = max
y∈X

Reg (x,y,c) = val (x,c)− val (xc,c) (6.3)

Reg (x,y) = max
c∈U

Reg (x,y,c) (6.4)

Reg (x) = max
c∈U

Reg (x,c) = max
y∈X

Reg (x,y) (6.5)

where xc = argminx∈X

∑n
i=1 ci xi is an optimal solution of the standard optimization prob-

lem for cost vector c. In the following, for brevity, we may denote by val∗(c) = val (xc,c)
the objective value of an optimal solution of the standard optimization problem for cost
vector c.

In a minmax regret optimization problem, the goal is to find a feasible solution with
minimal regret. The minmax regret optimization problem can thus be formulated as:

min
x∈X

Reg (x) (6.6)

The optimal value for this problem is denoted by OPT in the remainder of the chapter.
As stated in the introduction of this chapter, most minmax regret versions of standard op-
timization problems are NP-hard [Aissi et al., 2009]. It is therefore worth investigating ap-
proximation algorithms. To the best of our knowledge, the most general polynomial time
approach in this concern is the midpoint algorithm proposed by Kasperski and Zielinski
[2006] which returns a solution minimizing

∑n
i=1 ĉi xi , where ĉi = (c i +c i )/2. We denote by

xĉ such a solution.
The regret of a midpoint solution xĉ is always not more than 2OPT [Kasperski and

Zielinski, 2006]. While there are problem instances where this approximation guarantee
is tight, the regret is actually smaller for a lot of instances. In order to account for that,
one needs to design a tighter instance-dependent ratio. In this line of research, Chassein
and Goerigk [2015] show how to improve the 2-approximation guarantee for every spe-
cific instance with only small computational effort. To this end they propose a new lower
bound LBCG on the minmax regret value. This lower bound is then used to compute an
instance-dependent approximation guarantee Reg (xĉ)/LBCG for a midpoint solution xĉ.
This guarantee equals 2 in the worst case.

In this chapter, we investigate another lower bound based on game-theoretic argu-
ments. This lower bound corresponds to the value of a mixed Nash equilibrium in a game
that will be specified in the sequel. We prove that this lower bound is tighter than the one
presented by Chassein and Goerigk [2015]. Therefore, this lower bound further improves
the instance-dependent approximation guarantee of a midpoint solution.

Note that Mastin et al. [2015] investigated a similar game-theoretic view of robust op-
timization. They showed how to compute a mixed Nash equilibrium by using a mathe-
matical programming formulation involving an exponential number of constraints. They
propose to solve this program via a cutting-plane method (this type of method is de-
scribed in subsection 3.1.4 on page 87) relying on a polynomial time separation oracle
provided the standard version of the tackled problem is itself polynomial. In this case,
the complexity of computing a mixed Nash equilibrium is polynomial by the polynomial
time equivalence of OPTIMIZATION and SEPARATION (see Theorem 10 on page 89) but
no numerical tests have been carried out in their paper. We consider here the same game
but we propose a double oracle approach to compute a mixed Nash equilibrium. While
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the proposed double oracle approach is not a polynomial time algorithm, it will reveal
more efficient in practice than a cutting plane approach.

In the next section, a game-theoretic view of robust combinatorial optimization is pre-
sented.

6.3 Game-Theoretic View

The minmax regret optimization problem defined by (6.6) induces a zero-sum two-player
game where the sets of pure strategies are the set of feasible solutions X for player 1 (also
called x-player) and the set of scenarios U for player 2 (also called c-player). The resulting
payoff is then given by Reg (x,c), the regret of using solution x in scenario c. Obviously, the
x-player (resp. c-player) aims to minimize (resp. maximize) Reg (x,c). The x-player (resp.
c-player) can also play a mixed strategy by playing according to a probability distribution
PX (resp. PU ) over set X (resp. U ). We denote by PX (x) (resp. PU (c)) the probability
to play strategy x (resp. c) in mixed strategy PX (resp. PU ). In the following, we restrict
ourselves to mixed strategies over a finite set of pure strategies. We will show at the end of
this section that this assumption is not restrictive. We denote by ∆X (resp. ∆U ) the set of
all possible mixed strategies for the x-player (resp. c-player).

The regret functions Reg (.),Reg (., .),Reg (., ., .) are then extended to mixed strategies by
linearity in probability. For instance, if the c-player plays PU , the regret of the x-player for
playing PX is the expectancy

∑
x∈X

∑
c∈U PX (x)PU (c)Reg (x,c).

6.3.1 Best Response Functions and Lower Bound

Given the strategy of one player, a best reponse is an optimal pure strategy of the other
player. We will call a best x-response (resp. c-response) a best response of the x-player
(resp. c-player). We can now state some results on the best responses of each player.

Observation 2. A best x-response to a scenario c is given by xc.

The next observation is a well known characterization of a worst scenario for a given
feasible solution and has been used in many related papers [Aissi et al., 2009; Karasan et
al., 2002].

Observation 3. A best c-response to a feasible solution x is given by cx defined by cx
i = c i if

xi = 1 and c i otherwise.

The scenario cx belongs to the subset of extreme scenarios: a scenario c is said to be an
extreme scenario if ∀i ∈ {1, . . . ,n}, ci = c i or ci = c i . Given an extreme scenario c, we will
denote by ¬c the opposite extreme scenario defined by ¬ci = c i if ci = c i and c i otherwise.
While cx is the most penalizing scenario for solution x, ¬cx is the most favorable scenario
for solution x.

The following observation will reveal useful in the proof of Proposition 15 below.

Observation 4. Given two feasible solutions x and y in X , Reg (x,y) is achieved by both cx

and ¬cy: Reg (x,y) = Reg (x,y,cx) = Reg (x,y,¬cy).

Observation 5 gives us a convenient way to determine a best response for the x-player
against a mixed strategy of the c-player.

Observation 5. A best x-response to a mixed strategy PU is given by xc̃ where c̃ is defined by
c̃ =∑

c∈U PU (c)c.
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Proof. It follows from the following sequence of equalities:

min
x∈X

Reg (x,PU ) = min
x∈X

( ∑
c∈U

PU (c)(val (x,c)− val∗(c))

)

= min
x∈X

( ∑
c∈U

PU (c)val (x,c)

)
− ∑

c∈U

PU (c)val∗(c)

= min
x∈X

(
val (x,

∑
c∈U

PU (c)c)

)
− ∑

c∈U

PU (c)val∗(c)

In the last line, the second term does not depend on x. By definition, the solution that
minimizes the first term is xc̃.

Conversely, determining a best response for the c-player against a mixed strategy of
the x-player is slightly more involved.

To give the intuition of the way a best c-response (i.e., a worst scenario) to a mixed
strategy can be characterized, it is useful to come back to the case of a best c-response to
a pure strategy. Given a feasible solution x, the worst scenario cx in Observation 3 is the
one that penalizes most x. Actually, one can consider a dual viewpoint where one favors
most the solution y that will induce the max regret for x. This corresponds to scenario
¬cy, and it is another worst scenario for x. Let us illustrate this point on a simple example.

Example 51. Consider the very simple minmax regret optimization problem defined by
n = 5, c1 ∈ [3,4], c2 ∈ [1,5], c3 ∈ [1,2] , c4 ∈ [3,3], c5 ∈ [0,6] and X = {x ∈B5 :

∑5
i=1 xi = 2}. Let

x be a feasible solution defined by x2 = x3 = 1 and xi = 0 for i 6∈ {2,3}. The worst scenario cx

as defined in Observation 3 is obtained for c1 = 3, c2 = 5, c3 = 2 , c4 = 3 and c5 = 0. The best
feasible solution xcx

in scenario cx is defined by x3 = x5 = 1 and xi = 0 for i 6∈ {3,5}. It is then
easy to see that the scenario c defined by ci = c i if xcx

i = 1 and c i otherwise yields the same
regret for x, and is therefore also a worst scenario for x. In the small numerical example, it
corresponds to c1 = 4, c2 = 5, c3 = 1, c4 = 3 and c5 = 0.

Now, this idea can be generalized to characterize a best c-response to a mixed strategy
PX , by looking for a feasible solution y that maximizes Reg (PX ,y):

1. identify a specific scenario c̃PX (to be precisely defined below, and that amounts to
cx if PX chooses x with probability 1) that takes into account the expected value of
xi (i = 1, . . . ,n) given PX ;

2. compute the best feasible solution xc̃PX regarding this scenario; this is the above-
mentioned solution y that will induce the max regret for PX ;

3. the worst scenario cPX for PX is defined by cPX

i = c i if x c̃PX

i = 1 and c i otherwise;

this is indeed a scenario that maximizes the regret of choosing PX instead of xc̃PX .

This principle can be formalized as indicated in Proposition 15 below. Note that this
result was first stated by Mastin et al. [2015]. For the sake of completeness, we provide a
proof of the result.

Proposition 15 (Mastin et al. [2015]). Given a probability distribution PX , let xc̃PX be an
optimal solution in scenario c̃PX defined by c̃PX

i = c i + (c i − c i )
∑

x∈X xi PX (x). A best c-

response to PX is given by extreme scenario cPX where cPX is defined by cPX

i = c i if x c̃PX

i = 1
and c i otherwise.
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Proof. Instead of looking for an extreme scenario c that maximizes Reg (PX ,c), we look
for a feasible solution y that maximizes Reg (PX ,y) or equivalently Reg (PX ,y,¬cy) (due to
Observation 4).

The following analysis shows how to compute such a solution.

Reg (PX ,y,¬cy) = ∑
x∈X

PX (x)(
n∑

i=1
(xi − yi )¬cy

i )

=
n∑

i=1
((

∑
x∈X

PX (x)xi )− yi )¬cy
i

= ∑
i :yi=1

((
∑

x∈X

PX (x)xi )−1)c i

+ ∑
i :yi=0

(
∑

x∈X

PX (x)xi )c i

Therefore if we denote by Di the contribution of having yi = 1 instead of 0 (i.e., how having
yi = 1 impacts Reg (PX ,y,¬cy)) then:

Di = ((
∑

x∈X

PX (x)xi )−1)c i − (
∑

x∈X

PX (x)xi )c i

=−(c i + (c i − c i )(
∑

x∈X

PX (x)xi ))

Hence:

Reg (PX ,y,¬cy) = ∑
i :yi=1

((
∑

x∈X

PX (x)xi )−1)c i

+ ∑
i :yi=0

(
∑

x∈X

PX (x)xi )c i

= ∑
i :yi=1

Di +
n∑

i=1
(
∑

x∈X

PX (x)xi )c i

As the second term of the sum does not depend on y our optimization problem amounts
to find y that maximizes

∑
i :yi=1 Di or equivalently that minimizes

∑
i :yi=1−Di which is

exactly a standard optimization problem with costs −Di .

We will now use the following proposition from Chassein and Goerigk to show how
the notion of best response can help us in designing a lower bound on OPT.

Proposition 16 (Chassein and Goerigk [2015]). Let PU be a mixed strategy of the c-player,
we have:

OPT ≥ min
x∈X

Reg (x,PU ) (6.7)

In other words, the expected regret of the x-player when playing a best response to
a mixed c-strategy is always a lower bound on OPT. The lower bound we study in this
chapter, LB∗, is the best possible lower bound of the type described by proposition 16.
More formally :

LB∗ = max
PU ∈∆U

min
x∈X

Reg (x,PU ) (6.8)

We will soon see how to compute LB∗ by using a double oracle approach. Before that, let
us see how LB∗ relates to other bounds proposed in the literature.
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6.3.2 Relation with Chassein and Goerigk’s Bound

Let us denote by LBCG the lower bound designed by Chassein and Goerigk. In order to
compare LBCG with LB∗, we now provide a game-theoretic interpretation of LBCG.

Definition 43. A mixed c-strategy PU is said to be centered if:

∀i ∈ {1, . . . ,n},
∑

c∈U

PU (c)ci = ĉi =
c i + c i

2
(6.9)

where we recall that ĉ is the midpoint scenario defined by ĉi = c i+c i

2 , ∀i ∈ {1, . . . ,n}. Put
another way, the previous definition means that, in a centered strategy, the expected cost
of each element i is the arithmetic mean of c i and c i .

The lower bound given by Chassein and Goerigk [2015] is the best possible lower
bound of the type described by proposition 16 when the c-player only considers the re-
stricted set ∆̂U of centered mixed strategies with two equally likely extreme scenarios
c and ¬c as a support (which guarantees that the mixed strategy is centered because
(ci +¬ci )/2 = (c i + c i )/2). We can now write more formally the lower bound designed
by Chassein and Goerigk as:

LBCG = max
PU ∈∆̂U

min
x∈X

Reg (x,PU ) (6.10)

As ∆̂U ⊂ ∆U , LB∗ will always be at least as accurate as LBCG, i.e., LB∗ ≥ LBCG. An-
other direct consequence of this observation is that LB∗ ≥ Reg (xĉ)/2 because Chassein
and Goerigk proved that:

OPT

LBCG
≤ Reg (xĉ)

LBCG
≤ 2

We now provide a very simple example where LB∗ > LBCG.

Example 52. Consider the minmax regret optimization problem defined by n = 2, c1 ∈
[5,10], c2 ∈ [7,12], and X = {x ∈ B2 : x1 + x2 = 1}, where c1x1 + c2x2 is the value (to min-
imize) of a feasible solution x in scenario c. There are two feasible solutions x1 = (1,0) and
x2 = (0,1), and four extreme scenarios c1 = (5,12), c2 = (10,7), c3 = (5,7) and c4 = (10,12),
where x = (a,b) (resp. c = (a,b)) means that x1 = a, x2 = b (resp. c1 = a,c2 = b).

In this problem, set ∆̂U consists of two mixed strategies, namely:

• strategy A: play c1 = (5,12) with probability 1/2, and play c2 = (10,7) with probability
1/2;

• strategy B: play c3 = (5,7) with probability 1/2, and play c4 = (10,12) with probability
1/2.

Regardless of which strategy A or B is played by the c-player, the best response for the x-
player is to play x1 = (1,0). This yields an expected regret of (1/2)×0+ (1/2)×3 = 3/2 (resp.
0) for the x-player if strategy A (resp. B) is played by the c-player. Therefore, for this problem
instance, LBCG = max{3/2,0} = 3/2.

Now, for bound LB∗, consider the (non-centered) mixed strategy consisting in playing
scenario c1 = (5,12) with probability 0.3 and scenario c2 = (10,7) with probability 0.7. This
mixed strategy yields an expected regret of 2.1 regardless of the fact that the x-player plays
strategy x1 = (1,0) (expected regret of 0.3×0+0.7×3) or strategy x2 = (0,1) (expected regret
of 0.3×7+0.7×0). Thus LB∗ ≥ 2.1 > LBCG.
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6.3.3 Relation with Nash Equilibrium

We show here that determining LB∗ amounts to identifying a mixed Nash equilibrium
of the game induced on feasible solutions and scenarios. First, it is well-known in game
theory that minx∈X Reg (x,PU ) = minPX ∈∆X

Reg (PX ,PU ), i.e., there always exists a best
response that is a pure strategy (see Proposition 7 on page 82). Therefore our lower bound
can be rewritten as:

LB∗ = max
PU ∈∆U

min
PX ∈∆X

Reg (PX ,PU )

In a zero-sum two-player game, a mixed Nash equilibrium is a couple (PX ,PU ) such that:

max
PU ∈∆U

min
PX ∈∆X

Reg (PX ,PU ) = min
PX ∈∆X

max
PU ∈∆U

Reg (PX ,PU )

Thus, the lower bound LB∗ corresponds to the value of a mixed Nash Equilibrium (NE).
The next theorem states that a mixed Nash equilibrium always exists in the game induced
by feasible solutions and scenarios.

Theorem 22. There exists a (possibly mixed) Nash equilibrium in the zero-sum two-person
game induced by the feasible solutions and the possible scenarios.

Proof. Consider the game where the pure strategies of the c-player are restricted to the ex-
treme scenarios. The number of feasible solutions and extreme scenarios is finite. There-
fore, the game is finite. In a finite zero-sum two-player game, the von Neumann’s minimax
theorem insures that there exists a (possibly mixed) Nash equilibrium. It is then easy to
realize that this NE is also an NE of the original game. Indeed, as a best c-response can
always be found as an extreme scenario, the c-player will not find a better response in the
original game than the one she is playing in the restricted game.

Determining such a mixed Nash equilibrium can be done by linear programming [Chvatal,
1983] (see subsection 3.1.1 on page 83). Indeed, consider a zero-sum two-person game
where player 1 (resp. player 2) has k (resp. l ) pure strategies and denote by Mi j the payoff
of player 1 when strategies i and j are played respectively by player 1 and player 2. Then,
a mixed Nash equilibrium of this game can be determined by solving the following Linear
Program (LP), where pi denotes the probability that player 1 plays pure strategy i :

min
v,p1,...,pk

v

v ≥
k∑

i=1
pi Mi j ∀ j ∈ {1, . . . , l } (6.11)

k∑
i=1

pi = 1

pi ≥ 0 ∀i ∈ {1, . . . ,k}

Constraints (6.11) insure that v is the maximum payoff that player 2 can achieve with
her pure strategies (and therefore with any strategy, because there always exists a best
response that is a pure strategy) if player 1 plays the mixed strategy induced by p1, . . . , pk .
An optimal mixed strategy for player 1 is then given by the optimal values of variables
p1, . . . , pk (an optimal strategy for player 2 is given by the optimal dual variables) and v
gives the value of the game (which is LB∗ in our case).

Nevertheless, for the game considered here between the x-player and the c-player, the
complete linear program, that involves as many variables as there are pure strategies for
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both players, would be huge, and it is therefore not worth considering its generation in
extension. To tackle this issue, Mastin et al. [2015] relies on a cutting-plane method.

To give a better insight of their approach it is useful to revise the definition of the set of
pure strategies of the c-player. Note that, when defining the game between the x-player
and the c-player, the only pure strategies that matter are those that are best responses to
some mixed strategy of the adversary. Thus, an important consequence of Observation 4
is that the set of pure strategies of the c-player can be restricted to the set {¬cy : y ∈ X },
i.e., the c-player chooses a solution y and set ci = c i if yi = 1, and ci = c i otherwise1. Put
another way, the “relevant” pure strategies of the c-player can be directly characterized as
feasible solutions y (each feasible solution y corresponds to scenario ¬cy).

Given a feasible solution y ∈X , the corresponding scenario ¬cy is compactly defined
by ci = c i yi + c i (1− yi ) for i ∈ {1, . . . ,n}. Hence,

Reg (PX ,y) =
n∑

i=1
(c i yi + c i (1− yi ))ti −

n∑
i=1

c i yi

=
n∑

i=1
c i ti −

n∑
i=1

yi (c i + ti (c i − c i ))

where ti = ∑
x∈X xi PX (x) denotes the probability that element i belongs to the solution

that is drawn according to PX (x). Note that equation ti = ∑
x∈X xi PX (x) defines a map-

ping from ∆X to the convex hull CH(X ) of X , defined by:

CH(X ) =
{ ∑

x∈X

pxx : px ≥ 0 and
∑

x∈X

px = 1

}
.

Conversely, from any vector t in the convex hull of X , it is possible to compute in polyno-
mial time a mixed strategy PX such that

∑
x∈X xi PX (x) = ti if the standard problem is of

polynomial complexity [Mastin et al., 2015].
This observation led Mastin et al. [2015] to consider the following LP for Robust Opti-

mization (RO), where constraints (6.12) are the analog of constraints (6.11) above:

PRO


min

v,t1,...,tn
v

v ≥
n∑

i=1
c i ti −

n∑
i=1

yi (c i + ti (c i − c i )) ∀y ∈X

t ∈ CH(X )

(6.12)

This formulation takes advantage of the fact that if one can optimize over X in poly-
nomial time, then one can separate over CH(X ) in polynomial time by the polynomial
time equivalence of OPTIMIZATION and SEPARATION (see Theorem 10 on page 89). Fur-
thermore, even if the number of constraints in (6.12) may be exponential as there is one
constraint per feasible solution y ∈X , it follows from Proposition 15 that these constraints
can be handled efficiently by using a separation oracle computing an optimal solution in
scenario defined by ci = c i + ti (c i − c i ). This separation oracle is also polynomial time if
one can optimize over X in polynomial time. As noted by Mastin et al. [2015], it implies
that the complexity of determining a mixed NE is polynomial if the standard version of
the tackled problem is polynomially solvable.

1Actually, it can even be restricted to the set {¬cy : y ∈X and y optimal for ¬cy}.
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An equivalent formulation to PRO, that turned out to be more efficient in practice in
our numerical tests, reads as follows, where π is the value of an optimal solution in the
scenario defined by ci = c i + ti (c i − c i ):

P ′
RO



min
π,t1,...,tn

n∑
i=1

c i ti −π
n∑

i=1
yi (c i + ti (c i − c i )) ≥π ∀y ∈X

t ∈ CH(X )

(6.13)

In the next subsection, we adopt a double oracle approach to solve the game induced
by the feasible solutions and the possible scenarios. While the method of Mastin et al.
[2015] dynamically generates the strategies of the c-player (strategies ¬cy for y ∈ X ) and
uses an implicit representation for the strategies of the x-player (a mixed strategy PX is
induced from t ∈ CH(X )), our algorithm dynamically generates both the strategies of the
c-player and the ones of the x-player. As we will see, our alternative method is much more
efficient on some classes of instances.

6.3.4 A Double Oracle Approach

The game can be solved by specifying a double oracle algorithm [McMahan et al., 2003]
adapted to our problem (this method is detailed in subsection 3.1.3 on page 85). To in-
stantiate this method, a best response oracle must be designed for both players. The best
response oracle of the x-player (resp. c-player) is denoted by Ox (resp. Oc) and its re-
stricted set of strategies is denoted by Sx (resp. Sc). Given a mixed strategy PX (resp. PU ),
Oc(PX ) (resp. Ox(PU )) returns a pure strategy c (resp. x) that maximizes Reg (PX ,c) (resp.
minimizes Reg (x,PU )). Those two procedures directly follow from Proposition 15 and
Observation 5. Each procedure only requires to solve one standard optimization prob-
lem. The method is presented in Algorithm 18. One can also notice that at each step, due
to Proposition 16, the regret obtained by x = Ox(PU ) against the mixed strategy PU is al-
ways a lower bound on OPT. Therefore we can hope that a good lower bound on OPT can
be obtained before convergence and after only a few iterations of the algorithm.

Algorithm 18: Double Oracle Algorithm for Robust Optimization

Data: Feasible solutions X and possible scenarios U , singletons Sx = {x} including
an arbitrary feasible solution and Sc = {c} including an arbitrary extreme
scenario

Result: a (possibly mixed) NE
1 converge ← False
2 while converge is False do
3 Find a Nash equilibrium (PX ,PU ) of the game M(Sx,Sc)2

4 Find x =Ox(PU ) and c =Oc(PX )
5 if x ∈ Sx and c ∈ Sc then converge ← True
6 else add x to Sx and/or c to Sc

7 return (PX ,PU )

2M denotes here the payoff matrix of the two-player zero-sum game involving the x-player and the c-
player.
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Note that it is guaranteed that feasible solutions that are not weak will never be gen-
erated by the double oracle algorithm. A feasible solution is said to be weak if it is optimal
for some scenario. Subsequently, an element i ∈ {1, . . . ,n} is said to be a weak element if it
is part of a weak solution. Because each oracle solves a standard optimization problem for
a specific scenario, a feasible solution that is not weak will never be generated. A prepro-
cessing step could therefore be done by removing non-weak elements. Note however that
the difficulty of this preprocessing step is highly dependent on the problem under study.
For instance, while deciding whether an edge is weak or not can be done in polynomial
time for the robust spanning tree problem [Yaman et al., 1999], it has been shown to be
NP-complete for the robust shortest path problem [Karasan et al., 2002].

According to the problem instance and the uncertainty set over costs U , the set of
generated strategies for both players may either 1) remain relatively small or on the con-
trary 2) become very large. Therefore, the running time of the double oracle algorithm
will be highly dependent on the fact that the problem instance belongs to case 1) or 2).
Our intuition is that, for real world problems involving a small number of feasible solu-
tions that deserve to be considered, the problem instance will yield case 1). Secondly, for
instances yielding the second situation, we expect the double oracle algorithm to provide
a good lower bound on OPT after only a few iterations of the algorithm.

6.4 Adapting the Lower Bound for a Branch and Bound Pro-
cedure

We now show how our lower bound can be adapted to be used in a branch and bound
procedure for determining a minmax regret (pure) solution. It is well-known that two key
ingredients for a successful branch and bound procedure are: i) the accuracy of the lower
bound, ii) the efficiency of its computation [Conforti et al., 2014]. In order to speed up the
computation of the lower bound at each node, one can take advantage of the information
obtained at the father node. This is the topic of this section.

In the branch and bound used in the sequel of the chapter, a node, defining a restricted
set X ′ ⊆ X of feasible solutions, is characterized by a couple (IN(X ′), OUT(X ′)), where
IN(X ′) ⊆ {i ∈ {1, . . . ,n} : xi = 1,∀x ∈ X ′} is the set of all elements that are enforced to be
part of every feasible solution in X ′, and OUT(X ′) ⊆ {i ∈ {1, . . . ,n} : xi = 0,∀x ∈ X ′} is
the set of all elements that are forbidden in any feasible solution of X ′. The branching
scheme consists in partitioning X ′ into two sets by making mandatory or forbidden an
element k ∈ {1, . . . ,n} \ (IN(X ′)∪OUT(X ′)):

• the first child is the set X ′′ ⊆X ′ characterized by IN(X ′′) = IN(X ′)∪{k} and OUT(X ′′) =
OUT(X ′),

• the second child is the set X ′′′ ⊆X ′ characterized by IN(X ′′′) = IN(X ′) and OUT(X ′′′) =
OUT(X ′)∪ {k}.

At a node X ′ of the branch and bound tree, the computation of the lower bound amounts
to determine:

max
PU ∈∆U

min
x∈X ′ Reg (x,PU ) (6.14)

The double oracle approach will be unchanged except that given a probability distri-
bution PU over extreme scenarios, the best response procedure of the x-player will now
return the best possible response in X ′. The double oracle algorithm will hence generate
a restricted game MX ′ = M(Sx,Sc) where all strategies in Sx are in X ′.
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Two things can be noted to speed up the computation of the lower bound at nodes X ′′

and X ′′′. To initialize the set of feasible solutions in MX ′′ and MX ′′′ , we partition the set Sx

of generated solutions in MX ′ into two sets Sk
x = {x ∈ Sx : xk = 1} and Sk

x = {x ∈ Sx : xk = 0}.
The former is used as initial set in MX ′′ and the latter in MX ′′′ . The handling of set Sc

differs. The set of generated scenarios is indeed not dependent on the explored search
node as the branching scheme does not add constraints on the scenarios. Therefore at
each new node the current set Sc of all scenarios generated so far in the course of the
branch and bound is the new initial set of scenarios in Algorithm 18.

6.5 Application to the Robust Shortest Path Problem

In this section, we illustrate how this work can be specified for the robust shortest path
problem [Karasan et al., 2002; Montemanni and Gambardella, 2004, 2005; Montemanni
et al., 2004], regarding both the computation of LB∗ and the determination of a minmax
regret path. For comparison, we describe some other approaches in the literature that
have been used for these problems (computation of LB∗ and determination of a minmax
regret path).

6.5.1 Problem Description

In the robust shortest path problem, a directed graph G = (V ,E ) is given where V is a set
of vertices, numbered from 1 to |V |, and E is a set of edges. A starting vertex s ∈ V and
a destination vertex t ∈ V are given and an interval [c i j ,c i j ] ⊂ R+ is associated to each
edge (i , j ) ∈ E , where c i j (resp. c i j ) is a lower (resp. upper) bound on the cost induced
by edge (i , j ). The set U of possible scenarios is then defined as the Cartesian product
of these intervals: U = ×(i , j )∈E [c i j ,c i j ]. Without loss of generality, we assume that s = 1
and t = |V |. The set of all paths from s to t is denoted by X . An example of a graph with
interval data is shown in Figure 6.1. In the robust shortest path problem we consider here,
one wishes to determine a path x ∈ X that minimizes maxc∈U val (x,c)− val∗(c), where
val (x,c) is the value of path x in scenario c and val∗(c) is the value of a shortest path in
scenario c.
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[3,5]
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Figure 6.1: An example of a graph with interval data.

6.5.2 Various Approaches for Computing LB∗

In the experiments, we will compare the running times of our double oracle method for
computing LB∗ with the following alternative approaches.
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LP formulation by Karasan et al.

The Robust Shortest Path problem (RSP) in the interval model was first studied by Karasan
et al. [2002] who provided the following mixed integer linear program PKPY (from now on,
we adopt the convention to use the initials of the authors as subscripts):

PKPY



min
∑

(i , j )∈E

c i j xi j −π|V |

subject to

π j ≤ πi + c i j + (c i j − c i j )xi j , ∀(i , j ) ∈ E

b j =− ∑
(i , j )∈E

xi j +
∑

( j ,k)∈E

x j k

π1 = 0

π j ≥ 0, j ∈ {1,2, . . . , |V |}
xi j ∈{0,1}

where b j = 1 if j = 1, b j =−1 if j = |V |, and b j = 0 otherwise. Variable xi j indicates if edge
(i , j ) belongs to the minmax regret solution and variable πi denotes the distance between
s and i under the worst possible scenario regarding the solution path characterized by
variables xi j . We denote by P̂KPY the relaxed version of this mixed integer linear program
where xi j ≥ 0. One can notice that this relaxed version solves exactly the same problem
as our double oracle algorithm:

Proposition 17. Let L̂B denote the optimal value of P̂KPY, then L̂B = LB∗.

Proof. Note that P̂KPY turns out to be a network flow problem, where xi j is the flow on
edge (i , j ).

We first prove that L̂B ≤ LB∗. Consider the mixed strategy of the x-player (that plays
over paths) which realizes regret LB∗. Let us denote by p1, . . . , pq the corresponding prob-
ability distribution over paths P1, . . . ,Pq in X . One can define a flow x on G by setting

xi j =∑
Pk :(i , j )∈Pk

pk . This flow is feasible for P̂KPY. The value of the objective function for
this flow corresponds then exactly to LB∗, because:∑

(i , j )∈E

c i j xi j −π|V | =max
y∈X

∑
(i , j )∈E

c i j xi j −
∑

(i , j )∈E

(c i j + (c i j − c i j )xi j )yi j

=max
y∈X

∑
(i , j )∈E

xi j (c i j (1− yi j )+ c i j yi j )− ∑
(i , j )∈E

c i j yi j

=max
y∈X

∑
(i , j )∈E

(xi j − yi j )¬cy
i j = max

y∈X

q∑
k=1

pk Reg (Pk ,¬cy)

where Reg (Pk ,¬cy) is the regret induced by path Pk in scenario ¬cy.
We now prove LB∗ ≤ L̂B. The flow decomposition theorem [Ahuja et al., 1993] states

that any feasible flow x on graph G can be decomposed into at most |E | paths in X and
cycles. In our case, it is easy to see that there always exists an optimal flow x∗ for P̂KPY that
does not include cycles. Such an optimal flow can therefore be decomposed into at most
|E | paths in X , denoted by P1, . . . ,Pq in the following. Let us consider the mixed strategy
that plays each path Pk (k ∈ {1, . . . , q}) with a probability pk equal to the flow on the path.
The regret of this mixed strategy is exactly L̂B, which can be shown by reversing the above
sequence of equalities.
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Note that this connection between the game-theoretic view and the relaxed versions
of Mixed Integer Linear Programming (MILP) formulations of minmax regret problems
apply to other robust combinatorial optimization problems. For instance, this connec-
tion is also valid for the MILP developed by Yaman et al. [1999] to solve the minmax regret
spanning tree problem. Actually, Mastin et al. [2015] proved that, for any robust combina-
torial optimization problem, the value of a minmax regret mixed strategy corresponds to
the optimal value of linear program P ′

RO given at the end of Section 6.3 (that may involve
an exponential number of constraints).

LP formulation by Mastin et al. and a variant

We present below the linear program PMJC obtained by specifying P ′
RO to the case of

RSP3. Note that this program returns for each edge (i , j ) a probability xi j , from which a
probability distribution over paths in X can be inferred in polynomial time.

PMJC



min
π,xi j :(i , j )∈E

∑
(i , j )∈E

c i j xi j −π

subject to

π≤ ∑
(i , j )∈E

yi j (c i j +xi j (c i j −c i j )) ∀y∈X

b j =− ∑
(i , j )∈E

xi j +
∑

( j ,k)∈E

x j k

xi j ≥ 0 ∀(i , j ) ∈ E

(6.15)

(6.16)

Constraints (6.15) are the specification of constraints (6.13) in the case of RSP, and
therefore insure, at optimum, that

∑
(i , j )∈E c i j xi j −π is the value of a min max regret mixed

strategy. Furthermore, flow constraints (6.16) make sure that variables xi j are consistent,
i.e., they induce a probability distribution over paths in X . It is thus possible to compute
LB∗ by solving this linear program with a cutting-plane algorithm.

In the experiments we also tested the linear program DMJC where one adopts the dual
viewpoint (viewpoint of the c-player that aims to maximize the regret)4:

DMJC



max
µ,yi j :(i , j )∈E

µ− ∑
(i , j )∈E

c i j yi j

subject to

b j =− ∑
(i , j )∈E

yi j +
∑

( j ,k)∈E

y j k

µ≤ ∑
(i , j )∈E

xi j (c i j yi j +(1− yi j )c i j ) ∀x∈X

yi j ≥ 0 ∀(i , j ) ∈ E

(6.17)

Flow variables yi j induce a mixed strategy PX over paths: the flow can indeed be decom-
posed into paths by the flow decomposition theorem (each cycle could be removed), and
each path z ∈X among them has a probability PX (z) to be picked equal to the flow on z.
Constraints (6.17) ensure that µ is the minimum expected cost for the x-player given the
mixed strategy of the c-player defined by variables yi j because:

Reg (x,PX ) = ∑
(i , j )∈E

(
xi j (c i j yi j +(1− yi j )c i j )

)
− ∑

(i , j )∈E

c i j yi j

3Note that the obtained linear program is close to the Benders reformulation of PKPY proposed by Mon-
temanni and Gambardella [2005].

4Even if it is a dual viewpoint, note that DMJC is not the dual program of PMJC.
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for all x ∈X and y ∈ CH(X ). Let us now explain this equation. After committing to PX , the
c-player will draw a path including edge (i , j ) with probability yi j . If the drawn path con-
tains (i , j ) then cost ci j is set to c i j . Thus, the expected cost of edge (i , j ) for the c-player
is c i j yi j . If the drawn path does not contain (i , j ) then cost ci j is set to c i j . Consequently,
if the x-player chooses path x, the expected cost of edge (i , j ) is xi j (c i j yi j +(1− yi j )c i j ).
The equation then follows from linearity of expectation with respect to edge costs.

This analysis shows that DMJC computes maxPX ∈∆X
minx∈X Reg (x,PX ) where PX in-

duces the mixed strategy PU ∈∆U defined by PU (¬cy) = PX (y). We recall that PMJC com-
putes minPX ∈∆X

maxy∈X Reg (PX ,y) where y induces the pure strategy ¬cy ∈ U . By the
minimax theorem, the optimal values of PMJC and DMJC therefore coincide.

Note that there are as many constraints in PMJC and DMJC as there are paths in X .
We now detail how to overcome this difficulty with a cutting plane method (cutting plane
methods are further detailed in subsection 3.1.4 on page 87). Given a subset X ′ ⊆ X of
paths, let us denote by PMJC(X ′) (resp. DMJC(X ′)) the linear program where one consid-
ers only constraints induced by paths in X ′. Starting from a small subset X ′ of paths, one
solves PMJC(X ′) (resp. DMJC(X ′)). There are two possibilities: either the found optimal
solution is feasible for PMJC (resp. DMJC), in which case it is optimal for PMJC (resp. DMJC),
or it violates at least one constraint in PMJC (resp. DMJC). To identify the current situa-
tion, we solve the shortest path problem with cost function ci j = c i j + xi j (c i j − c i j ) (resp.
ci j = c i j yi j +(1− yi j )c i j ). This constitutes our separation oracle. If the cost of that path is
strictly smaller than π (resp. µ), then it means that at least one constraint is violated, and
any constraint associated to a shortest path is a most violated one. In this case, we add to
X ′ the obtained shortest path and we reoptimize. If the regret induced by a shortest path
is greater than or equal to π (resp. µ), then it means that no constraint is violated in PMJC

(resp. DMJC), and therefore we have solved PMJC (resp. DMJC).

Our approach

In order to specify Algorithm 18 for the robust shortest path problem, one needs to specify
the two best response oracles Ox(PU ) (best response of the x-player to a mixed strategy PU

of the c-player) and Oc(PX ) (best response of the c-player to a mixed strategy PX of the
x-player). These two oracles can be implemented by using Dijkstra’s algorithm.

• For Ox(PU ) the cost of (i , j ) is defined as
∑

c∈U PU (c)ci j . Any optimal path found by
running Dijkstra’s algorithm is then a best response (by Observation 5).

• For Oc(PX ) the cost of (i , j ) is defined as c i j +
∑

x∈X PX (x)xi j (c i j − c i j ). For any
optimal path z found by running Dijkstra’s algorithm, ¬cz is then a best response
(by Proposition 15).

As the robust shortest path problem is defined as a single-source single-target prob-
lem, we implemented a bidirectional variant of Dijkstra’s algorithm [Pohl, 1969] that make
it possible to find an optimal path by only exploring a small part of the graph. Conse-
quently, the double oracle algorithm has the advantage over the linear programming for-
mulations that it does not need an explicit representation of graph G .

For this reason, and as it will be shown by the numerical tests, depending on the struc-
ture of graph G , running the double oracle algorithm is much faster than solving P̂KPY by
linear programming. Regarding the comparison with the solution of PMJC and DMJC, both
the double oracle algorithm and the cutting plane algorithms make calls to the oracles de-
fined above. These three methods are betting on a low number of “relevant” paths in the
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problem so that it could converge in few iterations. However, while the double oracle
uses both oracles Ox(PU ) and Oc(PX ), the cutting plane algorithm for solving PMJC (resp.
DMJC) only uses Oc(PX ) (resp. Ox(PU )) and an implicit representation of all strategies of
the x-player (resp. c-player) through flow constraints on variables xi j (resp. yi j ), one vari-
able per edge (i , j ) in G . The sequence of LPs that must be solved can therefore be costly
for large graphs, especially the first LP in the sequence (the other LPs are computed much
faster thanks to reoptimization).

6.5.3 Branch and Bound Algorithm for the Minmax Regret Shortest Path
Problem

In the experiments, we will compare the performances of the branch and bound proce-
dure for determining a minmax regret path developed in this chapter with other branch
and bounds proposed in the literature.

Branch and bound by Montemanni et al.

Montemanni et al. [2004] proposed a branch and bound algorithm for the minmax re-
gret shortest path problem. The branching strategy generates a search tree where each
node corresponds to a subset X ′ of feasible solutions characterized by a subset IN(X ′)
of mandatory edges and a subset OUT(X ′) of forbidden edges. Note that the branching
is performed in a way insuring that: IN(X ′) always contains a chain of connected edges
which form a subpath starting from s. The branching strategy is illustrated in Figure 6.2
on page 207. For a detailed presentation of the branching strategy, the reader is referred
to the article by Montemanni et al. [2004]. The authors use the following lower bound
LBMGD(X ′) on the max regret of a subset X ′ of feasible solutions defined by IN(X ′) and
OUT(X ′):

LBMGD(X ′) = SP(cE , IN(X ′),OUT(X ′))−SP(cE \OUT(X ′),;,;) (6.18)

where SP(c, A,B) is the value of the shortest s − t path including all edges from A and
excluding all edges from B in scenario c, and cA is the scenario where all the edges in
A are set to their upper bound and all others are set to their lower bound. The compu-
tation of LBMGD(X ′) requires two runs of Dijkstra’s algorithm: one run for computing
SP(cE , IN(X ′),OUT(X ′)) and one run for computing SP(cE \OUT(X ′),;,;).

Branch and bound by Chassein and Goerigk

Chassein and Goerigk [2015] used the same branching strategy as Montemanni et al., but
changed the lower bounding procedure as detailed in section 6.3.2. When focusing on
a subset X ′ of feasible solutions, we denote by LBCG(X ′) the lower bound adapted from
LBCG. In order to define LBCG(X ′), the authors consider the set ∆̂U (X ) of mixed strategies
with two equally likely extreme scenarios c1 and c2 such that c1

i j = c2
i j = c i j (resp. c i j ) if

(i , j ) ∈ IN(X ′) (resp. OUT(X ′)) and c1
i j + c2

i j = c i j + c i j if (i , j ) 6∈ IN(X ′)∪OUT(X ′). The

lower bound LBCG(X ′) then reads as follows:

max

{ ∑
(i , j )∈IN(X ′)

c i j − ĉi j +SP(ĉ, IN(X ′),OUT(X ′))−EPU
(val∗(C)) : PU ∈ ∆̂U (X )

}

where ĉi j = (c i j +c i j )/2, C is a random variable on U , and EP(X) denotes the expectancy of
random variable X given the probability distribution P on the domain of X. The maximiza-
tion operation is performed by resorting to Suurballe’s algorithm [Suurballe and Tarjan,
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1984]. Overall, the computation of LBCG(X ′) requires three runs of Dijkstra’s algorithm:
one run for computing SP(ĉ, IN(X ′), OUT(X ′)) and two runs involved in Suurballe’s al-
gorithm.

Our approach

Our branch and bound also uses the branching strategy proposed by Montemanni et al.,
but relies on the double oracle algorithm for the lower bounding procedure. In the double
oracle algorithm, the best responses are computed by resorting to Dijkstra’s algorithm
both for the x-player and the c-player:

• x-player: the best response procedure uses Dijkstra’s algorithm to find the best si n−
t path according to the scenario as defined in Observation 5, where si n is the last
node on the subpath defined by IN(X ′) and where all edges in OUT(X ′) have costs
set to infinity. The subpath defined by IN(X ′) and this path are then concatenated
to obtain the best x-response.

• c-player: the best response procedure uses Dijkstra’s algorithm to find the best s− t
path according to the scenario defined in Proposition 15. The best c-response is
then obtained by setting the costs of edges along this path to their lower bound,
and the costs of other edges to their upper bound.

As all the best responses already generated are transmitted from a search tree node to
its children (see the end of Section 6.4), the computation of the lower bound speeds up
with the depth of the considered node in the branch and bound procedure.

6.5.4 Numerical Tests

Our approach is evaluated using two different experiments. In a first experiment, we
compare the accuracy and computation time of different lower bounds on the minmax
regret. In a second experiment, we test how a branch and bound procedure using the
lower bound investigated in this chapter compares with the previous results by Chassein
and Goerigk [2015] and Montemanni et al. [2004].

Configuration and implementation details. All times are wall-clock times on a 2.4GHz
Intel Core i5 machine with 8GB main memory. Our implementation is in C++, with ex-
ternal calls to GUROBI version 5.6.3 when (possibly mixed) linear programs need to be
solved. Lastly, all single-source single-target Dijkstra algorithms are implemented in a
bidirectional fashion and the lower bound designed by Chassein and Goerigk is computed
using Suurballe’s algorithm [Suurballe and Tarjan, 1984]. All results are averaged over 100
runs.

Description of the instances. Chassein and Goerigk [2015] considered two different
types of randomly generated graph classes. We consider the same graph classes and re-
spect the same experimental protocol.

The generation of the costs is parametrized by two parameters, namely r and d . For an
edge (i , j ), a random number m is first sampled from the interval [1,r ]. The lower bound
cost c i j is sampled uniformly from [(1−d)m, (1+d)m] and the upper bound cost c i j is
then chosen uniformly from interval [c i j , (1+d)m]. Thus, parameter d enables to control
the cost variability (the cost variability increases with d).
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Figure 6.2: Beginning of the entire search tree in the branch and bound procedure for the graph
represented in Figure 6.1 (reproduced on the right side of the figure). Each search node is defined
by a set IN of mandatory edges (solid edges) and a set OUT of forbidden edges (dotted edges).

The graph family R-n-r -d-δ consists of randomly generated graphs such that each
graph has n nodes and an approximate edge density of δ (i.e., the probability that an
edge exists is δ). The starting vertex s is the first generated node of the graph and the
destination vertex t is the last generated node of the graph.

The second graph family K-n-r -d-w consists of layered graphs. Every layer is com-
pletely connected to the next layer. The starting node s is connected to the first layer and
the last layer is connected to the destination node t . The overall graph consists of n nodes
where every layer contains w nodes.

First Experiment. In this experiment, we compare the computation time and accu-
racy of several lower bounds on the minmax regret value:

• We will use LB∗
n to denote the lower bound obtained when the double oracle algo-

rithm is stopped after n iterations regardless of the fact that convergence has been
attained or not. The returned lower bound is then Reg (Ox(PU ),PU ), where Ox(PU )
is the last best x-response generated.

• The lower bound studied in this chapter is denoted by LB∗. We may also use the
notations LB∗

DO, LB∗
P̂KPY

, LB∗
PMJC

or LB∗
DMJC

according to the method used to compute

LB∗:

– Notation LB∗
DO means that LB∗ is computed with the double oracle algorithm

ran until convergence.

– Notation LB∗
P̂KPY

means that LB∗ is computed using linear program P̂KPY.
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– Notation LB∗
PMJC

means that LB∗ is computed using the cutting plane method
to solve PMJC.

– Notation LB∗
DMJC

means that LB∗ is computed using the cutting plane method
to solve DMJC.

• The lower bound designed by Chassein and Goerigk is denoted by LBCG.

• We recall that, as shown by Kasperski and Zielinski [2006], the regret of the midpoint
solution is not more than 2 ·OPT. Thus, the regret of the midpoint solution divided
by 2 is a lower bound on OPT, which we denote by LBKZ.

To compare the accuracy of these lower bounds, the following ratios are computed.
The closer they are to 1, the more accurate are the lower bounds.

• We denote by Gap-medSol the approximation guarantee obtained for the midpoint
solution. It corresponds to the regret of the midpoint solution divided by the con-
sidered lower bound.

• When considering the double oracle algorithm, we will denote by minSol the el-
ement of minimum regret in the set composed of the midpoint solution and of
the admissible solutions of the restricted game (i.e., generated by the double ora-
cle algorithm). Gap-minSol represents the obtained approximation guarantee for
the minSol solution. It corresponds to the regret of the minSol solution divided by
the considered lower bound.

• Lastly, we denote by Gap-Opt the gap between the considered lower bound and the
optimal value OPT. It corresponds to OPT divided by the considered lower bound.
The value OPT is computed using PKPY.

The results are presented in Tables 1 to 4 for R-graphs and 5 to 8 for K-graphs5. Nota-
tion “inf” stands for an infinite gap (obtained if the lower bound is 0 with OPT 6= 0). The
following observations can be made.

For R-graphs, we see that the computation of LB∗
DO is much faster than the compu-

tation of LB∗
P̂KPY

while it is the opposite in K-graphs. Indeed, intuitively, in R-graphs few

paths will be interesting (paths with few edges) and the double oracle algorithm will con-
verge after few iterations while in K-graphs, the number of interesting paths may explode
with the size of the graph (all paths have the same number of edges).

For the same reason, the computation of LB∗
PMJC

and LB∗
DMJC

are more effective than

the one of LB∗
P̂KPY

for R-graphs and less effective for K-graphs. The computation times

of LB∗
PMJC

and LB∗
DMJC

are similar on R-graphs but the computation of LB∗
PMJC

is much

more efficient on K-graphs than the one of LB∗
DMJC

. While the computation of LB∗
PMJC

and

LB∗
DMJC

are more effective than the computation of LB∗
DO on K-graphs, they are clearly

outperformed on R-graphs. For those graphs the double oracle algorithm is able to focus
on a small portion of the graph while the restricted linear programs in the cutting plane
method must take into account the whole graph.

For both types of graphs, LB∗ is of course more computationally demanding than LBKZ

and LBCG but it is much more accurate and this is often true after only a few iterations of
the double oracle algorithm (see LB∗

15 for instance).

5We highlight the fact that Gap-medSol for LBKZ is equal to 1 (and not 2) for instances where the regret
of the midpoint solution is 0. Consequently the average Gap-medSol, somewhat counter-intuitively, can be
strictly less than 2 in some tables.
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Finally, note that Gap-minSol can be slightly better than Gap-medSol, but globally, it
does not improve much the approximation guarantee. The reason is that the regret of the
midpoint solution is often close to OPT, as confirmed by the numerical data.

We have performed the same experiments on two valued graphs representing real
cities (the edge values represent distances):

• a graph representing New York city with 264346 nodes and 733846 edges,

• a graph representing the San Fransisco Bay with 321270 nodes and 800172 edges.

Those graphs are available on the website of the 9th DIMACS implementation chal-
lenge on the computation of shortest paths6. For these two graphs, for each instance, the
starting node and the destination node are randomly drawn according to a uniform distri-
bution. For each cost ci j , the lower bound c i j (resp. upper bound c i j ) is randomly drawn
according to a uniform distribution in interval [ci j − ci j /10,ci j ] (resp. [ci j ,ci j + ci j /10]).
The results are presented in Tables 9 and 10. For those two graphs, the computation of
LB∗

DO is much faster than: the computation of LB∗
P̂KPY

(twice faster for New York and 9

times faster for San Francisco Bay), the computation of LB∗
DMJC

(5 times faster for New

York and 2.5 times faster for San Francisco Bay), and the computation of LB∗
PMJC

(5 times
faster for New York and 3.2 times faster for San Francisco Bay).

Regarding the accuracy of the considered lower bounds, one can observe that the
lower bound obtained after 20 iterations of the double oracle algorithm is close to LB∗

and provides a much better approximation guarantee than LBKZ or LBCG.

Second Experiment. In a second experiment, we compare the performances of four
exact solution approaches: three branch and bound algorithms and the approach con-
sisting in solving PKPY (denoted MILP in the following). The three branch and bound
algorithms use a best-first exploration strategy of the search tree generated by the branch-
ing procedure designed by Montemanni et al. [2004]. They only differ by the lower bound
used. Algorithm BBMGD uses LBMGD, algorithm BBCG uses LBCG and algorithm BB∗ uses
LB∗

DO.
For small instances of each graph class, we compare the time needed for each algo-

rithm to solve the problem to optimality and the number of nodes expanded in the branch
and bound tree. The solution times are measured in milliseconds. The results, presented
in Figures 6.3 and 6.4, are averaged over 100 randomly generated graphs. For the compu-
tation of LB∗

DO the number of paths in the restricted game is upper bounded by 50. Put
another way, if 50 paths are generated in the restricted game, then the lower bounding
procedure is stopped and the current lower bound is returned (note that the number of
iterations is not upper bounded by 50, as the number of generated scenarios is not). Note
that the curves are represented in a logarithmic scale on the y-axis for the graphs giving
the evolution of the solution time (left side of Figures 6.3 and 6.4).

For R-graphs we see that all three branch and bound algorithms outperform the algo-
rithm solving the MILP, except for BBMGD that performs very badly if the cost variability
is too large. This can be seen in Figure 6.2.d) where the number of expanded nodes ex-
plodes for high cost variabilities. Except for very low cost variabilities, BB∗ performs best
on average thanks to the very low number of expanded nodes.

For K-graphs we see that all three branch and bound algorithms are outperformed by
the algorithm solving the MILP, except when the layer size is large. Indeed, as already

6http://www.dis.uniroma1.it/challenge9/download.shtml
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time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 2.95 3.08 1 23 - - - - - - - - - - - -
LB∗

5 2.33 1.75 0 10 1.15 0.22 1.00 1.88 1.14 0.22 1.00 1.88 1.14 0.22 1.00 1.88
LB∗

10 2.57 1.92 0 9 1.15 0.22 1.00 1.88 1.14 0.22 1.00 1.88 1.14 0.22 1.00 1.88
LB∗

15 2.60 1.89 0 7 1.15 0.22 1.00 1.88 1.14 0.22 1.00 1.88 1.14 0.22 1.00 1.88
LB∗

20 2.43 1.83 0 9 1.15 0.22 1.00 1.88 1.14 0.22 1.00 1.88 1.14 0.22 1.00 1.88
LB∗

DO 2.51 1.95 0 9 1.15 0.22 1.00 1.88 1.14 0.22 1.00 1.88 1.14 0.22 1.00 1.88
LB∗

P̂KPY
0.61 0.49 0 1 1.15 0.22 1.00 1.88 - - - - 1.14 0.22 1.00 1.88

LB∗
PMJC

0.65 0.59 0 3 1.15 0.22 1.00 1.88 - - - - 1.14 0.22 1.00 1.88

LB∗
DMJC

0.56 0.52 0 2 1.15 0.22 1.00 1.88 - - - - 1.14 0.22 1.00 1.88

LBCG 0.08 0.27 0 1 1.45 0.49 1.00 2.00 - - - - 1.45 0.49 1.00 2.00
LBKZ 0.06 0.24 0 1 1.47 0.50 1.00 2.00 - - - - 1.46 0.50 1.00 2.00

Table 6.1: R10-1000-0.5-1

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 96.36 21.28 63 155 - - - - - - - - - - - -
LB∗

5 6.28 3.95 1 17 1.25 0.51 1.00 4.61 1.24 0.51 1.00 4.61 1.24 0.50 1.00 4.61
LB∗

10 6.50 4.55 1 24 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99
LB∗

15 6.60 4.64 1 28 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99
LB∗

20 6.37 4.34 1 26 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99
LB∗

DO 6.14 4.10 1 25 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99 1.18 0.24 1.00 1.99
LB∗

P̂KPY
17.64 2.66 13 25 1.18 0.24 1.00 1.99 - - - - 1.18 0.24 1.00 1.99

LB∗
PMJC

10.38 4.34 4 24 1.18 0.24 1.00 1.99 - - - - 1.18 0.24 1.00 1.99

LB∗
DMJC

8.51 3.08 4 25 1.18 0.24 1.00 1.99 - - - - 1.18 0.24 1.00 1.99

LBCG 1.51 0.62 0 3 1.64 0.47 1.00 2.00 - - - - 1.63 0.46 1.00 2.00
LBKZ 0.89 0.49 0 2 1.67 0.47 1.00 2.00 - - - - 1.67 0.47 1.00 2.00

Table 6.2: R100-1000-0.5-0.5

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 8729.55 1113.63 5967 11226 - - - - - - - - - - - -
LB∗

5 47.29 28.43 3 96 1.30 0.41 1.00 4.39 1.28 0.41 1.00 4.39 1.28 0.40 1.00 4.39
LB∗

10 53.67 36.84 4 127 1.23 0.24 1.00 1.96 1.21 0.23 1.00 1.96 1.21 0.23 1.00 1.96
LB∗

15 53.25 36.74 3 127 1.23 0.24 1.00 1.96 1.21 0.23 1.00 1.96 1.21 0.23 1.00 1.96
LB∗

20 52.72 36.01 3 128 1.23 0.24 1.00 1.96 1.21 0.23 1.00 1.96 1.21 0.23 1.00 1.96
LB∗

DO 54.98 37.47 4 127 1.23 0.21 1.00 1.96 1.21 0.23 1.00 1.96 1.21 0.23 1.00 1.96
LB∗

P̂KPY
1734.40 218.08 847 2166 1.23 0.21 1.00 1.96 - - - - 1.21 0.23 1.00 1.96

LB∗
PMJC

501.34 72.44 378 650 1.23 0.21 1.00 1.96 - - - - 1.21 0.23 1.00 1.96

LB∗
DMJC

542.17 196.21 283 1410 1.23 0.21 1.00 1.96 - - - - 1.21 0.23 1.00 1.96

LBCG 22.32 2.97 16 31 1.73 0.44 1.00 2 - - - - 1.71 0.43 1.00 2.00
LBKZ 8.10 2.23 2 16 1.74 0.44 1.00 2.00 - - - - 1.72 0.44 1.00 2.00

Table 6.3: R500-1000-0.5-0.5

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 59920.20 7593.73 43871 83568 - - - - - - - - - - - -
LB∗

5 131.93 73.71 8 285 1.31 0.37 1.00 3.47 1.29 0.33 1.00 3.19 1.29 0.33 1.00 3.19
LB∗

10 145.32 97.80 7 454 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97
LB∗

15 145.44 97.22 8 460 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97
LB∗

20 146.04 98.59 8 455 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97
LB∗

DO 146.47 98.45 8 458 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97
LB∗

P̂KPY
6883.86 860.32 3877 9275 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97

LB∗
PMJC

2328.92 300.24 1757 3195 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97

LB∗
DMJC

3128.35 1231.49 1458 7638 1.28 0.28 1.00 1.97 1.26 0.27 1.00 1.97 1.26 0.26 1.00 1.97

LBCG 87.46 10.67 53 117 1.80 0.38 1.00 2.00 - - - - 1.77 0.38 1.00 2.00
LBKZ 24.06 6.95 5 38 1.83 0.38 1.00 2.00 - - - - 1.80 0.38 1.00 2.00

Table 6.4: R1000-1000-0.5-0.5
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time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 60.13 24.59 19 139 - - - - - - - - - - - -
LB∗

5 7.01 1.12 6 11 inf inf 1.52 inf inf inf 1.52 inf inf nan 1.52 inf
LB∗

10 14.21 1.31 13 21 1.79 0.24 1.37 3.18 1.78 0.23 1.37 3.18 1.73 0.22 1.37 3.09
LB∗

15 24.28 2.05 23 32 1.56 0.11 1.29 1.91 1.55 0.11 1.29 1.91 1.51 0.10 1.29 1.87
LB∗

20 35.93 1.90 34 46 1.48 0.10 1.25 1.73 1.47 0.10 1.25 1.73 1.44 0.08 1.25 1.71
LB∗

DO 110.06 38.38 38 218 1.42 0.08 1.19 1.68 1.40 0.08 1.19 1.68 1.37 0.07 1.19 1.64
LB∗

P̂KPY
4.64 0.67 4 8 1.42 0.08 1.19 1.68 - - - - 1.37 0.07 1.19 1.64

LB∗
PMJC

32.20 12.60 11 70 1.42 0.08 1.19 1.68 - - - - 1.37 0.07 1.19 1.64

LB∗
DMJC

33.32 11.23 13 73 1.42 0.08 1.19 1.68 - - - - 1.37 0.07 1.19 1.64

LBCG 0.50 0.50 0 1 1.91 0.09 1.66 2.00 - - - - 1.85 0.10 1.63 2.00
LBKZ 0.20 0.40 0 1 2.00 0.00 2.00 2.00 - - - - 1.94 0.07 1.72 2.00

Table 6.5: K102-1000-1.-2

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 592.29 250.74 335 2305 - - - - - - - - - - - -
LB∗

5 21.51 2.87 19 34 inf inf inf inf inf inf inf inf inf inf inf inf
LB∗

10 48.23 3.86 44 70 1.50 0.34 1.05 2.55 1.48 0.33 1.03 2.55 1.43 0.32 1.03 2.47
LB∗

15 79.97 3.75 74 109 1.28 0.16 1.04 1.88 1.25 0.15 1.02 1.77 1.22 0.15 1.02 1.74
LB∗

20 117.36 5.05 107 147 1.20 0.13 1.03 1.81 1.16 0.12 1.01 1.81 1.14 0.11 1.01 1.80
LB∗

DO 298.43 125.86 107 847 1.11 0.05 1.02 1.23 1.05 0.03 1.01 1.15 1.05 0.02 1.01 1.15
LB∗

P̂KPY
117.69 10.20 91 145 1.11 0.05 1.02 1.23 - - - - 1.05 0.02 1.01 1.15

LB∗
PMJC

137.13 42.56 58 367 1.11 0.05 1.02 1.23 - - - - 1.05 0.02 1.01 1.15

LB∗
DMJC

260.66 72.08 109 507 1.11 0.05 1.02 1.23 - - - - 1.05 0.02 1.01 1.15

LBCG 3.62 0.52 3 5 1.64 0.10 1.42 1.91 - - - - 1.56 0.08 1.40 1.77
LBKZ 2.30 0.48 2 4 2.00 0.00 2.00 2.00 - - - - 1.90 0.05 1.68 2.00

Table 6.6: K402-1000-1.-10

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 4344.55 2043.85 2136 12849 - - - - - - - - - - - -
LB∗

5 55.68 2.68 52 71 inf inf inf inf inf inf inf inf inf inf inf inf
LB∗

10 124.02 4.82 116 148 1.64 0.50 1.15 5.51 1.63 0.50 1.15 5.51 1.56 0.48 1.15 5.31
LB∗

15 201.77 6.63 189 228 1.39 0.20 1.11 2.36 1.38 0.20 1.09 2.36 1.32 0.18 1.09 2.19
LB∗

20 291.10 9.70 276 319 1.30 0.15 1.11 2.29 1.29 0.15 1.11 2.29 1.23 0.14 1.08 2.19
LB∗

DO 4700.47 1741.47 1924 11682 1.10 0.03 1.04 1.21 1.05 0.02 1.02 1.12 1.04 0.01 1.02 1.09
LB∗

P̂KPY
1032.94 82.58 833 1321 1.10 0.03 1.04 1.21 - - - - 1.04 0.01 1.02 1.09

LB∗
PMJC

1096.37 241.22 710 1770 1.10 0.03 1.04 1.21 - - - - 1.04 0.01 1.02 1.09

LB∗
DMJC

3985.08 680.85 2283 5834 1.10 0.03 1.04 1.21 - - - - 1.04 0.01 1.02 1.09

LBCG 9.71 0.81 8 15 1.63 0.06 1.50 1.81 - - - - 1.55 0.05 1.43 1.68
LBKZ 5.97 0.71 5 10 2.00 0.00 2.00 2.00 - - - - 1.90 0.05 1.75 1.99

Table 6.7: K1002-1000-1.-10

time for lb (ms) Gap-medSol Gap-minSol Gap-Opt
mean std min max mean std min max mean std min max mean std min max

MILP 22826.90 9761.98 7450 57675 - - - - - - - - - - - -
LB∗

5 118.77 4.69 110 140 inf inf inf inf inf inf inf inf inf inf inf inf
LB∗

10 256.66 9.72 242 294 1.72 0.62 1.20 5.06 1.71 0.62 1.20 5.06 1.63 0.59 1.16 4.81
LB∗

15 413.50 11.51 393 449 1.42 0.20 1.15 2.33 1.42 0.20 1.15 2.33 1.34 0.18 1.12 2.23
LB∗

20 588.99 14.33 558 629 1.34 0.15 1.15 2.01 1.34 0.15 1.15 2.01 1.27 0.14 1.10 1.89
LB∗

DO 52684.10 23175.80 21865 180398 1.10 0.02 1.06 1.16 1.05 0.01 1.02 1.09 1.04 0.01 1.02 1.06
LB∗

P̂KPY
2569.08 359.57 1966 3913 1.10 0.02 1.06 1.16 - - - - 1.04 0.01 1.02 1.06

LB∗
PMJC

6159.52 1311.35 3953 9760 1.10 0.02 1.06 1.16 - - - - 1.04 0.01 1.02 1.06

LB∗
DMJC

34758.00 5787.99 21827 53184 1.10 0.02 1.06 1.16 - - - - 1.04 0.01 1.02 1.06

LBCG 20.39 0.95 19 26 1.62 0.04 1.54 1.73 - - - - 1.54 0.04 1.45 1.67
LBKZ 12.23 0.65 11 15 2.00 0.00 2.00 2.00 - - - - 1.90 0.03 1.81 1.97

Table 6.8: K2002-1000-1.-10
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time for lb (ms) Gap-medSol Gap-minSol
mean std min max mean std min max mean std min max

LB∗
5 1529.98 1077.65 47 3643 3.03 8.33 1.12 82.80 3.03 8.33 1.09 82.80

LB∗
10 3393.42 2359.67 103 8095 1.40 0.20 1.06 2.27 1.39 0.20 1.06 2.25

LB∗
15 5752.06 3963.95 149 13300 1.30 0.14 1.05 1.77 1.29 0.15 1.05 1.77

LB∗
20 8083.67 5669.42 141 19378 1.27 0.12 1.05 1.66 1.26 0.12 1.05 1.61

LB∗
DO 48716.95 64774.72 139 333969 1.23 0.12 1.05 1.62 1.22 0.12 1.04 1.58

LB∗
P̂KPY

107127.28 37887.70 12683 230967 1.23 0.12 1.05 1.62 - - - -

LB∗
PMJC

262040.03 278177.71 6284 1398590 1.23 0.12 1.05 1.62 - - - -

LB∗
DMJC

253150.12 249415.21 17698 1315000 1.23 0.12 1.05 1.62 - - - -

LBCG 658.59 119.41 494 987 1.96 0.05 1.73 2.00 - - - -
LBKZ 248.71 176.25 7 598 2.00 0.00 2.00 2.00 - - - -

Table 6.9: New York City

time for lb (ms) Gap-medSol Gap-minSol
mean std min max mean std min max mean std min max

LB∗
5 2243.13 1482.35 26 5773 1.70 0.43 1.00 3.37 1.69 0.43 1.00 3.34

LB∗
10 4717.81 3290.32 26 12826 1.51 0.25 1.00 2.07 1.49 0.25 1.00 2.07

LB∗
15 6693.88 5134.00 24 19480 1.47 0.23 1.00 1.89 1.46 0.23 1.00 1.89

LB∗
20 8278.93 7044.32 26 27046 1.47 0.23 1.00 1.89 1.45 0.23 1.00 1.89

LB∗
DO 11580.90 14054.12 29 75825 1.46 0.23 1.00 1.89 1.45 0.23 1.00 1.89

LB∗
P̂KPY

90649.60 34228.70 12531 250604 1.46 0.23 1.00 1.89 - - - -

LB∗
PMJC

37484.20 27275.40 6586 182457 1.46 0.23 1.00 1.89 - - - -

LB∗
DMJC

29387.00 14808.80 11616 95791 1.46 0.23 1.00 1.89 - - - -

LBCG 817.32 143.97 608 1397 1.94 0.15 1.00 2.00 - - - -
LBKZ 357.48 228.77 6 896 1.98 0.14 1.00 2.00 - - - -

Table 6.10: San Francisco Bay

noted by Chassein and Goerigk, the number of edges in the graph increases with the layer
size, which impacts badly on the computation times for the MILP. Regarding the way the
branch and bounds compare themselves, usually BBMGD performs least except when the
layer size is large, and BBCG performs slightly better than BB∗. As seen in the previous
experiment, LB∗

DO is indeed not favored by K-graphs due to the possible large number of
interesting paths between s and t .

We conclude the experiments by comparing the three branch and bound algorithms
on “large” R-graph instances. The results are presented in Table 6.11. Algorithm BB∗ ex-
plores very few nodes and outperforms the two other branch and bound algorithms on
the three types of graphs considered. This experiment confirms that BBMGD is very sensi-
tive to cost variability explaining its poor behavior on graphs with high cost variability. Fi-
nally, BBCG is more penalized by the large size of the graph. This is easily explained by the
fact that Suurballe’s algorithm (called many times in BBCG) requires to run a single-source
all-target Dijkstra’s algorithm while only single-source single-target Dijkstra’s algorithms
are required in BB∗ and BBMGD.

R-10000-1000-0.5-0.001 R-10000-1000-1.-0.001 R-10000-1000-0.5-0.1
BB∗ BBCG BBMGD BB∗ BBCG BBMGD BB∗ BBCG BBMGD

time (ms) 118.29 1006.06 1017.89 259.47 3336.59 39430.90 17536.20 187045.00 51615.70
number of nodes 4.42 16.16 77.16 7.17 48.13 3037.98 4.31 12.94 58.93

Table 6.11: Large R-graphs
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Figure 6.3: Average computation time and number of nodes of the branch and bound tree for R-
graphs
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Figure 6.4: Average computation time and number of nodes of the branch and bound tree for K-
graphs
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6.6 Conclusion

In this chapter, we addressed robust combinatorial optimization problems with interval
data. In this domain, we have presented a game-theoretic view of the optimization of the
minmax regret criterion similar to the one proposed by Mastin et al. [2015]. In this game
theoretic view, the optimization (in a randomized setting) of the minmax regret criterion
is formulated as the search for a Nash equilibrium in a two-player zero-sum game where
one player selects a feasible solution, and the other player selects a possible scenario.

Based on this game-theoretic view of robust optimization, we derived a general any-
time double oracle algorithm to compute an accurate lower bound on the value of an op-
timal minmax regret solution. We have seen that this (instance dependent) lower bound
makes it possible to find an approximation ratio for the midpoint solution (the optimal
solution in the scenario where each cost is set to the middle of the corresponding inter-
val) which is worth two in the worst case.

Furthermore, we discussed how this lower bound can be efficiently used in a branch
and bound algorithm to compute a minmax regret solution, and provided experimental
results on the robust shortest path problem. Compared to other approaches proposed in
the literature, this approach leads to a significant improvement of the computation times
on many instances.
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Chapter 7

Fair Multi-Agent Optimization with
Ordered Weighted Averages and Mixture
Operators

“ These men ask for just the same
thing, fairness, and fairness only. This,
so far as in my power, they, and all
others, shall have. ”

A. Lincoln
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Summary of the chapter

In this chapter, we study multi-agent optimization problems with two classes of ag-
gregation operators, namely Ordered Weighted Averages (OWAs) and Mixture Operators
(MOs). These operators are, under known conditions on their parameters (see Chapter
1), compatible with the Pigou-Dalton transfer principle (fairness) and their optimization
yields Pareto optimal solutions (efficiency). Thus, their optimization makes it possible to
find fair and efficient solutions.

In the first part of the chapter, we focus on OWA operators with decreasing weights and
we argue that considering randomized strategies in multi-agent optimization problems
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makes it possible to obtain solutions with enhanced fairness properties. Then, we develop
a game-theoretic view of the determination of an optimal randomized strategy with OWAs
and derive complexity results and solution methods from it.

In the second part of the chapter, we come back to deterministic solutions and con-
sider the optimization of MOs in allocation problems and in proportional representation
problems. By identifying both problems as fractional programming problems, we are able
to determine complexity results and solution methods.

This chapter is based on the following publication [Gilbert, 2017].

7.1 Introduction

Multi-agent optimization deals with problems where multiple agents are involved in the
choice of a feasible solution. Multi-agent optimization procedures are required in many
problems studied in artificial intelligence, such as proportional representation (typically
winner determination under the Monroe and Chamberlin-Courant multiwinner voting
rules, which determine the set of representatives by optimizing the total satisfaction or
dissatisfaction of the voters [Procaccia et al., 2008; Skowron et al., 2015]), group recom-
mendation (for instance movies to put on in-flight entertainment system [Skowron et al.,
2016]), fair division of indivisible goods [Lang and Rothe, 2016], or paper assignment
problems (that consist in assigning reviewers to conference paper submissions [Gold-
smith and Sloan, 2007; Nguyen et al., 2016]).

In this chapter, we are more especially interested in fair multi-agent optimization, i.e.,
in procedures favoring solutions that fairly share satisfaction among agents. There are of
course several ways of formalizing what is meant by “fair”. We mean here by fair optimiza-
tion that, when considering the vector of agent’s satisfactions, it should be both Pareto op-
timal and well-balanced in the sense that there is no other solution that can be obtained
from it by Pigou-Dalton transfers (this notion of fairness in multi-agent decision prob-
lems is presented in Section 1.3 on page 21). To obtain such solutions, we study multi-
agent optimization problems with two classes of aggregation operators, namely Ordered
Weighted Averages (OWAs) and Mixture Operators (MOs), which are, under known con-
ditions on their parameters, compatible with the Pigou-Dalton transfer principle (OWAs
and MOs are thoroughly presented in subsection 1.2.1 on page 15 and Section 1.3 on page
21).

In the first part of the chapter, we focus on OWA operators with decreasing weights.
We argue that, due to the possibly conflicting agents’ preferences, all feasible solutions
can be unfair to some extent. In this concern, we show that randomness can help to “even
things out” and introduce new solutions with enhanced fairness properties. We then de-
velop a game-theoretic view of the determination of an optimal randomized strategy for
OWAs with decreasing weights. Using the oracle methods that can be used with such
game-theoretic formulations (see Section 3.1 on page 80), we derive complexity results
and efficient solution methods.

In the second part of the chapter, we come back to deterministic solutions and con-
sider the optimization of MOs in allocation problems and in proportional representation
problems. The optimization of MOs in both problems will reveal NP-hard. However,
we will be able to design solution methods by identifying these problems as fractional
programming ones. Also, interestingly, we will see that some sub-problems will reveal
of polynomial complexity, as the multi-agent assignment problem or the proportional
representation problem under Chamberlin-Courant’s voting scheme with single-peaked
preferences.
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The content of this chapter is summarized in Table 7.1.

Section 1 Section 2
Aggregation Op-
erator

OWA MO

Setting Randomized Deterministic

Multi-agent De-
cision Problem

General multi-
agent problems

Allocation prob-
lems

Proportional
representation
problems

Complexity
Results

P under the condi-
tion of Theorem 23

NP-hard in the
general case, P
for the assign-
ment problem

NP-hard in the
general case,
P under some
structures of
preferences

Types of Algo-
rithmic methods

Oracle methods
from section 3.1

Oracle methods from section 3.2

Table 7.1: Contributions of Chapter 7.

7.2 Fair Randomized Optimization with the OWA Operator

In this section, we study fair randomized optimization of multi-agent decision problems
with OWA operators. Why do we consider randomized solutions? Our opinion is that due
to the possibly conflicting agents’ preferences, all feasible solutions can be unfair to some
extent. In this case, randomization can introduce new solutions with enhanced fairness
properties. The idea is that, instead of looking for a fair deterministic solution (also called
pure solution) which may not exist, we will look for a lottery over feasible solutions (also
called a mixed solution, adopting the game-theoretic terminology). A famous example by
Machina [1989] is enlightening to illustrate this idea.

Example 53 (Machina’s mom). A mother with two children has one indivisible treat. She
can give it to either one of her children but not to both. In that case it is reasonable to imag-
ine that the mother would prefer tossing a coin to decide which of her child should have the
treat instead of choosing herself (i.e., choosing between the two feasible pure assignments,
where a child receives the treat while the other one receives nothing). Indeed, in this case,
both children have equal chances of having the treat. If the problem is a repeated one, this
strategy also seems optimal as both children will receive the treat with equal frequencies in
the long run.

Randomization has mainly been studied for the assignment problem where, given n
objects and n agents with individual preferences on the objects, one wishes to assign ex-
actly one object to each agent in a fair and efficient manner. An extension of “mom’s
approach” to this problem with n agents is called the random serial dictatorship proce-
dure: order the agents uniformly at random, and let them successively choose an object
in that order [Abdulkadiroğlu and Sönmez, 1998]. This procedure induces a bistochastic
matrix P = (pi j ) (i.e., a square matrix each of whose rows and columns sums to 1) where
pi j is the probability that agent i obtains object j . By the Birkhoff-von Neumann theorem
[Von Neumann, 1953], matrix P may be represented by a (not necessarily unique) proba-
bility distribution over pure assignments, that is, there exists a mixed assignment whose
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inferred allocation probabilities coincide with pi j . Note that other more sophisticated
random assignment rules can be found in the literature [Bogomolnaia and Moulin, 2001;
Hylland and Zeckhauser, 1979; Katta and Sethuraman, 2006]. All these approaches are
however hard to transpose to other multiagent optimization problems as they are dedi-
cated to the assignment problem.

The notion of popular mixed assignment can nevertheless be transposed to any mul-
tiagent optimization problem. A pure assignment is deemed popular if there exists no
other assignment that a majority of agents prefers to the former [Gärdenfors, 1975]. This
definition has been extended to mixed assignments by Kavitha et al. [2011]: a mixed as-
signment p is popular if there is no other assignment q such that the expected number
of agents who prefer the outcome of q to that of p is greater than n/2. By the minimax
theorem, a popular mixed assignment always exists, and Kavitha et al. proposed a linear
programming approach to compute it in polynomial time. The axiomatic properties of
popular mixed assignments have been studied by Aziz et al. [2013]. Regarding fairness,
they have shown that there always exists a popular mixed assignment that satisfies equal
treatment of equals, i.e., agents with identical preferences receive identical random allo-
cations. Equal treatment of equals is considered as a “minimal test for fairness” [Moulin,
1991].

Yet, the choice of a popular mixed solution does not preclude the possibility that a mi-
nority of agents are unsatisfied with all pure solutions considered in that mixed solution
(this phenomenon is sometimes referred to as tyranny of the majority). In this section,
following Lesca and Perny [2010] and Endriss [2013] who also studied fair optimization
but in a deterministic setting, we adopt the viewpoint of the measurement of inequality
[Moulin, 1991; Sen, 1973] to compare vectors of agents’ expected utilities induced from
mixed solutions. Our aim is to provide a procedure to determine a mixed solution opti-
mizing a criterion compatible with the Pigou-Dalton principle. This holds in particular for
an OWA with decreasing weights. In the following, we provide two generic procedures for
computing a mixed solution optimizing an OWA with decreasing weights. They are both
based on a game-theoretic view of fair multi-agent optimization problems. One proce-
dure is based on a cutting plane method while the other one is a double oracle algorithm
(these types of methods are presented in Section 3.1 on page 80).

7.2.1 Description of the Problem

We adopt the same setting as in Section 1.3. Let P be a multi-agent optimization problem,
and N = {1, . . . ,n} be the finite set of agents involved in P . We denote by X ⊆ {0,1}p

the set of feasible solutions of P and we assume that X={x ∈ {0,1}p : Ax = b} where A
is a constraint matrix involving a polynomial number (in p) of rows and b is integral.
A feasible solution of P is thus represented by a binary vector x ∈ X . Each agent i is
endowed with a utility function vi : X → R+ (to maximize, without loss of generality)
defined by vi (x) = ∑p

j=1 vi j x j where vi j is the utility of having x j = 1 for agent i . Every
solution x induces therefore a utility vector v(x) = (v1(x), . . . , vn(x)).

Example 54 (Machina’s mom cont’). Let us come back to Example 53. We have X = {x ∈
{0,1}2 : x1 + x2 = 1}, where xi = 1 if child i receives the treat. There are therefore two pure
solutions x1 = (1,0) and x2 = (0,1). We assume that vi (x) = xi for i ∈ {1,2} (the utility of i
is 1 if she receives the treat, 0 otherwise). The Lorenz curves associated with v(x1) and v(x2)
are identical. They correspond to the bold curve in Figure 7.1 (The notion of Lorenz curve is
defined in Definition 22 on page 22). The surface of the area in light gray is an indicator of
the level of fairness (the smaller the fairer).
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Figure 7.1: Lorenz curve and inequality measurement.

The OWA operator in the deterministic and randomized setting. The OWA operator
has been presented in subsection 1.2.1 in a deterministic setting. We recall the definition
of this operator. Given w = (w1, . . . , wn), a vector of positive weights summing up to one.
The OWAw(·) operator induced by w is defined by:

∀x ∈Rn ,OWAw(x) =
n∑

i=1
wi xσ(i )

where σ is a permutation of {1, . . . ,n} such that xσ(1)≤xσ(2)≤. . .≤xσ(n). Importantly, we
also recall that this operator enables to find efficient (Pareto optimal) and fair solutions
(with respect to the Pigou-Dalton principle) if the weights are strictly positive and strictly
decreasing, which we assume in the sequel.

We now investigate the properties that hold for mixed solutions optimizing an OWA
operator. A mixed solution is a lottery over solutions in X and is denoted by PX . The set
of all possible mixed solutions is denoted by∆X . Given a mixed solution PX , we denote by
PX (x) the probability assigned to pure solution x. As usual, the definition of a utility vector
is extended by linearity to mixed solutions. More formally, vi (PX ) =∑

x∈X PX (x)vi (x).
When considering mixed strategies, two different notions of Pareto-optimality are dis-

tinguished:

Definition 44. [Katta and Sethuraman, 2006] Given a mixed strategy PX over pure solu-
tions in X :

• PX is ex ante Pareto-optimal if PX is Pareto-optimal in ∆X .

• PX is ex post Pareto-optimal if it is a probability distribution over Pareto-optimal
pure solutions in X .

An OWA optimal mixed solution is always ex ante Pareto-optimal (if weights are strictly
positive), by compatibility of OWA with Pareto dominance [Fodor et al., 1995]. Note that
ex ante Pareto-optimality implies ex post Pareto-optimality.

We now illustrate, in Example 55, the enhanced abilities of OWA optimal mixed solu-
tions with respect to fairness, compared to pure solutions.

Example 55 (Machina’s mom cont’). Coming back again to Example 53, consider pure
solutions x1,x2 and the mixed solution PX defined by PX (xi) = 0.5 for i ∈ {1,2}. This corre-
sponds to the mixed solution discussed earlier in Example 53 in which both children receive
the treat with equal probabilities. The weights of the OWA operator are set to w1 = 0.75 and
w2 = 0.25. With these (strictly decreasing) weights, we have:
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OWAw(v(x1)) = OWAw((1,0)) = 0.75×0+0.25×1 = 0.25
OWAw(v(x2)) = OWAw((0,1)) = 0.75×0+0.25×1 = 0.25
OWAw(v(PX )) = OWAw((0.5,0.5)) = 0.75×0.5+0.25×0.5 = 0.5

because v(PX ) = 0.5v(x1)+0.5v(x2) = (0.5,0.5). The mixed solution PX is therefore preferred
to both pure solutions. This is not surprising as the Lorenz curve associated with v(PX )
coincides with the diagonal in Figure 7.1.

As witnessed by this example, for mixed solutions in allocation problems, the Pigou-
Dalton principle guarantees the desirable property of equal treatment of equals (more
precisely, there always exists an optimal mixed solution where agents with equal prefer-
ences receive the same random allocation), which is of course not the case in pure strate-
gies. We now turn in the next subsection to the question of computing an OWA optimal
mixed solution.

7.2.2 A Game-Theoretic View

To model the problem of determining an OWA optimal mixed solution as the determina-
tion of a mixed Nash equilibrium in a zero-sum two-player game, the following observa-
tion, holding for decreasing weights wi , reveals useful:

∀PX ∈∆X , OWAw(v(PX )) = min
σ∈Σ

WAwσ(v(PX ))

where Σ is the set of all permutations of {1, . . . ,n} and wσ = (wσ(1), . . . , wσ(n)). Thus, maxi-
mizing OWAw(v(PX )) amounts to the following max min optimization problem:

max
PX ∈∆X

min
σ∈Σ

WAwσ(v(PX )).

This is exactly the problem faced by player 1 in the zero-sum two-player game where the
sets of pure strategies are the set of feasible solutions X for player 1 (also called x-player)
and the set of permutations Σ for player 2 (also called σ-player), and where the payoffs
are given by values WAwσ(v(x)) for x ∈X and σ ∈Σ. Similarly to the x-player, we denote by
PΣ a mixed strategy of theσ-player, and by∆Σ the set of all her mixed strategies. Note that
the WA operator is extended to mixed strategies by linearity:

WAwPΣ
(v(PX )) = ∑

x∈X

∑
σ∈Σ

PX (x)PΣ(σ)WAwσ(v(x)).

Given any two-player zero-sum game, determining a mixed Nash equilibrium can be
done by linear programming [Chvatal, 1983] (as explained in subsection 3.1.1 on page 83).
Indeed, assume that player 1 (resp. player 2) has k (resp. m) pure strategies and that Mi j

denotes the payoff of player 1 when strategies i and j are played by respectively player 1
and player 2. Then, a mixed Nash equilibrium of this game can be determined by solving
the linear program PNE (NE for Nash Equilibrium) given below:

max
v,p1,...,pk

v

k∑
i=1

pi Mi j ≥v ∀ j ∈{1, . . . ,m}

k∑
i=1

pi = 1

v ∈R pi ≥ 0 ∀i ∈ {1, . . . ,k}

(7.1)



max
v,px:x∈X

v

n∑
i=1

wσ(i )(
∑

x∈X

pxvi (x))≥v ∀σ∈Σ∑
x∈X

px = 1

v ∈R px ≥ 0 ∀x ∈X

(7.2)

︸ ︷︷ ︸
PNE

︸ ︷︷ ︸
PFO
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where pi denotes the probability that player 1 selects pure strategy i and v denotes
the value of the game. In the two-player zero-sum game defined by the OWA and the
multi-agent optimization problem, k = |X |, m = |Σ| and for all i , j ∈ {1, . . . ,k}× {1, . . . ,m},
Mi j = WAw

σj (v(xi)), where σ j (resp. xi) is the j th element of Σ (resp. i th element of X ).
Hence, program PNE can be rewritten as program PFO (FO for Fair Optimization), given
above, where constraints 7.2 are just the specification of constraints 7.1 in PNE to our set-
ting. However, program PFO is too large to be solved directly as it involves an exponential
number of variables and constraints (|X |+1 variables and |Σ|+1 constraints).

This game-theoretic interpretation makes it possible to use the oracle methods pre-
sented in section 3.1 (on page 80).

Cutting Plane Method. The method proposed here is based on a reformulation of
PFO that involves a polynomial number of variables, by redefining the solution space.
We recall that a solution x ∈ X is encoded by a vector of p binary variables. A mixed
solution PX thus induces a vector x̂ = (x̂1, . . . , x̂p ) where x̂i = ∑

x∈X PX (x)xi . We denote
by CH(X ) = {

∑
x∈X PX (x)x : PX ∈ ∆X } the convex hull of X . Given x̂ ∈ CH(X ), we say

that PX implements x̂ if
∑

x∈X PX (x)x= x̂. By Carathéodory’s theorem, for any x̂ ∈ CH(X )
there exists a mixed solution that implements it with a combination of at most p +1 pure
solutions (as X ⊂Rp ). This point is illustrated in Example 56.

Example 56. Consider a one-to-one assignment problem with 3 agents. We denote by
(i , j ,k) the allocation where agents 1 (resp. 2,3) receives object i (resp. j ,k). The set CH(X )
includes here all bistochastic matrices of dimension 3. The bistochastic matrix

x̂ =
0.8 0.2 0

0 0.3 0.7
0.2 0.5 0.3


denotes the solution where agent i receives object j with probability x̂i j . This solution can
be implemented by the mixed solution PX where pure assignments (1,2,3), (1,3,2) and
(2,3,1) are returned with probabilities 0.3, 0.5 and 0.2 respectively. Indeed:

0.3×
1 0 0

0 1 0
0 0 1

 +0.5×
1 0 0

0 0 1
0 1 0

 +0.2×
0 1 0

0 0 1
1 0 0

 =
0.8 0.2 0

0 0.3 0.7
0.2 0.5 0.3


Hence, for any fair multi-agent optimization problem, problem PFO can be reformu-

lated as follows (CP for Cutting Plane):

PCP


max

v,x̂1,...,x̂p

v

v ≤
n∑

i=1
wσ(i )vi (x̂) ∀σ ∈Σ

x̂ ∈ CH(X )

(7.3)

(7.4)

because vi (x̂) = ∑
x∈X PX (x)vi (x) if PX implements x̂. Note that the linearization used

here for the OWA objective function (valid only if the weights are decreasing) coincides
with one proposed by Ogryczak and Śliwiński [2003]; by comparison, the above reasoning
proves that determining an optimal mixed solution amounts to determining an optimal
solution in CH(X ). We will soon see how one can recover from an optimal solution in
CH(X ) a mixed strategy PX that implements it.
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Even if the number of constraints in 7.3 (resp. in 7.4) is (resp. may be) exponential in n
(resp. p) as |Σ| = n! (resp. the number of facets of CH(X ) may be exponential in p), these
constraints can be handled efficiently by resorting to a cutting plane algorithm (this type
of method is presented in subsection 3.1.4 on page 87). A cutting plane algorithm makes
it possible to solve a linear program involving an exponential number of constraints to
define the polyhedron P of feasible solutions, provided there exists a separation oracle.
In program PCP, polyhedron P is defined by constraints 7.3 and 7.4. Given (v,x) ∈ R×
[0,1]p , a separation oracle should determine whether (v,x) belongs to P or not, and finds
a separating hyperplane in the latter case. The proposed separation oracle consists of a
separation oracle for the polyhedron P1 defined by constraints in 7.3 and a separation
oracle for the polyhedron P2 defined by constraints in 7.4:

• Given (v,x), a separation oracle for P1 consists in sorting values v1(x) . . . vn(x) to
generate a permutation that minimizes

∑n
i=1 wσ(i )vi (x). Sorting these values can

of course be performed in polynomial time. If v ≤∑n
i=1 wσ(i )vi (x), then x belongs to

P1, otherwise v =∑n
i=1 wσ(i )vi (x) defines a separating hyperplane.

• Regarding polyhedron P2, if we can optimize over X in polynomial time, then we
can separate over CH(X ) in polynomial time by the polynomial time equivalence
of optimization and separation [Grötschel et al., 1981] (optimization → separation)
(Theorem 10 on page 89).

Combining both oracles yields a separation oracle for polyhedron P = P1 ∩P2, which is
polynomial time if we can optimize over X in polynomial time. In this case, the complex-
ity of solving PCP is polynomial by the polynomial time equivalence of optimization and
separation (separation → optimization) (Theorem 10 on page 89).

Once an OWA optimal solution x̂ ∈ CH(X ) has been found, it remains to actually com-
pute a mixed solution in ∆X that implements x̂. We illustrate the importance of this step
in Example 57.

Example 57. We come back to the one-to-one assignment problem with 3 agents of Exam-
ple 56. In this problem, we recall that the point in CH(X ) corresponding to the bistochastic
matrix

x̂ =
0.8 0.2 0

0 0.3 0.7
0.2 0.5 0.3


can be implemented by the mixed solution PX where pure assignments (1,2,3), (1,3,2) and
(2,3,1) are returned with probabilities 0.3, 0.5 and 0.2 respectively. Assume this is an OWA
optimal solution. Using the mixed solution PX is easy; one just have to sample assignments
(1,2,3), (1,3,2) and (2,3,1) with probabilities 0.3, 0.5 and 0.2. However, it is unclear how
to use the corresponding bistochastic matrix directly to sample assignments in an optimal
way.

For this purpose, following Mastin et al. [2015], let us consider the linear program
PCH(X )→∆ below. Clearly, a feasible solution of PCH(X )→∆ induces a mixed solution PX

that implements x̂, by setting PX (x) = px. Nevertheless, this program has an exponential
number of variables (|X | variables px). To tackle this issue, let us consider the dual pro-
gram DCH(X )→∆ below, where w is the dual variable of constraint 7.6 and variables ui are
the dual variables of constraints in 7.5.
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

min
px:x∈X

0∑
x∈X

pxxi = x̂i ∀i ∈ {1, . . . , p}∑
x∈X

px = 1

px ≥ 0 ∀x ∈X

(7.5)

(7.6)



max
w,u1,...,up

w −
p∑

i=1
x̂i ui

w ≤
p∑

i=1
ui xi ∀x ∈X

w ∈R ui ∈R ∀i ∈ {1, . . . , p}

(7.7)

(7.8)

︸ ︷︷ ︸
PCH(X )→∆

︸ ︷︷ ︸
DCH(X )→∆

The probability of a pure solution x in the resulting mixed solution is given by the
dual variable of the corresponding constraint in 7.7. The separation oracle for constraints
in 7.7 requires to solve the single objective minimization variant of P where the utility of
having xi = 1 is given by variable ui and where one aims to minimize the sum of utility
values. If this problem is polynomial, the complexity of solving DCH(X )→∆ is polynomial
by the polynomial time equivalence of optimization and separation (separation → opti-
mization), and the mixed solution resulting from the optimization is guaranteed to have a
polynomially bounded support in X (the support is the set of pure solutions with nonzero
probability). By solving successively PCP and DCH(X )→∆, we can conclude:

Theorem 23. Any randomized fair optimization problem for which the sum of utilities of
the agents can be optimized in polynomial time in p is polynomially solvable in p and n.

This result applies for instance to fair multi-agent one-to-one and many-to-many al-
location problems, and to fair multi-agent matroid problems (where each agent assigns
a cost to each element of the ground set). Note that, from a practical viewpoint, this ap-
proach is more especially relevant if the constraint matrix defining X is totally unimodu-
lar, in which case CH(X ) is obtained by linear programming relaxation. In this case, the
separation oracle of polyhedron P2 is unnecessary.

In the next subsection, we present another algorithm to solve the game induced by the
randomized OWA optimization problem. This algorithm has no polynomial time guaran-
tee, but is competitive in practice.

Double Oracle Algorithm. The game can be solved by specifying a double oracle al-
gorithm adapted to our problem (this type of approach is presented in subsection 3.1.3
on page 85). We define two oracles Oσ(·) and Ox(·) (whose implementations are described
latter). Given a mixed strategy PX (resp. PΣ), Oσ(PX ) (resp. Ox(PΣ)) returns a pure strat-
egy σ (resp. x) that minimizes WAwσ(v(PX )) (resp. maximizes WAPΣ(v(x))). The algorithm
starts by considering only small subsets Sx and Sσ of pure strategies (singletons in Algo-
rithm 19) for the x-player and theσ-player, and then grows those sets in every iteration by
applying the best-response oracles to the optimal strategies (given by the current NE) in
the game M restricted to pure strategies in Sx and Sσ. At each iteration of the algorithm,
an NE (in mixed strategy) of M(Sx,Sσ) is computed via linear program PFO (where Σ is
replaced by Sσ in the definition of constraints 7.2 and X is replaced by Sx in the last line).
Convergence is achieved when the best-response oracles generate pure strategies that are
already present in sets Sx and Sσ.

We now specify the procedures Ox(·) and Oσ(·) used in our double oracle algorithm.
Given a mixed strategy PΣ of the σ-player, Ox(PΣ) is a pure solution x which maximizes

1M denotes here the payoff matrix of the two-player zero-sum game involving the x-player and the σ-
player, and M(Sx,Sσ) the subgame restricted to Sx and Sσ.
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Algorithm 19: Double Oracle Algorithm for Fair Optimization

Data: Singletons Sx={x} and Sσ={σ} including an arbitrary solution and an
arbitrary permutation

Result: a (possibly mixed) NE
1 converge ← False
2 while converge is False do
3 Find a Nash equilibrium (PX ,PΣ) of the game M(Sx,Sσ)1

4 Find x =Ox(PΣ) and σ=Oσ(PX )
5 if x ∈ Sx and σ ∈ Sσ then
6 converge ← True
7 else
8 add x to Sx and/or σ to Sσ

9 return (PX ,PΣ)

∑
σ∈ΣPΣ(σ)WAwσ(v(x)) which can be rewritten as:

∑
σ∈Σ

PΣ(σ)
n∑

i=1
wσ(i )vi (x) =

n∑
i=1

( ∑
σ∈Σ

PΣ(σ)wσ(i )

)
vi (x).

Thus, computing Ox(PΣ) amounts to solve problem P according to a WA criterion with
weights σ̂ defined by σ̂i = ∑

σ∈ΣPΣ(σ)wσ(i ). Note that, as optimal solutions according to
WA criteria with strictly positive weights are Pareto optimal, Pareto-dominated solutions
will not be generated by the algorithm.

We now turn to the best response procedure for the σ-player. Given a mixed strategy
PX of the x-player, Oσ(PX ) is a permutation in Σ which minimizes WAwσ(v(PX )). Simi-
larly to the separation oracle in the cutting plane method for solving PCP, best response
Oσ(PX ) can be computed by sorting vector v(PX ). Interestingly, note that procedure Oσ(·)
is independent of the multi-agent optimization problem P considered.

There is no polynomial guarantee on the number of iterations of this double oracle al-
gorithm. It will nevertheless reveal efficient in practice, as will be shown by the numerical
tests.

7.2.3 Numerical Tests

We tested our approaches on the one-to-one assignment problem with a number n of
agents varying from 50 to 300. Given an assignment x, the utility vi (x) is given by the
expression

∑n
j=1 vi j xi j where xi j = 1 if agent i receives object j (0 otherwise) and vi j is

a scalar value giving the utility that agent i gets by receiving object j . For this problem,
program PCP reads as follows (CPA for Cutting Plane for Assignment):

PCPA



max
v,x11,...,xnn

v

v ≤
n∑

i=1
pσ(i )

n∑
j=1

xi j vi j ∀σ ∈Σ
n∑

j=1
xi j = 1 ∀i ∈ {1, . . . ,n}

n∑
i=1

xi j = 1 ∀ j ∈ {1, . . . ,n}

xi j ≥ 0 ∀i , j ∈ {1, . . . ,n}
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Both the separation oracle for DCH(X )→∆ and the procedure Ox(·) in the double oracle
algorithm require to solve a standard assignment problem, which can be performed in
polynomial time using the Hungarian method [Kuhn, 1955].

Performances in computation times. We compare the solution times of program
PCPA, program DCH(X )→∆ and the Double Oracle algorithm (abbreviated by DO in the fig-
ures). For this purpose, we carried out numerical tests2 on randomly generated instances
of increasing sizes. The weights wi used are the ones defining the Gini social-evaluation
function [Moulin, 1991]:

∀i ∈ {1, . . . ,n}, wi = (2(n − i )+1)/n2

and the utilities vi j are uniformly drawn as positive integer values in [1,V]. In Figure 7.2
(a), V is set to 20 while in Figure 7.2 (b) it is set to 30. For all values of n and V considered,
the average computation times are less than 10 seconds, which shows the practicality
of the methods. On both figures, we observe that the computation time first increases,
reaches a peak and then decreases. This is due to a phase transition phenomenon: if
n À V it is likely that there will exist a pure assignment x such that vi (x) = V for all agents
i . In that case, the three methods PCPA, DCH(X )→∆ and DO will converge in very few it-
erations. In both figures, we observe that the sequence of the peaks is identical: DO first,
PCPA second, and DCH(X )→∆ third. Note that DO and DCH(X )→∆ seem to be more affected
by an increase of V than PCPA. This can be explained by the fact that both algorithms rely
on an oracle method (the Hungarian method) which is more impacted by an increase of
V than the oracle used in PCPA which is simply a sorting algorithm. Lastly, the graphs
clearly show that the choice of the algorithm to use should be made according to the ratio
n/V. If this ratio is low (less than 5 for instance), one should prefer the combination of
PCPA and DCH(X )→∆, while if it is higher, DO will be more efficient.
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Figure 7.2: Computation time (in seconds) as n increases. Results averaged on 20 instances.

Let us summarize this section. We tackled the randomized version of fair multi-agent
optimization problems with an OWA with decreasing weights as optimization criterion.
Thanks to a game-theoretic view of this problem, two solution methods based on dy-
namic calls to oracles were proposed. The first method we studied is a cutting plane
method and the second method we studied is a double oracle method. The numerical

2All methods were coded in C++ using Gurobi 5.6.3 as solver for the linear programs. Times are wall-clock
times on a 2.4 GHz Intel Core i5 machine with 8GB of RAM.
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tests carried out show the practicality of both methods.

In the next section, we study deterministic fair optimization with another aggregation
operator that can satisfy the Pigou-Dalton transfer principle, namely the mixture opera-
tor.

7.3 Fair Optimization with the MO

In this section, we study the optimization of a Mixture Operator (MO) in two well known
types of multi-agent decision problems, namely allocation problems and proportional
representation problems. This class of aggregation operators (which is presented in sub-
section 1.2.1) makes it possible to determine fair (with respect to the Pigou-Dalton trans-
fer principle) and efficient (i.e., Pareto optimal) solutions. We recall that MOs resemble
OWA operators (studied in the previous section) but their weights depend on the values
that are at stake in the evaluated vector and not on the ranks of the components (see
Chapter 1 for a comparison of MOs with OWAs). Optimizing MOs in both allocation and
proportional representation problems will reveal NP-hard in general. However, interest-
ingly, we will see that the optimization of some sub-classes of problems will reveal of poly-
nomial complexity, as one-to-one allocation problems (also called assignment problems)
or proportional representation problems in Chamberlin-Courant’s voting scheme with
single-peaked preferences.

These results are presented in the two following subsections. While the first one is
devoted to allocation problems, the second one is devoted to proportional representation
problems.

7.3.1 Optimization of MOs in Allocation Problems

This subsection deals with allocation problems in which a set of m indivisible objects
must be assigned to a set of n agents. In general allocation problems, objects can be
shared by several agents and each agent can receive several objects. This setting general-
izes the assignment problem, where m = n and where each agent should receive exactly
one object. The applications of those problems are numerous. While a typical example of
general allocation problem is given by the paper assignment problem (that consist in as-
signing reviewers to conference paper submissions [Goldsmith and Sloan, 2007; Nguyen
et al., 2016]), examples of applications for the one-to-one allocation problem (also called
assignment problems) include the assignment of jobs to workers [Caron et al., 1999] or the
assignment of time slots to students in a university [de Werra, 1985].

The hunt for an optimization criterion that could enable to efficiently compute a fair
and efficient allocation while being able to account for a wide scope of preferences has led
to the investigation of many aggregation operators and of their computational properties.
Examples of operators which have been investigated for allocation problems include the
min operator [Bouveret et al., 2005], the leximin operator [Garg et al., 2010], the OWA
operator [Nguyen et al., 2016] and the Choquet integral [Lesca and Perny, 2010].

In this subsection, we investigate the use of MOs to solve allocation problems.

Allocation Problems. A general allocation problem is defined via the following con-
straints. For each agent i ∈ {1, . . . ,n}, the number of items that can be allocated to her is an
integer restricted to an interval [αi ,βi ]. Similarly, for each object j ∈ {1, . . . ,m}, the number
of agents that can share object j is an integer restricted to an interval [γ j ,δ j ]. A solution of
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the problem is an allocation of the m objects to the n agents that respects the constraints
induced by values αi , βi , γ j and δ j for i ∈ {1, . . . ,n} and j ∈ {1, . . . ,m}. The special case
where m = n, αi = βi = 1 for each agent i and γ j = δ j = 1 for each object j corresponds
to the one-to-one allocation problem, in which each agent receives exactly one object. We
will denote by a a feasible allocation3 and by A the set of all feasible allocations.

Each agent has preferences over objects. This information is encapsulated by nm util-
ity values vi j that represent the level of satisfaction of agent i if she gets object j in the al-
location. Furthermore, for each agent i , her utility vi is supposed to be additive. More for-
mally, if agent i receives a set of objects S ⊆ {1, . . . ,m} in allocation a, then vi (a) =∑

j∈S vi j .
We assume that all utility values, vi , belong to some open interval D ⊂ R+ and we denote
by v(a) = (v1(a), . . . , vn(a)) ∈ Dn the vector giving the utilities of each agent for allocation
a. A possible allocation a1 will then be preferred to another allocation a2 if, globally, a1

satisfies more the agents than a2. The goal of the problem is to find a solution that max-
imizes the overall satisfaction of the agents. This can be formalized by the definition of a
criterion to maximize.

Here we assume that this criterion is a mixture operator Mw : Dn → R. More formally,
an allocation a1 is preferred to an allocation a2 if Mw (v(a1)) ≥ Mw (v(a2)). The problem of
finding an optimal allocation is then written as follows:

max
a∈A

Mw (v(a)) =
n∑

i=1

w(vi (a))∑n
j=1 w(v j (a))

vi (a) (7.9)

We recall that the optimization of the MO will lead to a fair and efficient allocation pro-
vided that function x 7→ w(x)(x − y) is strictly increasing and strictly concave for all y in D
(see subsection 1.2.1 and section 1.3).

We now investigate the complexity of solving allocation problems with mixture oper-
ators. While optimizing an MO in general allocation problems will reveal NP-hard, we will
see that it becomes polynomial in assignment problems.

Complexity Results and Solution Methods. General allocation problems with fair ag-
gregation operators (i.e., aggregation operators compatible with the Pigou-Dalton trans-
fer principle) are in general hard to solve and they reveal NP-hard most of the time. Un-
surprisingly, allocation problems with mixture operators do not depart from this rule.

Proposition 18. In general allocation problems, the problem Pα consisting in deciding
whether there exists an assignment a with value Mw (v(a)) ≥ α is an NP-complete decision
problem for any fixed positive α.

Proof. The proof is similar to the one given by Golden and Perny [2010] to prove the NP-
completeness of allocation problems with a fair OWA operator. Problem Pα is clearly in
NP. To establish NP-completeness, we reduce the NP-complete Partition Problem to our
problem. The Partition Problem is stated as follows:

Instance: finite set O = {o1, . . . ,om} of objects and a size s(o) ∈N for each o ∈ O.

Question: is it possible to partition O into two sets of objects of equal weights?

From an instance of Partition Problem, we construct in polynomial time an instance
of Pα with n = 2, α1 = α2 = 0, β1 = β2 = m (there is no constraints on the number of

3a for allocation.
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objects an agent can receive), δ j = γ j = 1 (the objects cannot be shared), and v1 j = v2 j =
s(o j ),∀ j ∈ {1, . . . ,m}. Moreover we set α = ∑

o∈O s(o)/2 and w(x) = 4α− x which defines
a monotone increasing fair mixture operator Mw (·). Hence, the answer to Pα is YES if
and only if the answer to the partition problem is YES. Indeed, if there is a solution to
the partition problem, then there exists an assignment a with v(a) = (α,α) and Mw (v(a)) =
α. Moreover, if the answer to the partition problem is NO, then any partition of O into
two subsets is unbalanced and corresponds to an assignment a with v(a) = (α− ε,α+ ε),
ε ∈ (0,α]. As Mw (·) is fair, we have Mw (v(a)) < α. So there is no assignment a such that
Mw (v(a)) = α; the answer to Pα is NO.

Nevertheless, as stated earlier, optimizing an MO in an assignment problem is a prob-
lem of polynomial complexity. To see this, let us denote by u(·) the function defined on D
by u(x) = w(x)x. By abuse of notation, given a vector x ∈ Dn , we denote by u(x) the sum∑n

i=1 u(xi ) and by w(x) the sum
∑n

i=1 w(xi ). By using these notations, the definition of a
mixture operator Mw (·) can be rewritten as follows:

∀x ∈ Dn ,Mw (x) =
∑n

i=1 u(xi )∑n
j=1 w(x j ) = u(x)

w(x)

Therefore, the mixture operator can be seen as the ratio of two linear objective func-
tions. More precisely, in the case of the assignment problem the objective function can be
rewritten as4:

Mw (v(a)) =
∑n

i=1 u(vi j )xa
i j∑n

j=1 w(vi j )xa
i j

where binary variable xa
i j equals 1 if agent i receives object j in assignment a and 0

otherwise. Thus, maximizing Mw (v(a)) corresponds to the following mathematical pro-
gram:

max
xi j :(i , j )∈[|1,n|]2

∑n
i=1 u(vi j )xi j∑n
j=1 w(vi j )xi j

n∑
j=1

xi j = 1 ∀i ∈ {1, . . . ,n}

n∑
i=1

xi j = 1 ∀ j ∈ {1, . . . ,n}

xi j ∈ {0,1} ∀i , j ∈ {1, . . . ,n}

which is a fractional version of the standard assignment problem. Hence, an optimal so-
lution of this problem can be determined by using the fractional programming meth-
ods presented in subsection 3.2 (on page 90), namely Megiddo’s method and Dinkel-
bach’s method5, where the oracle amounts to solve a standard assignment problem (i.e.,
maximizing the sum of utilities of the agents) with utilities of the form ṽλi j = u(vi j ) −
λw(vi j ). This oracle can be implemented by using the Hungarian algorithm [Kuhn, 1955].
Megiddo’s method for the Hungarian algorithm relies on the redefined sum, compari-
son and identification of a zero operations described on page 90. Megiddo’s method and

4Note that, in general allocation problems, the MO cannot be written in this fashion as functions u and
w would be applied to a sum of utilities

5Note that there exists other fractional programming methods which are dedicated to the fractional as-
signment problem [Kabadi and Punnen, 2008; Shigeno et al., 1995].
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Dinkelbach’s method are polynomial time methods provided they rely on a polynomial
time oracle. As the Hungarian algorithm is polynomial time, the complexity of solving the
resulting fractional programming problem is also polynomial.

We now turn to the numerical tests in which the efficiency of the two polynomial
methods, based on Megiddo’s method and Dinkelbach’s method (see subsection 3.2), is
tested for solving assignment problems with mixture operators.

Numerical Tests. We compare the execution times6 of both methods (denoted by DIN
for Dinkelbach and MEG for Megiddo) with a number n of agents varying from 50 to 400.
In both methods, the oracle O implements the Hungarian algorithm [Kuhn, 1955]. To
show the impact of conflicts in the preferences of the agents, for each instance with n
agents, the utilities vi j were generated in two different ways:

• In a first experiment, the utilities vi j were randomly generated as positive integers
in [1,n]. Those utility values are said to be decorrelated.

• In a second experiment, for each object j , a utility value v( j ) was randomly gener-
ated as a positive integers in [1,b0.8nc]. The meaning of v( j ) is that all agents agree
on the fact that object j has a utility value close to v( j ). The utilities vi j were then
randomly generated as positive integers in [v( j ), v( j )+b0.2nc]. Those utility values
are said to be correlated.

The weight function used is w(x) = 2n−x. As argued in Section 1.3 on page 25, this weight
function enables to have a fair monotone increasing mixture operator.

The average computation times (in seconds) as well as the number of calls to the ora-
cle O are given in Table 7.2 for instances with decorrelated utility values and in Table 7.3
for instances with correlated utility values. We observe that both algorithms are practical
and that DIN goes much faster than algorithm MEG with both types of utility values. This
is easily explained by the fact that algorithm MEG requires more calls to the oracle O than
algorithm DIN in both cases. Lastly, for both methods, instances with more conflicting
preferences are harder to solve, as can be seen by the raise in computation times from
Table 7.2 to Table 7.3.

n 50 100 150 200 250 300 350 400
DIN time 0.006 0.030 0.074 0.154 0.261 0.394 0.590 0.879

nbc 2.68 2.84 2.88 2.98 3.00 3.00 3.00 3.00
MEG time 0.013 0.067 0.163 0.337 0.583 0.896 1.415 2.022

nbc 5.02 5.68 5.90 5.90 6.14 6.22 6.58 6.18

Table 7.2: Evolution of the average computation times in seconds and of the average number of
calls to algorithm O (nbc in the table) for algorithms DIN and MEG as n increases. Instances are
generated with decorrelated utility values.

To sum up, we have seen that while solving general allocation problems with MOs
is NP-hard, the assignment problem can be solved in polynomial time with fractional
programming methods. In our computational tests, Megiddo’s method and Dinkelbach’s
method revealed efficient, solving instances with up to 400 agents in less than 3 seconds

6 All methods were implemented in C++. Times are wall-clock times on a 2,4 GHz Intel Core i5 machine
with 8GB of RAM. All results are averaged over 50 runs.
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n 50 100 150 200 250 300 350 400
DIN time 0.007 0.054 0.170 0.495 0.962 1.706 2.943 4.497

nbc 2.12 2.16 2.20 2.50 2.64 2.62 2.70 2.74
MEG time 0.030 0.299 1.202 3.510 6.509 13.759 35.742 40.789

nbc 7.34 10.28 12.76 14.26 15.02 17.46 25.58 20.28

Table 7.3: Evolution of the average computation times in seconds and of the average number of
calls to algorithm O (nbc in the table) for algorithms DIN and MEG as n increases. Instances are
generated with correlated utility values

(resp. 41 seconds) for instances with decorrelated utility values (resp. correlated utility
values).

We now turn to another multi-agent optimization problem that requires fairness, namely
the proportional representation problem.

7.3.2 Optimization of MOs in Proportional Representation Problems

Proportional Representation (PR) problems deal with multi-winner voting rules where
one aims to elect a subset of candidates rather than a single one. In multi-winner election
rules, a set of voters express preferences over a set of candidates. The objective is then
to determine k winning candidates, each candidate representing a subset of voters, such
that each voter is satisfied by the winning candidate that represents her. Multi-winner
election rules are important for both political elections (i.e., electing committees of rep-
resentatives) and multi-agent recommendation systems (e.g., choosing a set of dinning
menus for a conference) [Elkind et al., 2014; Skowron et al., 2016].

Two main multi-winner voting schemes have been designed for PR problems, namely
Monroe’s Voting Scheme [Monroe, 1995] (abbreviated by MVS) and Chamberlin-Courant’s
Voting Scheme [Chamberlin and Courant, 1983] (abbreviated by CCVS). In these two frame-
works, a feasible solution is characterized by a set of k winning candidates and an assign-
ment from winning candidates to voters. Each voter is then represented by the elected
candidate assigned to her. While CCVS does not constraint the possible assignments from
winning candidates to voters, MVS imposes that the k sets consisting of the voters repre-
sented by the same candidate should be equally sized. The choice of a solution is then
based on the ballots, where each voter ranks the candidates from best to worst. Indeed,
the solution chosen should maximize the utilities of the voters, where the utility (i.e., sat-
isfaction level) of a voter depends on the rank she gave to the candidate assigned to her.
In the utilitarian version of MVS and CCVS, the goal is to find a solution maximizing the
sum of voter’s utilities. However maximizing the sum of utilities can yield an unfair solu-
tion as it compensates between the utilities of the different voters. Thus, several alterna-
tive optimization criteria have been investigated for multi-winner voting rules to address
this problem. In CCVS, Betzler et al. [2013] proposed to maximize the utility of the least
happy voter (the one with the minimum utility among the voters). This is known as the
egalitarian version of CCVS. However, maximizing the minimum utility value of the voters
can be considered extreme as it does not take into account the satisfaction of all but one
voter. To address this issue, Elkind and Ismaili [2015] extended this approach to Ordered
Weighted Averages (OWAs) of utilities, which enable to smoothly interpolate between the
egalitarian version and the utilitarian version of CCVS.

In this subsection, we investigate the use of mixture operators to find an efficient (i.e.,
Pareto optimal) and fair (with respect to the Pigou-Dalton transfer principle) solution in
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CCVS and MVS.
Regarding the complexity of PR problems, Procaccia et al. [2008] proved that winner

determination under the utilitarian versions of MVS and CCVS are both NP-hard problems
even if the utility values are based on approval ballots (i.e., where voters attribute binary
values to candidates, a value of 1 meaning that the voter approves the candidate). Sim-
ilarly, for the egalitarian version of CCVS, Betzler et al. [2013] proved that winner deter-
mination is NP-hard. More positive results where obtained by resorting to approximation
algorithms or special structures of preferences. Approximation algorithms with perfor-
mance guarantees for PR problems were given by Lu and Boutilier [2011] and Skowron et
al. [2015]. Betzler et al. [2013] showed that, for single-peaked preferences, winner deter-
mination in CCVS is a polynomial time problem by designing a dynamic programming
solution method. In a nutshell, a preference profile is single-peaked if there exists an
axis on which the candidates and voters can be placed such that the preferences of each
voter are defined by the distances between her and the different candidates, the closer the
better [Black, 1948]. Their results where extended by Cornaz et al. [2012] for preferences
“close” to be single-peaked (in a sense formalized in their paper). Another well-known
structure of preferences in social choice is single-crossing preferences. In a nutshell, a
preference profile is single-crossing if the voters can be ordered such that for each pair
of candidates the voters can be separated such that the voters on each side of the sepa-
ration prefer the same candidate. Skowron et al. [2013] showed that, for single-crossing
preferences, winner determination in CCVS is also a polynomial time problem. These
results where extended to some extent to OWA operators by Elkind and Ismaili [2015].
The authors investigated several classes of weights w defining families of OWA operators
that enable to obtain a compromise between the utilitarian and the egalitarian versions
of PR problems in CCVS. Interestingly, they showed that if the preferences of the voters
present particular structures (e.g., single-crossing, single-peaked), then it becomes possi-
ble to design polynomial or pseudo-polynomial solution methods for some of these OWA
families.

We now investigate the complexity of solving PR problems under CCVS and MVS with
an MO as optimization criterion and show that we obtain the same complexity results as
in the utilitarian case. More precisely, we prove that for single-peaked or single-crossing
preferences, optimizing MOs in PR problems are polynomial problems.

Proportional Representation Problems. Let V = {1, . . . ,n} be a set of n voters and
C = {1, . . . ,m} be a set of m candidates. A solution of the PR problem is a set of k winning
candidates {c1, . . . ,ck } ⊆ C, and k sets S j ( j ∈ {c1, . . . ,ck }), where S j is the subset of voters
represented by candidate j . We recall that, while in MVS the sets S j should be of the
same size, it is not the case in CCVS. Consequently, in CCVS, a voter is always represented
by the candidate she likes most in the set of k winning candidates. We will denote by
e = {c1,Sc1 ; . . . ;ck ,Sck } a feasible solution7 and by E the set of all feasible solutions.

Each voter has preferences over candidates. These preferences are expressed by a pref-
erence profile P of size mn, where the k th column of P is the preference order of voter k.
From profile P, nm utility values vi j are derived that represent the level of satisfaction of
voter i if she is represented by candidate j . Given a feasible solution e, the utility vi (e) of
voter i is then given by vi j if i belongs to S j in e. The PR problem aims to determine a solu-
tion e ∈ E such that the utilities of the voters are maximized. We assume that all utility val-
ues vi belong to some open interval D⊂ R+ and we denote by v(e) = (v1(e), . . . , vn(e)) ∈ Dn

the vector giving the utilities of each voter for solution e. A solution e1 will then be pre-

7e for elected committee.
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ferred to another solution e2 if, globally, e1 satisfies more the voters than e2. This is for-
malized by an aggregation criterion to maximize.

Here, we assume that this criterion is given as a mixture operator Mw : Dn → R. More
formally, a feasible solution e1 is preferred to a solution e2 if Mw (v(e1)) ≥ Mw (v(e2)). The
problem of finding an optimal solution is then written as follows:

max
e∈E

Mw (v(e)) =
n∑

i=1

w(vi (e))∑n
j=1 w(v j (e))

vi (e) (7.10)

where w : D → (0,∞] is a positive weighting function. Again, we recall that the opti-
mization of the MO will lead to a fair and efficient solution provided that function x 7→
w(x)(x− y) is strictly increasing and strictly concave for all y ∈ D (see subsection 1.2.1 and
section 1.3). Note that if function w is constant then the MO boils down to the arithmetic
mean used in the utilitarian version of PR problems. Furthermore, the special case of the
Lehmer mean is defined by w(x) = xp−1 where p is a parameter. If p tends towards −∞,
then the Lehmer mean tends towards the min operator used in the egalitarian version of
PR problems. More generally, we can find compromises between the utilitarian and the
egalitarian variants of PR problems by varying the decreasingness of w .

We illustrate the notations in Example 58.

Example 58. Four friends, denoted by f1, f2, f3 and f4, living in Linné street are organizing
an event and need to cook exactly two dishes. They must decide in which houses they will
cook (they all want to cook). Hence, in this problem, there are four voters, four candidates
H1, H2, H3 and H4 where Hi denotes the house of fi and two winning candidates (i.e.,
n = m = 4 and k = 2). The position of each house on Linné street is given in Figure 7.3.

H1 H2 H3 H4

f1 f2 f3 f4

30 meters 40 meters 55 meters

Figure 7.3: The positions of each house on Linné street.

Each fi likes to cook and hates walking. Thus, they would like the house assigned to
them to be as close as possible to their house. The preference profile in this example is shown
in Table 7.4 (for instance the first column states that for f1, H1 Â H2 Â H3 Â H4).

f1 f2 f3 f4

H1 H2 H3 H4

H2 H1 H2 H3

H3 H3 H4 H2

H4 H4 H1 H1

Table 7.4: Preference profile of the four voters.

From this preference profile n ×m utility values vi j can be computed by using a satis-
faction function v as v(c) = 5−rk(c) where rk is the rank of candidate c. The vi j values
according to this satisfaction function are given in Table 7.5.

In this example, in the CCVS, there is no restriction on the number of people that can
be assigned to a house. However, the four friends might not accept that one of them is left
alone. Therefore, they might decide to use the MVS in which each chosen house is assigned
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f1 f2 f3 f4

H1 4 3 1 1
H2 3 4 3 2
H3 2 2 4 3
H4 1 1 2 4

Table 7.5: Utility values for the proportional representation problem of Example 58.

two people. Our goal in this section is to find a best solution according to an MO. For in-
stance, if w(x) = 8−x and e = {H2, { f1, f2},H3, { f3, f4}}, then the value of solution e is:

Mw (v(e)) = Mw (3,4,4,3)

= 3w(3)

2w(3)+2w(4)
+ 4w(4)

2w(3)+2w(4)
+ 4w(4)

2w(3)+2w(4)
+ 3w(3)

2w(3)+2w(4)

= 2
3×5

10+8
+2

4×4

10+8
= 31

9

and we aim to find the solution with maximal value.

We now investigate the complexity of winner determination in multi-winner voting
rules with fair mixture operators.

Complexity and Solution Methods. Let u denote the function defined on D by u(x) =
w(x)x. By abuse of notation, given a vector x ∈ Dn , we denote by u(x) the sum

∑n
i=1 u(xi )

and by w(x) the sum
∑n

i=1 w(xi ). As we have already seen, by using these notations, the
definition of an MO Mw (·) can be rewritten as follows:

∀x ∈ Dn ,Mw (x) =
∑n

i=1 u(xi )∑n
j=1 w(x j )

= u(x)

w(x)
(7.11)

Fractional programming (presented in subsection 3.2) is dedicated to this type of objec-
tive functions. We will now adapt and present three fractional programming methods for
PR problems. The first one relies on a linearization trick that we will use to design a mixed
integer linear program to optimize an MO in a PR problem. The second and third ones
are the two parametric methods presented in subsection 3.2 that we will use to design
polynomial time algorithms to solve PR problems with an MO criterion when a special
structure of preferences enables to solve the utilitarian version of the PR problem in poly-
nomial time.

A Mixed Integer Linear Program. Note that if function w is constant, then one re-
covers the utilitarian version of PR problems which is NP-hard. Thus, it follows that PR
problems under CCVS or MVS with an MO as decision criterion are also NP-hard. Yet,
the NP-hardness of winner determination under CCVS and MVS has not prevented re-
searchers from designing solution procedures for these problems. Indeed, Potthoff and
Brams [1998] investigated the use of an integer linear program to solve PR problems. We
denote by IP the integer program they proposed. Program IP is given below. It in-
cludes nm binary variables xi j , where xi j takes value 1 if voter i is represented by can-
didate j , and m binary variables z j , where z j takes value 1 if candidate j is a winning
candidate. Constraint (7.12) ensures that the election has k winning candidates. The n
constraints in (7.13) makes sure that each voter is only represented by one candidate.
Lastly, constraints (7.14) and (7.15) specify a lower bound L and an upper bound U on the
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number of voters that can be represented by the same candidate. The pair (L,U) in MVS
(resp. CCVS) is equal to (bn/kc,dn/ke) (resp. (0,n)).

IP



max
∑

i , j∈V·C
vi j xi j∑

j∈C
z j = k∑

j∈C
xi j = 1, ∀i ∈ V∑

i∈V
xi j ≥ Lz j , ∀ j ∈ C∑

i∈V
xi j ≤ Uz j , ∀ j ∈ C

z j ∈ {0,1}, ∀ j ∈ C

xi j ∈ {0,1}, ∀i , j ∈ V ×C

(7.12)

(7.13)

(7.14)

(7.15)

This program can be adapted to obtain a Mixed Integer Linear Program (MILP) MIP MO

(given below) to solve a PR problem according to an MO. We now describe how this pro-
gram has been obtained. With the criterion Mw , the objective function becomes:

∑
i , j∈V·C u(vi j )xi j∑
i , j∈V·C w(vi j )xi j

(7.16)

To linearize this objective function, we use a general method proposed by Williams [1974].
It consists in introducing a continuous variable λ into the problem to represent the ex-
pression given in Equation 7.16. The objective is then to maximize this variable. By defi-
nition of λ, the following condition should hold:

∑
i , j∈V·C

w(vi j )λxi j −
∑

i , j∈V·C
u(vi j )xi j = 0

However, note that this equation is not linear in the variables of the problem because of
the quadratic terms λxi j . Therefore, to enforce this equation in program MIP MO, one
introduces nm continuous variables yi j taking values in R+ to replace expressions λxi j .
To make sure that yi j = λxi j , one imposes the following constraints:

yi j ≤ xi jλ
u , ∀i , j ∈ V ·C (7.17)∑

j∈C
yi j = λ, ∀i ∈ V (7.18)

where λu denotes an upper bound on λ. Such an upper bound can easily be obtained by
computing (maxi , j∈V×C vi j )8. While Equation 7.17 ensures that yi j = 0 if xi j = 0, Equa-
tion 7.18 ensures that yi j = λ if xi j = 1. Indeed, in Equation 7.18, only one of the yi j is not
zero due to constraints 7.13 in program IP and Equation 7.18 imposes that this variable
equals λ. The final program MIP MO involves nm +1 additional continuous variables

8(maxi , j∈V×C vi j ) is an upper bound on λ because an MO has an averaging behavior.
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and nm +n +1 additional constraints.

MIP MO



max λ∑
j∈C

z j = k∑
j∈C

xi j = 1, ∀i ∈ V∑
i∈V

xi j ≥ Lz j , ∀ j ∈ C∑
i∈V

xi j ≤ Uz j , ∀ j ∈ C∑
i , j∈V·C

(w(vi j )yi j −u(vi j )xi j ) = 0∑
j∈C

yi j = λ, ∀i ∈ V

yi j ≤ xi jλ
u , ∀i , j ∈ V ×C

z j ∈ {0,1}, ∀ j ∈ C

xi j ∈ {0,1}, ∀i , j ∈ V ×C

yi j ∈R+, ∀i , j ∈ V ×C

λ ∈R
We illustrate the notations of this MILP in Example 59.

Example 59. We come back to the proportional representation problem of Example 58. We
decide to use the MVS to solve this representation problem. Therefore, in the program above
L and U are set to 2. Furthermore, we decide to use as optimization criterion the MO with
weighting function w(x) = 8− x. Then, an optimal solution is e = {H2, { f1, f2},H3, { f3, f4}},
which corresponds to λ= 31

9 (the optimal value of the problem), z2 = z3 = 1 (the elected can-
didates are H2 and H3), and y12 = y22 = y33 = y43 = λ= 31

9 , x12 = x22 = x33 = x43 = 1 (voters
1 and 2 are represented by candidate 2 and voters 3 and 4 are represented by candidate 3).
All other variables are equal to 0.

This approach is of course not polynomial but has the advantage of its generality.

We now show that if the preferences of the agents are single-peaked or single-crossing,
then optimizing an MO is polynomial. In these cases, we can design more efficient ap-
proaches as will be shown by the numerical tests.

A Parametric Approach. We now restrict our attention to preference profiles that are
either single-peaked or single-crossing.

Definition 45. A preference profile is single-peaked with respect to an ordering of candi-
dates c1 < c2 < . . . < cm (also called axis) if for each voter v there exists a candidate c∗ such
that: i) v ranks c∗ first, ii) if c∗ < c < c ′, then v prefers c to c ′ and iii) if c < c ′ < c∗, then v
prefers c ′ to c.

Definition 46. A preference profile is single-crossing with respect to an ordering of voters
(v1, . . . , vn) if for each pair of candidates c1, c2 there exists an i ∈ {0, . . . ,n} such that voters
v1, . . . , vi prefer c1 to c2, and voters vi+1, . . . , vn prefer c2 to c1.

An example of these types of preferences was given in Example 58. Indeed, it is easy
to see that the preference profile in this example is single-peaked; the preferences of each
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voter only depend on the distances between the candidates (i.e., the houses) and their
ideal candidate (i.e., their home) on an axis (i.e., Linné street), the closer the better. This
preference profile is also single-crossing with respect to the ordering of voters on the axis.

We now assume that the preference profile of the voters is consistent with one of this
two structures. In this case, it is known that the utilitarian version of the PR problem
can be solved with a polynomial time algorithm that we denote by O [Betzler et al., 2013;
Skowron et al., 2013]. Using algorithm O , we can use the two methods (DIN and MEG)
presented in subsection 3.2 to obtain two polynomial time methods to solve the PR prob-
lem with respect to an MO. Megiddo’s method for these problems relies on the redefined
sum and comparison operations described on page 90.

These two parametric methods are of polynomial complexity if an oracle can solve
utilitarian versions of the PR problem with utilities of the form ṽλi j = u(vi j ) − λw(vi j )
where λ≥ 0 (as the vi j values are positive). For these problems to be of polynomial com-
plexity, these new utility values ṽλi j need of course to be consistent with the preferences

of the agents. Stated differently, if voter i prefers candidate j1 to candidate j2 then ṽλi j1

should be greater than ṽλi j2
. Therefore, function vi j 7→ u(vi j )−λw(vi j ) = w(vi j )(vi j −λ)

should be increasing. Note that this assumption is not restrictive as it is exactly the condi-
tion under which an MO is increasing. This assumption holds if w is a decreasing function
and u is an increasing function (sufficient condition).

Let us now turn to the numerical tests in which the efficiency of the different solution
methods are compared.

Numerical Tests. We now compare the execution times of the proposed solution
methods in two different experiments9. In both experiments, values vi j are set to m −
rki ( j ) (where rki ( j ) denotes the rank of candidate j in the preference order of voter i )
and the weighting function w of the MO is defined by w(x) = 2m − x, so that the transfer
principle holds. Lastly, for an election with n voters, values m and k were set respectively
to n/5 and n/20.

In a first experiment, we compare the execution times of the two instantiations of
MIP MO in the CCVS and MVS frameworks. We denote these programs by M MO

CCVS and
M MO

MVS . For each instance, the preferences of the voters were generated uniformly at ran-
dom. The average computation times (in seconds) over 50 instances are given in Table 7.6
for instances with a number of voters ranging from 50 to 100.

Obviously, we observe that solving these two programs are computationally demand-
ing and that the computation time increases quickly with the the number of voters. For
instance, solving programs M MO

CCVS and M MO
MVS takes less than 2 seconds for elections with

50 voters but more than 25 seconds for elections with 100 voters. However, these MILPs
have the advantage of being very general.

In a second experiment, we restrict ourselves to the CCVS framework with randomly
generated single-peaked preferences , and we compare the execution times of the two
methods presented in subsection 3.2, denoted by DIN (for Dinkelbach) and MEG (for
Megiddo). In methods DIN and MEG, the algorithm O used (see Section 3.2) is the dy-
namic programming algorithm proposed by Betzler et al. [2013]. The average computa-
tion times (in seconds) over 50 instances, as well as the average number of calls to algo-
rithm O , are given in Table 7.7 for instances with a number of voters ranging from 100 to

9All methods were implemented in C++ using Gurobi version 5.6.3 to solve the LPs. Times are wall-clock
times on a 2.4 GHz Intel Core i5 machine with 8GB of RAM.
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n 50 60 70 80 90 100

M MO
CCVS 0.79 1.19 2.22 3.35 13.45 28.52

M MO
MVS 1.01 1.60 3.30 5.34 14.78 25.66

Table 7.6: Evolution of the average computation time in seconds to solve programs M MO
CCVS and

M MO
MVS as n increases.

1000.
We observe that both methods DIN and MEG are very fast and require very few calls

to algorithm O . On these instances, method DIN seems to perform best and requires less
calls to algorithm O .

n 100 200 300 400 500 600 700 800 900 1000
DIN time <0.001 0.005 0.017 0.037 0.074 0.132 0.276 0.416 0.618 1.064

nbc 2.62 2.86 2.94 3 2.98 2.98 3 3 3 3
MEG time 0.001 0.017 0.064 0.171 0.370 0.676 1.46 2.36 3.87 6.98

nbc 3.42 7.18 8.9 11.32 11.94 12.4 13.34 14.32 16.2 15.04

Table 7.7: Evolution of the average computation time in seconds and the average number of calls
to algorithm O (nbc in the table) for methods DIN and MEG as n increases.

Let us summarizes this subsection. We have studied PR problems with an MO as de-
cision criterion and we saw that we could recover the same complexity results as in the
utilitarian case. More precisely, while solving general PR problems with MOs are NP-hard,
they can be solved with two polynomial time fractional solution methods if the prefer-
ences of the voters abide to a particular structure enabling to solve the utilitarian version
of the PR problem in polynomial time. Moreover, we also designed a MILP to solve general
PR problems according to an MO criterion. In our computational tests, the two fractional
methods based on Megiddo’s method and Dinkelbach’s method revealed efficient, solving
instances with up to 1000 voters in less than 2 seconds and 7 seconds respectively.

7.4 Conclusion

In this chapter, we have tackled multi-agent optimization problems with two aggregation
operators as decision criteria, namely Ordered Weighted Averages (OWAs) with decreas-
ing weights and Mixture Operators (MOs). These two types of operators are, under known
conditions on their parameters, compatible with the Pigou-Dalton principle. Thus, their
optimization makes it possible to find fair solutions in a multi-agent setting.

In a first section, we investigated the randomized version of fair multi-agent optimiza-
tion problems with an OWA with decreasing weights as decision criterion. Thanks to a
game-theoretic view of this problem, two solution methods based on dynamic calls to or-
acles were developed. The first method is a cutting plane method and the second method
is based on a double oracle approach. The numerical tests carried out have shown the
practicality of both methods.

In a second section, we studied the resolution of allocation problems and propor-
tional representation problems with an MO as decision criterion. While the optimization
of MOs in both problems revealed NP-hard in general, we have seen that optimizing an
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MO can be performed in polynomial time in assignment problems and in proportional
representation problems where the preferences of the agents abide to some particular
structures (single-peaked, single-crossing). We have presented solution methods based
on fractional programming for both types of problems. The numerical tests carried out
have shown the practicality of the different methods designed in this section.
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Conclusion and Future Works

“ Now this is not the end. It is not even
the beginning of the end. But it is,
perhaps, the end of the beginning. ”

W. Churchill

In this thesis, we aimed to solve complex decision problems coming from different do-
mains (e.g., sequential decision under risk, robust combinatorial optimization, fair com-
binatorial optimization), according to sophisticated decision criteria (e.g., skew-symmetric
bilinear utilities, minmax regret). Our approach to address these problems was to refor-
mulate them in a convenient way to be able to use powerful oracle methods. This chapter
recalls the different contributions of the thesis and gives some research directions for each
domain that has been considered.

Contributions in Sequential Decision Making under Risk with
SSB Utilities

In Chapter 4, we investigated the resolution of sequential decision problems under risk
with the Skew-Symmetric Bilinear (SSB) utility model and the Weighted Expected Util-
ity (WEU) model (a special case of SSB), in decision trees and in finite horizon Markov
Decision Processes (MDPs). We worked under the paradigm of resolute choice with root
dictatorship. Furthermore, to overcome the intransitivity of the SSB utility model, we used
the minmax rule in the tournament induced over the plans.

The first question we wished to answer concerned the properties of the optimal plans.
For instance, we wanted to know if it is always possible to find a deterministic plan that
is at least as good as all other plans (even randomized ones) with respect to the min-
max rule. The answer is negative for general SSB utility functions and positive for WEU
functions. More precisely, while in decision trees (resp. finite horizon MDPs) an SSB opti-
mal strategy (resp. policy) is in general randomized (resp. can be found as a randomized
Markovian policy in an augmented MDP), a WEU optimal strategy (resp. policy) can al-
ways be found as a deterministic strategy (resp. a deterministic Markovian policy in an
augmented MDP).

Secondly, we were interested in the complexity of determining an optimal SSB or WEU
plan. For the SSB utility model, we proved that while determining an optimal mixed strat-
egy in decision trees is a problem of polynomial complexity, determining a deterministic
strategy which is SSB optimal within the set of deterministic strategies is an NP-hard prob-
lem. Interestingly, for the WEU model, both problems become polynomial. In Markov
decision problems with finite horizon, we prove that finding an optimal randomized pol-
icy for SSB is a pseudo-polynomial problem. Similarly, we prove that finding an optimal
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deterministic policy for WEU is a pseudo-polynomial problem. These policies are found
as Markovian policies in an augmented version of the MDP.

Thirdly, in both representations (decision trees and MDPs), we designed operational
oracle methods to determine an SSB (resp. a WEU) optimal plan. These oracle methods
are obtained by identifying the search for an optimal plan as the resolution of a specific
zero-sum two-player game (resp. the resolution of a fractional programming problem).

Future works

Other representations of sequential decision problems. A first future work would be ob-
viously to see how our results can be adapted to other representations of sequential de-
cision problems, such as influence diagrams [Howard and Matheson, 1981] or factored
MDPs [Boutilier et al., 2000].

Other decision criteria to define a winner of the tournament. Instead of the minmax rule,
we could investigate other solution concepts from tournament theory to define an opti-
mal solution of the tournament on plans induced by the SSB model. These other solution
concepts could formalize (differently) an optimal plan (e.g., Copeland value [Copeland,
1951]) or an optimal subset of plans (e.g., Schwartz set [Schwartz, 1972]).

Investigating the resolute choice with selves paradigm. In Chapter 4, we have only inves-
tigated the paradigm of resolute choice with root dictatorship. We recall that with non-
independent preferences, plans that seem optimal for the decision maker at the begin-
ning of the decision problem may not seem optimal anymore in later decision epochs. In
the paradigm of resolute choice with root dictatorship we compute an optimal solution
with respect to the beginning of the sequential decision problem and we claim that the
decision maker should “resolutely” stick to this plan. The prescriptive limitation of this
approach is that the decision maker might encounter in the future a situation in which
what seems optimal to her is too different from the prescription from the past. In that
case, she will want to change the plan and the resolute assumption may fail. A better ap-
proach would be to use the resolute choice with multiple selves paradigm in which we
search for a plan which is close to optimum in all possible futures. Stated differently, we
look for a compromise between the decision maker and the projections of the decision
maker (other selves) in future decision epochs. A future work is to extend our results to
this other paradigm.

Contributions in Decision Making under Risk with Ordinal
or Imprecise Parameters

In Chapter 5, we have addressed decision problems under risk with ordinal or impre-
cise parameters. In many works in the literature, it is assumed that the values of the pa-
rameters characterizing the preferences of the decision maker are known exactly. In this
chapter, we studied three settings in which the exact values of these parameters are not
available. We explored two possible approaches to tackle this difficulty: 1) working with
decision criteria adapted to this lack of information and 2) specifying the values of these
parameters by using an elicitation procedure.

In the first section of Chapter 5, we only assumed that we had a preference order over
the possible episodes of a finite horizon Markov decision process and we designed a so-
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lution method to find a near-optimal policy with regard to a quantile criterion. This solu-
tion method solves repeatedly the Markov decision process with different expected utility
functions and returns a near-optimal Markovian policy in an augmented version of the
MDP.

In the second section of Chapter 5, we addressed the improvement of an interactive
optimization method designed to solve an infinite horizon Markov decision process with
an imprecisely known reward function. This procedure, named Interactive Value Itera-
tion (IVI), determines a near-optimal policy with respect to the total discounted expected
reward criterion by querying a tutor when the knowledge about the reward function does
not make it possible to continue the resolution process. We improved the original IVI
method by implementing several ideas, in particular controlling the order in which we
ask the queries or delaying asking a query in the hope that new dominance relations ap-
pear. These modifications greatly reduced the number of queries asked to the tutor.

Finally, in the third section of Chapter 5, we addressed a more simple optimization
problem (we assumed the solutions could be explicitly listed) but a more sophisticated
decision model, namely the Weighted Expected Utility (WEU) model. While a decision
model specifies the parameters that represent the preferences of the decision maker (two
real functions in the case of WEU), it does not say how to set correctly the values of these
parameters. An elicitation procedure can be designed in order to determine adequate
values for the parameters. We designed an elicitation protocol to elicit the WEU model.
Then we showed how to integrate this protocol in an incremental procedure in order to
identify a near-optimal WEU solution with only few queries. The efficiency of our method
relies on a maxmin optimization criterion to guide the querying step (i.e., to determine
which query should be asked next) and on a compact representation of functions u and
w in WEU by using spline functions.

Future works

Improving a Bayesian version of IVI. In the second section of Chapter 5, we have improved
the Interactive Value Iteration (IVI) procedure to reduce the number of queries required
to find a near-optimal policy. One limitation of this procedure is that it assumes that the
decision maker never makes mistakes. Indeed, each answer of the decision maker in-
duces a constraint on the set of possible reward functions which is never questioned later
in the procedure. To address this issue, Weng et al. [2013] have adapted the IVI procedure
to a Bayesian setting in which the possible errors of the decision maker do not preclude
from finding a near-optimal policy. One possible future work could be to see if we could
similarly improve this Bayesian procedure to reduce the number of queries required to
identify a near-optimal policy.

Improving the incremental elicitation procedure for the WEU model. One future work to
improve the incremental elicitation procedure for the WEU model is to use a better crite-
rion than the maxmin one to guide the querying step. Indeed, while this criterion is easy
to compute it can be seen as overly conservative. Alternatively, the minmax regret crite-
rion could be used. The minmax regret criterion would yield a tighter upper bound on the
maximal loss induced by of a lottery and would lead to better querying strategies. How-
ever, this criterion entails algorithmic difficulties. A second possible improvement con-
cerns the robustness of our elicitation procedure. Indeed, in this procedure, we assumed
that the decision maker never makes mistakes. Again, this hypothesis is unlikely to be
true. One possible way to tackle this issue would be to adapt our procedure to a Bayesian

245



CONCLUSION AND FUTURE WORKS

setting, modeling the probabilities of obtaining each possible response of a query.

Eliciting other SSB utility functions. A natural extension of our work on the elicitation of
the parameters of WEU would be to design incremental elicitation procedures for the SSB
model or for other sub-classes of the SSB model as the SSB separable model developed by
Nakamura [1989] and presented on page 37. The main difficulty of the elicitation of the
SSB model is that it requires to elicit a bivariate function, which is more involved than elic-
iting unary functions (as functions u and w in WEU). To address this difficulty, we could
investigate appropriate bivariate spline functions [Chui, 1988], i.e., piecewise polynomial
parametric functions that can accurately represent bivariate functions. The incremental
elicitation of the SSB model also entails new difficulties as it can represent intransitive
preferences. Indeed, as the preference relation over solutions may not be transitive, it
would be more difficult to identify dominated solutions that can be excluded from the set
of possibly optimal ones during the elicitation process.

Contributions in Robust Combinatorial Optimization

In Chapter 6, we have presented a game-theoretic view of the optimization of the minmax
regret criterion in combinatorial optimization problems with interval data. This game-
theoretic view made it possible to design an efficient anytime procedure to compute a
lower bound on the value of an optimal minmax regret solution. This procedure is based
on a double oracle approach. We have seen that this (instance dependent) lower bound
is tighter than the other lower bounds proposed in the literature. In particular, this lower
bound enables to compute an approximation ratio for the midpoint solution (the optimal
solution in the scenario where each cost is set to the middle of the corresponding interval)
which is worth 2 in the worst case. Moreover, we explained how this lower bound can be
efficiently integrated in a branch and bound procedure to find an optimal minmax regret
solution. This approach was then instantiated on the robust shortest path problem with
interval data, for which our numerical tests showed the efficiency of the approach.

Future works

Designing a polynomial variant of the double oracle algorithm. A first future work would
be to improve the lower bounding procedure we proposed. This procedure is based on a
double oracle algorithm that incrementally builds a restricted game in normal form such
that solving this restricted game (i.e., determining a mixed Nash equilibrium of the game)
is equivalent to solving the entire game. This approach does not take advantage of the
structure inherent to the combinatorial optimization problem considered. Similarly to
the technique of Chapter 4 (where we have modified the double oracle to take advan-
tage of the structure of the decision tree), we could adapt the double oracle used here to
take advantage of the graph structure underlying the combinatorial optimization prob-
lem. For instance, in the robust shortest path problem, one could build a subgraph such
that an optimal randomized minmax regret solution in the subgraph is also an optimal
randomized minmax regret solution in the entire graph. This would lead to a polynomial
time variant of the double oracle algorithm to obtain a lower bound on the optimal value
of robust shortest path problems, and would probably greatly improve the performance
of the method in layered graphs. Indeed, in such graphs, the number of paths between
the leftmost and rightmost vertices is combinatorial in the size of the graph and these
paths are all exactly of the same length. Therefore, it is unlikely that we can find few paths
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that dominate all others with regard to the minmax regret criterion. Hence, the num-
ber of iterations of the “standard” double oracle algorithm can be very large. However,
the number of iterations of a double oracle algorithm which would take advantage of the
structure of the graph would be bounded by the number of edges of the graph, as each it-
eration of the algorithm would at least add a new edge to the subgraph being constructed.

Robust optimization of fractional programming problems. A second future work would
be to address the robust optimization of fractional programming problems under differ-
ent types of uncertainty over the cost parameters. Obtaining results in this domain could
have important implications for robust optimization with the WEU model or with mixture
operators. For instance, results in robust fractional programming could be used in the
incremental elicitation procedure for the WEU model to guide the querying step (as dis-
cussed earlier). The robust optimization of fractional programming problems is a rather
new domain [Gorissen, 2015; Sun et al., 2017] and, interestingly, the interval model is al-
ready attracting attention [Hladík, 2010].

Contributions in Fair Multi-Agent Optimization

In Chapter 7, we tackled multi-agent optimization problems with two different aggrega-
tion operators, namely Ordered Weighted Averages (OWAs) and Mixture Operators (MOs).
These two types of operators are, under known conditions on their parameters, compat-
ible with the Pigou-Dalton principle (ensuring fairness) and Pareto-optimality (ensuring
efficiency). Hence, their optimization makes it possible to find fair and efficient solutions
in a multi-agent decision problem.

In the first part of Chapter 7, we investigated the optimization of an OWA with decreas-
ing weights in a randomized version of fair multi-agent optimization problems. Consider-
ing the randomized setting instead of the deterministic one makes more solutions avail-
able, that may have better fairness properties. We designed a game-theoretic model of
this problem which enabled us to obtain two solution methods based on dynamic calls to
oracles. The first method is a cutting plane method and the second method is a double
oracle method.

In the second part of Chapter 7, we studied the optimization of an MO in two types
of multi-agent problems, namely allocation problems and proportional representation
problems. While the optimization of an MO revealed to be NP-hard in both problems, we
have seen that optimizing an MO can be performed in polynomial time in assignment
problems (a subclass of allocation problems where there are as many agents as objects to
be shared and each agent should receive exactly one object) and in proportional represen-
tation problems where the preferences of the agents abide to some particular structures
(e.g., single-peaked, single-crossing). We have presented solution methods based on frac-
tional programming for both types of problems.

Future works

Investigating the optimization of MOs in other multi-agent problems. A direct extension of
this work would be obviously to investigate the optimization of MOs in other multi-agent
problems or to find more general results that could apply to all or some classes of multi-
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agent problems.

Approximation algorithms for the optimization of MOs. A more specific future direction
concerns approximation algorithms. Indeed, several papers in fractional programming
investigate how to design a polynomial-time approximation algorithm with performance
guarantee for a fractional problem when a polynomial-time approximation algorithm
with performance guarantee is known for the standard version of the problem [Correa
et al., 2006, 2010; Hashizume et al., 1987]. Hence, following the same line, approximation
algorithms for allocation problems (with a sub-modular utility function [Feige and Von-
drak, 2006]) or proportional representation problems [Lu and Boutilier, 2011; Skowron et
al., 2015] may be adapted for the optimization of an MO.
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Résumé. Cette thèse s’inscrit dans le cadre de la théorie de la décision algorithmique, qui
est une discipline au croisement de la théorie de la décision, la recherche opérationnelle
et l’intelligence artificielle. Dans cette thèse, nous étudions l’utilisation de plusieurs mod-
èles décisionnels pour résoudre des problèmes de décision séquentielle dans l’incertain,
d’optimisation robuste, et d’optimisation multi-agents équitable. Pour résoudre efficace-
ment ces problèmes, nous utilisons des méthodes de type maître-esclaves, dites à base
d’oracles dans la thèse. Ces méthodes permettent de résoudre des problèmes de grande
taille en procédant de manière incrémentale. Une attention particulière est portée au
modèle de l’espérance d’utilité antisymétrique et bilinéaire, au modèle de l’espérance d’utilité
pondérée et à leurs pendants en décision multicritère. L’intérêt de ces modèles est mul-
tiple. En effet, ils étendent les modèles standards (e.g., modèle de l’espérance d’utilité)
et permettent de représenter un spectre étendu de préférences tout en conservant leurs
bonnes propriétés théoriques et algorithmiques. La thèse apporte des réponses sur des
aspects théoriques (e.g., résultats de complexité algorithmique) et sur des aspects opéra-
tionnels (e.g., conception de méthodes de résolution efficaces) aux problèmes soulevés
par l’emploi de ces critères dans les contextes susmentionnés.

Mots-clefs : Théorie de la décision algorithmique · Décision séquentielle dans l’incertain
· Optimisation robuste · Optimisation équitable · Méthodes à base d’oracles · Élicitation
de préférences

Abstract. This thesis falls within the area of algorithmic decision theory, which is at the
crossroads between decision theory, operational research and artificial intelligence. In
this thesis, we study several decision models to solve problems in different domains: se-
quential decision problems under risk, robust optimization problems, and fair multi-agent
optimization problems. To solve these problems efficiently, we use master-slave algo-
rithms which solve the problem through an incremental process. These procedures, re-
ferred to as oracle methods in the thesis, make it possible to solve problems of large size. A
particular attention is given to the skew-symmetric bilinear utility model, the weighted ex-
pected utility model and their counterparts in multicriteria decision making. These mod-
els are interesting at several respects. They extend the standard models (e.g., the expected
utility model) and allow to represent a broader class of preferences while retaining their
good theoretical and algorithmic properties. The thesis focuses both on theoretic (e.g.,
complexity results) and operational (e.g., design of practically efficient solution methods)
aspects of the problems raised by the use of these criteria in the domains aforementioned.

Keywords: Algorithmic decision theory · Sequential decision making under uncertainty ·
Robust optimization · Fair optimization · Oracle methods · Preference elicitation
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